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: To the READE R. 


F you are defirons, Courteous Reader, to know 
what I have performed in this Edition of the 
ELEMENTS of EucLipe, I ſhall here explain it to 
you in ſhort, agcording to the Nature of the Work. 
J have endeavoured to attain two Ends chiefly ; the 
firſt, to be very perſpicuous, and at the ſame time ſo 
very brief, that the Book may not ſwell to ſuch a Bulk, 
as may be troubleſome to carry abouz one, in both which 
1 think I have ſucceeded. Some of a brighter Genius, - 
and endued with greatex Skill, might have demonſtrated 
moſt of theſe Propoſitions with more nicety, but per- 
haps none with more ſuccinfineſs than I have; eſpeci- 
ally fince I alter'd nothing in the Number and Order 
of the Author's Propofitions z nor preſum'd either to 
take the Liberty of rejedting, as leſs neceſſary, any of 
them, or of reducing ſome of the eafier ſort into the 
Rank of Axioms, as ſeveral have done; and among 
others, that moſt expert Geometrician A. Tacquetus C. 
(whom I the more willingly name, becauſe I think it is 
but civil to acknowledge that I have imitated him in 
ſome Points) after whoſe moſt gecurate Edition I had 
no Thoughts of attempting any thing of this Nature, 
till I conſidered that this moſt learned Man thought fit 
to publiſh only Eight of EucLipe's Books, which be 
took the pains to explain and embelliſh, having in a 
manner rejected and undervalued the other Seven, as 
leſs appertaining to the Elements of Geometry. But 
my Province was originally quite different, not that 
of writing the Elements of Geometry after what method 
vever I pleas d, but of trating, in as few Words 
4 poſſible I could, the whole Works of EvcLips. As 
ld. 42 Wang 


To the READER; 


as Four of the Books, viz. the Seventh, Eighth, Ninth; | 
and Tenth, although they do not ſo nearly appertain to 
the Elenients of Nets and ſolid Geometry, as the 
Precedent and the two ſubſequent, yet none of the mors 
ſhilful Geometricians can be ſo Ignorunt as not to know 
that they are very uſeful for Geometrical Matters, not 
only by reaſon y very near affinity that is be- 
tween Arithmetick and Geometry, but alſo for the Knows 
ledge of both commenſurable and incommenſurable Mag- 
 -nitudes, ſo exceeding neceſſary for the Dotrine of both: 
ns and folid Figures. Now the noble Contempla- 
the five regular Bodies that is contained in the 
2 aft Books, cannot, without great Injuſtice, be pre- 
termitted, fince that for the ſake thereof our gute, 
being a Philoſopher of the Platonic Sect, is ſaid to have 
compos'd this univerſal Syſtem of Elements, as Proclus tab, N 


2. witneſſeth in theſe Words, Ober 0h 36 9 de uff, 

| EOY STEW 108. pos io Die TW Tay xνννLp 

| . ry TUG ao, Befides, Teafil Hly perſuaded 
wy ſelf to think, that it would not be unacceptable to an 

Lover of theſe Sciences to bave in his Poſſeſſion the whole 

Euclidean Work, as it is commonly cited and celebra- 

ted by all Men : " Whitefere T'reſoFved to omit no Boot 

or Prope tion of thoſe that are found in P. Herigo- 

nius's Edition, whoſe Steps I was obliged cloſely to 

follow, by reaſon I took a Reſolution to make uſe of maſt 

of the Schemes of the ſaid Book, very well foreſeeing that 

Time would not allow me to form new ones, though 

| ſometimes I choſe rather to do it. For the ſame Reaſon 


= willing to uſe for the moſt part Euclibz's own 


emonſtrations, having only e expreſs'd them in à more 
uccinet Form, unleſs 5 Perhaps in the Second, 7. 1 | 
and very feb in the Seventh, Eighth, and Ni ath 
Books, in which it ſeem' d not Dax, my "while to de- 
viate in any ener from bim: Therefore I am not 


wit ou. 
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To the READER 
without great hopes, that as to this Part I buve in 
ome meaſure ſatisfied both my own Intentions, and the 
Defire of the Studious. As for ſome certain Problems 
and Theorems that are added in the Scholions (or. ſhort 
Expoſitions) either appertaining (by reaſon of their 

frequent Uſe) to the Nature of theſe Elements, or cons 
ducing to the ready Demonſtration of thoſe Things that 
jr low, or which imitate the Reaſons of ſome prin- 
| cipal Rules of Practical Geometry, reducing them o 
» their original Fountains, theſe I ſay, will not, I hopes 
: make the Book ſwell to 4 Size beyond the defign'd 
Proportion, | | LSE 4 4 
| The other Butt which I levelld at, is to content 
| the Defires of thoſe who are delighted more with ſym-. 
N bolical than verbal Demonſtrations. In which Kind, 
whereas moſt angng us are accuſtow'd to the Symbols 
of Gulielmugs Oughtredus, I therefore thought beſt to 


» a "- r i Fo. nx 8 


* make uſe, e moſt part, of his, None bitherto 
ö (as I know 2 * attempted to interpret and publiſh 
Euch i this manner, except P. Herigonius ; 


whoſe Method (thu indeed moſt excellent in many 
things, and very well accommodated for the particular 
purpoſe of that moſt ingenious Man) yet it ſeems in my 
Opinion to labour under a double Defect. Firſt, in 

regard, that, altho* of two or more Propoſitions produ- 
ced for the Proof of any one Problem or Theorem, the 

former do not always depend on the latter, yet it do not 

readily enough appear, either from the vrder of each, 

or by any other manner, when they agree together, 
and when not; wherefore, for want of dhe Conjunttions ' 
and Adjeftives, ergo, rurſus, Sc. many difficulties 
and occaſions of doubt often ariſe in reading, eſpecially 
to thoſe that are Novices, Beſides it frequently hap- 
Pens, that the ſaid Method cannot avoid ſuperfluous 
Repititions, by which the Demonſtrations are often- 
4 time⸗ 


To the READER. 


1 [times render d tedious, and ſometimes alſo more intri- 
cate; - which Faults my Method eafily removes by the 
. erbritary mixture of both Words and Signs: There- 
fore let what has been ſaid, touching the Intention 
end Method of this little Work, ſuffice. As to the 
reſt, whoever covets to pleaſe bimſelf with what may 
be ſaid, either in Praiſe of the Mathematicks in gene- 
ral, or of Geometry in particular, or touching, the Hi- 
. ſtory of theſe Sciences, and conſequently of ExucLipe 
himſelf, (who digeſted thoſe Elements) and . others 
UI&)eue? of that kind, may. conſult other Interpreters, 
Neither will I (as if I were afraid left theſe my En- 

deavours may fall ſhort of being ry pou to all Per- 
fens) alledge as an Excuſe (though I may very lawfully 
do it) the want of due time which ought to be employ'd 


"0H n this Work, nor the Interruption occafioned by other 


Aﬀairs, nor yet the want of requifite belp for theſe 
Studies, nor . ſeveral other thongs of the like Nature. 
But what I have here empiey d my Labour and Study 

in for the Uſe of the, — Reader, I wholly 
ſubmit to his Cenſure and Judgment, jo approve 7 
«fe ful, or rejeft if otherwiſe, 


I. B. 


Thus 


d 
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8 7, 
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To the READER. 

Thus far the Learned Author. — But as the work 
has been often printed ſince his death, and by that means 
ſeveral errors committed, I have, at the requeſt of the 
Bookſellers concerned in this treatiſe, and from a ſmcere 
reſpect and veneration for the memory of the deceaſed 
Author, carefully reviſed the whole performance; and 
flatter myſelf, from the great pains and care I have taken, 
that very few errors will be found in this Edition. 

And as the wooden cuts in the former editions, were, 
by often printing, almoſt obliterated, their place {is nom 
ſupplied by figures engraven on Copper Plates, and pro- 

per care taken to correct the inaccuracies and errors 
committed by cutting them on Wood; which has given 
this edition great advantages over the former, both with | 
regard to beauty and corretineſs. rr AY 

In the Appendix which I have added to this work. 
¶ have endeavoured to render the conſtruction and uſe of 
Logarithms as plain and eaſy as poſſible. And that no- 
thing might be wanting for underſtanding the nature of 
thoſe tables uſed in trigonometrical calculations, I have 
added an inveſtigation of the ſeveral ſeries invented by the 
illuſtrious Sir Iſaac Newton, for finding the length. of 
the circumference of the circle, in equal parts of the 
radius, alſo of the ſine, tangent and ſecant of a] 
arch, in the ſame parts; with the application of theſe 
ſeries to the conſtrufting the triangular canon, and the 
quadrature of the Circle. I have alſo ſhewn the manner 
of computing the artificial or logarithmic fines, tangents, 
and ſecants, from the length of the arch of the circle 
firſt given in equal parts of the radius, independant of 
the tables of logarithms, fines, tangents, and ſecants. 
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FE Greater, 
Leſſer | 

3 More, or to be added. 

| Leſs, or to be — 


+ | 


of 


— 7 | The Differences, or Exceſs; Alſo, that 1 
A. | } the Quantities which follow, are to be | 


ſubtracted, the _ not being changed, 


* | | ws cation, or the Drawing one fide of : 


8 ectangle into another. 
2 The ſame is denoted by the Conjundtion | 
of Letters; as ABSAXB. 


i | Continued Proportion. = _ | 
. The Side or Root of « Square; of Cube, Ge. 
..Q&q | | A Square. 

"C&c | | A Cube. 

. 


Number. 


Other Abbreviations of W, ery he where-ever they 
_ Eceur, the Reager will wit trouble underſtond 5 
> A We refer to be explained 5 in their Places | 
maſt commonly at the beginning of each A i 
which they are uſed. 
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2 Definitions, 15 15 

F | 
II. A-Line is u longieude without | 
latitude 2 

III. bende ende, or hans of « ine 


"A Right:lineks' that which des 
| equally y betwixt its points. 
A 


4 Superficies is that which hath. 
only lon zitude and 9 


VI. The extremes, or limits of a ſuperficies are lives. - : 

VII. A Plain-ſuperficies i is that which lies equally be- 
twixt its lnas s. 

VIII. A Plain- angle is the. inclination. of two. lines - 
the one to the other, the one the other in the 
{ame plain, yet not lying in the ſame ſtrait- ne. 

IX. And if the lines which contain the + angle, be ache. 


lines, ir is called a rightilined angle. 
A X. When 
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Fig. 2. 


right-angles; and the right-line SIE wy Weh a. 


oh either fide, dividin the circle into two 


The firſt — of 
X. When a.right-line CG, K a ding, ese 99 


AB, makes the angles on cither fi 
equal one to the other, then both 


the other, is termed a Perpendicular. to dat 8 
on 2 ſtandeth. - the * No 23 
ote, When ſeveral angles meet at pou 2 

G) each partitular- fle'is teſtbed . 3 wobihes 
of the middle lter Peabeth the angular point, and the tavo 
o her letters the lines that make. that angle: As the angle 
which the right-lines CG, * make at G, is called CGA, 
or AGC.” 

XI. An Obtuſe-angle is that which f is greater than a 
right-angle ; as DGB. 

XII. An Acute-angle i is that which 1s leſs than a net 
angle; as DGA. 

XIII. A Limit or Term, is the end of any thing. 

XIV. A Figure is chät which. is contained a + 


or more terms. 
£ FP 


XV. A Circle; is a plain figure contained under one 
line, which * called a rf ; unto which all 
lines, drawn from one point wi the figure, and falling. 
upon the circumference thereof, are equal the one to 
the other. 

XVI. And that point is called the center of the circle. 

XVII. A Diameter of a circle is a right-line drawn 
thro” the center thereof, and ending at the circumferente * 
equal parts. 

XVIII. A Semicircle is a Sgure which is colhljbdd 
under the diameter and that part of the circumference 
which! is cut off by the diameter. 

In the cirtle EABC D, E 7s the centeh, 'AC the e Hamer, 
ABC the ſemicircle. 

XIX. Right-lined figures are ſuch” as are contin 
under ri N. nes. Ti 

XX. Three-fided or trilateral Ggures are ſuch ': as are 
contained under three right-lines. 

XXI. Four- ſided or quadrilateral figures are ſuch a 
are contained under four right- lines. 

XXII. Many- ſided figures are ſuch as are contained 
under more right-lines our. i 264 

XXIII. Of trilateral figures, thee. — an equilateral 


triangle, which hath.three equal ſides ; as the triangle 
. . Big: 3. 


* 


XXIV. 
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NIV. An Iſoſceles, is à triangle which hath ouly two 
ſides equal; as the triangle ABC. Plate I. Fig. 4. 
* 


XXV. A Scalenum, is a triangle whoſe ow ef are 
an unequal; as ABC. Fig. ſp. 


x I. Of theſe trilaterdl figures, a rene tri- 
angle is that which Kath onb right · angle 5 5 WS triangle 
ABD. Fig. 5. | 


XXVII. An Amblygonium, or obtuſe-angle triangle 
that is which hath one _— obtuſe ; as ar Fig. ">. 


XXVIII An Oxgonium, or acute-angled triangle, is 
that which hath three acute angles; as ABC. Fig. 4. 

An equiangular, or e ——_ figure is that whereof 
all the angles are equa figures are equiangular, 
if the * angles of "agar one figure be equal to the 
ſeveral angles of the other. The ſame is to be under- 
ood of equilateral figures. NN 


XXIX. Of Quadærilateral, or four- ſided figures, a 
ſquare is that whoſe des Are equal, and "Ow 18 ; 
as ABCD. Fig. 6. 


XXX. A Figure on che one part nie or a "tome 
ſquare, is that which hath . but not — 
ſides; as ABCD. Fig. 7. f 


XXXI. A Rhombus, or diamond - figure, is that which 
has four equal ſides, but is not right-angled ; as ABCD. 
Fig. 8. 

| « 

XXXII. A Rhomboiles, is. "dns whoſe RY des, 

and oppoſite angles are equal z but has neicher 7 nor 


right angles ; as ABCD. "Fig 9. 


XXXIII. All other ir fi I beſides OR 
are called trapexia, or cables; as GN H. Fig. o. 


XXXIV. Parallel, or equi-diſtant right-ines are TY 
which being in the ſame ſuperficies, if infinitely p roduced, 
would . meet as AD and BC. Fig. * RO 


> * & a 
Ds . * — 
* 
1 o N * *# 4% * 14 4 
# «©. . A . 
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- - XXXVI. In a Parallelogram AGEL, Fig. 9. when a 


are drawn, ſo that the Parallelogram be divided by them 
into four Parallelograms ; 


diameter paſſeth, the Parallelograms AY about the 
diameter. 


4 A Corollary i « Coſalay, er ſome conſequent truth 


gained from a precedi 
A Lemma 7s: TS ration a of fone Cr. way 
e e ſhorter, 


/ 


for brevity's Jake altho' the force "of the confequench e 


The firſt Book of 
XXXV. A n is a quadrilateral figure, whofe 


«+. 


& 5 ſides are Sb or en as. . 
P | | 


Fi 
1238 * 


diameter AE, and two lines BK, CF, p to the 
ſides, cuttin the diameter in one and the ſame point D, 


thoſe. two LD, DG, 2 | 
which . the diameter does not paſs, are called comp 
ments ; and the other two CB, KF, through which "he 


A Problem is, when Jomething i is propoſed to be done or 
effected. 


A Theorem ic, when ſomething is propoſed to be diteds- 
Srated. 


' Poſtulates or Peti tions. 


1. Rom any given point to any other given ovine, 

to draw a kate r, 
: 5 To produce a finite right-line, trait forward conti- 
nually. _ 
: 3 any center, and at any diſtance, to deſcribe 
ac 


4 . ; . 1 


Hings equal to the ſame thing, are alſo equal W 1 

one to the other.” of 

As: AE. Therefore A=C or therefore all whi 
A. B, C, are equal the one to the other. f 
Note, When ſeveral quantities are joyned the one to the aw⸗ 
other. continually with this mark==; the firſt quantity is by exc 
virtue 0 this axiom equal to the laſt, and every one to every 
one: In which caſe we often abſtain from citing the axiom, 


If to equal things you add equal things, the wholes 
will be equal. 


3- If from equal thin you _ away * 44 0 
the things remaining will be equal. 11 


ro GIS [EO a 
4. If to unequal chings you add equal things, the 


= will be unequal. . 
5. If from unequal things you take away equal things, 
he remainders will be unequal. 


"oe, 15 328 which are double to the ſame third, or to 
4. things are equal, onc; to the other. Underſtand 
4b. . triple, quadruple, Wc: 


7. Thing which are half of one and the ſame thing, 


8 ar of ings © equal, are equal the one to the other. Con- 
Wes eive the ſame of ſubtriple, ſubquadruple, c. 


fy Things which agree t are equal one to the 
ther. 

The converſe of this axiom is true in right-lines and an- 
hes, n not in figures, unleſs they be like. ; 

Moreover, itudes are ſaid to agree, when the parts of 
be one being wn 5 'd to the 7 of t . they 2 up an 
ual _ the mn lace. * 

very whole is greater its 

72 Two line cannot have 1 —1 and the ſame 
egment (or part) common to them both. 

11. Two right-lines meeting in the ſame point, if they 
de both produced, they thall neceſſarily | cut one another 
n that point. 

12. All right-angles are equal the one to the other. 

13. If a right-line EF ( Plate 1. Fig. 11.) falling on 
two right-lines, AD, BC, make the internal angles on 
the lame fide, GFE, FEG, leſs than two right-angles, 
thoſe two right-lines roduced ſhall meet on that fide 
here the angles are leſs than two right-angles. 

14. Two right-lines do not contain a ſpace. 

15. If to equal things you add things unequal, the 
exceſs of the ge ox hal be oqual to the exceſs of 
e additions. 
16. If to uneq ual be added, the — 
of the wholes . fal pu — _ the exceſs of thoſe 
rei ual things be tak 

17 om equ gs uneq en 
away, the exceſs of the remainders ſhall be gue! to, the 
exceſs of what was taken Su OR 1 5 

18. If from be taken 
away, the exceſs 0 equal to the 
exceſs of the -E 9p 

18-007 whole is * all bv pans taken to 


; | 2 20, 


de Int Book of 


20. If one yarns be double to another, and that which 
is taken away from the firſt be double to that which is 
taken away from the ſecond, the remainder * of che firſt 
ſhall be double to the remainder of the ſecond. 

The Citations are to be underſlood in this manner ;\ Wie 

meet. with two numbers, the firſt ſgeaus the Propofition, 
the: ſecond the Book ; as by 4. 1. you are to underſtand the 
fourth Propoſition of the firſt Book ; and: ſo of the reſt. 

: Moreover, at. denotes Axiom, . Peftalate def. e 
feb. Seholium, cor. i Ovollesy. *: 


| | 4 
PROPOSITION I. Plat 1, Fig. 12. th 
Pon a faite rig bis line iven as ; AB, to as feribe an 1 

equilateral 2 ACB. 2 
| bon be Fi A and. B, at the diſtance of AB, I 


or BA, (a) deſcribe two cireles cutting each other in 
the point C; from whence. (5). draw two right-lines 
CA, CB. Then is AC 2 (<) IC (4)==AC. 
(e) Wherefore the triangle ACP. is e * 
Was #0: be, dane. 


1 


Scholium.. ; 


th. _— mw Yea . | Wu | 


Aſter the ſame manner upon the line AB may be de. 
ſcribed an Iſoſceles triangle, if the diftances of the 
equal circles be taken greater or leſs than the line AB. 


Fon a point given A, to draw à right-line AG 2. 4 
right-line- given BC. 
From the center C, at the diſtance of CB, (4) deſcribe 
the circle CBE. CV Join AC; * which (e) raiſe the 
equilateral - Ah "DC. (d J oduce 2 E. From 
the center D, at the diſtance of PE, deſcribe the circle 
PEG; and let DA Ce) be produced to the paint G in che 
circymference thereof. Then AGB. 
* „ 5 (9) == 7 722 and DA tz DC.” Whereſirs 
FE =BC (1). 255 quas to 4. 

e putting of the nt A within or without tle' 
de he the- caſes ; the conſhwtion, * 4 2 
monſtration, are every where alike, 88 


Schol; 


_ | 2 
* 8 


Evcr1De's Elments. 
"The line AG might be taken with a pair, of com- 


aſſes ; but the ſo doing anſwers to no poſtulate, as 
rocks welt obſerves. 


' 


PROP. II. Plat I. Fig. 14. 


Two Ae es A and DC, being given, from the 
greater DC, to take away the right-line DE, equal to 
the leſer A. 

From the point D (a) draw the right-line BD—= A. 
The circle 2 cribed from the center D at the diſtance 
of BD ſhall cut off DE (BD 3 
DE. I bich was to be done. ; 


PROP. IV. Fig. 15; and 16. 


If two triangels BAC, EDF, have two "x j * the one 
BA, AC, equal to two fides of the other E. each to 


its — (that is ak. £14 AC=DF ) and 
have the angel the angle D — * under the 
5 equal ri ri ght-lines ; {1 bave the baſe BC equal to the 
de. baſe EF; and & triangle BAC 3 qual to the triangle 
the EDF; and the remaining angels B, C, ſhall be equal to the 
AB. remaining angles, E, F, each to each, under 952 2 the equal 


fides are ſubtended. 
If as int D be apply'd to the point A, and the 
= right- line DE plac'd upon the right-line AB, the point 
E ſhall fall upon B, becauſe DE (a):=AB, alſo the right- 
Fs line DF ſhall fall upon AC, —— the angle A(a)=D. 
+4 Moreover the point F ſhall fall upon the point C, becauſe 


agree, becauſe they have the ſame terms, and conſequently 


angles B, E, as alſo the angles C, F, do agree, and are 
equal. Which was ta be demonſtrated. | 


"PROP. V. Fig: 4 


fl, BC, are produced, the angles CAD, ACE, under 


the baſe . (a) Take 


AC (a)=DF: © Therefore the right-lines EF, BC, ſhall - 
are equal. Wherefore the triangles, BAC, DEF, and the | 


Pe ke BAC, BCA, at the baſe of an Ihſetles tri- 
angle ABC, are egual one to the other , And if the equal 


— 


* 
=. 
1 
cy 
, 
0 . 
4 
2 E / 
IF” 
* = 
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: = 
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2 22 * 
+ IP QI e 
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b 1. pf. 
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f 9. ax. 


kg a. 
Fig. 17. 


DE, 
C ſapte/. 


- 4 
» — 


„ 
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at : 


The irt Book "of _ 


2) Take BE=BD; and (4) join CD, and AE. 
uſe, in the triangles BCD, BAE, are AB (c) = 
BC, and BE, (4) = BD, and the angle B common to 
them both, (e) therefore 3 is the angle BAE BCD, 


and the angle AEB (e = BDC, the baſe AE ( 


CD; alſo EC{Ff)= DA. Therefore in the triangles AEC, 
ADC (g) will be the angle. ECAZ=DAC. Which was to 
be dem, Alſd the angle EAC = DCA, but the angle 
BAE (5) = BCD; therefore the angle BAC * 


| . Sn Way to Kd demonſtrated. 


— i . , R * 
A * 9 ” A 2 * FH 2 4 wh 


dase every equilateral triangle 15 alſo bene. | 


ROF. VI. Plate 1 Fig. 4 4. Act 


* BCA, ACB » Nc. triang l lk ABC, be equal 
* few to ts other, the fides BC AB, S ebrendes under the 
equal angles, ſhall alſa be equal one to the other. 

If che ſides be not equal, let one be bigger than the 


other, ſuppoſe BA c- BC. (a) Make AF == BC, and (5 
| draw the line CF. | 


In the triangles FAC, BAC, becauſe AF (c)=CB and 
the fide AC is mon, and the ahgte BAC (4) = ACB, 
the triangles FAC, AC; (e) ſhall be equal the one to the 


_ a 1 the e, (f) Which ts — 


a 1 | Corull 
- > F a * „ - ; * 
LJ * 


1 2 red equiangalar triangle is alſo eee. 
nor. vn. Eg. 4. 


AB, BC, A other night-lines equal to hs former, AF, CF, 
each to ood (viz. AF=AB, and CF==BC) cart be FETs 


From the ſame points-A, C, on the ſame fide B, to feveral 


ints, as B and F, but only to B, 
1. Caſe. If the point F be ſet in the line AB, it is 
pay that AF is. (af not equal to AB. 
2. Cafe. If che point D be placed within the trian 


CB, then draw the line CD, and produce BDF, and CE. 
ow you would have ADAC, then the angle AC U) 


AD 5 as CL, VIM BD 0 BC, wg We 7905 


9 T 1 3 gt . * ; 


; Upon the ſums vight-lin AC two ri he Dues | drawn 


Eucerin z' Elements. 9 


(4) ECD, therefore is the 80 FDC 1d) ACD, that dg ar. 
3s, the angle FDC Ab. Which is impoſſible. 
3. Caſe. If D (Fg.. 18.) g without the triangle 
ach. let CD be Lud. | 
y —— the angle ACD (e) =ADC, and the angle BCD 
ne Teens the angle ACDC-BDC, vis. 
5 angle A * + Which is el. Therefore, 


Ge. 
= s PROP. VIII. Plate I. Fig. 15, and 16. 


** | 17 (ale triangles ARC, DEF have two fide AB, AC, 
* equal to two fides DE, DF, each to each, and the baſe BC 
. equal to the baje EF, then the angles contained under the equal 
right-lines ſhall be cqual, viz. Ato DPD. 
: Becauſe, BC (a) =EF, if the baſe BC be laid on the a Hp. 
. baſe EP, (3) they will agree : therefore whereas AB (c)== b ax. 8. 
DE, and AC =D, the point A will fall on D (for it can- c hyp. 
not fall on any other t, by the precedent propoſition) 13 
* and ſo the ſides of angles A and D are coincident; 4 0 
(4) wherefore thoſe angles are * Which was to be TW d 8. ax. 


0 
CI 


\ nee | 

| I.” Key” 

{ 1. Hence, triangles mutually equilateral ae -alfs l 

$ * Triangles marully equilateral (+) are equalone to X 4+ 1+ 
other 


To 6410, or divide into two equal parts, 4 u- 
8 BAC. 
(Take AD—to AE, and draw the line DE; upon = 
which (6) make an equilateral triangle DFE, draw the b. 
right-line AF; it ſhall biſe& the Angle. " 


. For AD'(c)==AE, and che fide AF is common, and the © ct. 
, baſe DF (FE. (4) therefore the angle N d 8. 1. 
, Which was ty be dane; <p Rs 


Hence it appears how an angle 1 
8, 16, 32, &c; equal pats wit biſecting each oF 


: part again. 

% n by a Rule ee . 
req a "an et 

a nr e 


PROP. 


Tus firſt Beok e 
\BROP. X. Plate I. 0 20 Ne 


To biſe a right-line giv en AB. 

Upon the line given n AB (a) erect an equilateral tri- 
angle ABC; and (5) dite the an le C with the right- 
line CD. That line ſhall alſo biſed the line given AB. 

For AC (c) BC, and the ſide CD is common, and 


the angle ACD (c) BCD. therefore AD (4) BD. 
Which was to be- done. 


The practice of this and the precedin b propoſition i is 


eafily ſhewn. by the Conſtruction of the iſt propoſition of 
this Book. 
PROP. XI. Fig. 20. 
From a 


point D in a right-line given AB to r 
Ane DC at right-angles. 

(a) Take on either fide of the point given DA=DB, 
upon the right-line AB (5) erect an equilateral triangle, 
wart the line CD, and it will be the 7 re- 

u 
5 For the triangles DAC, DCB are mutually (c) equila- 
teral, (a) therefore the angle ADC=CDB ; (2) therefore 
De is.perpendicular. Which was. to be done. 

The practice of this and the following is eaſily per- 
formed by the help of a ſquare. | 


PROP. XII Fig. 20. 


Upon an in 


infinite right-line given AB, from a 2 
- that is not in it, to let eg cular right-line C 
From the center C (a) deſcribe a 4 cuttin 

right- line given in the A and B. Then wing tho 


points 
in D, and draw the L in CD, which weil be 
thi perpendicular re 


Let the lines CA, _ The triangles ADC 
CDB are-mutually (c) equilateral ; (4) therefore the 8 
les ADC, BDC are equal, and by (] conf 


right. (e) Wherefore DC us a perpendicular. M bic 


22 


PROP. Xu. Fig. 1. 


When @. ſtanding a fits AB 
_ maketh Auk 87 01 — _ 


3 or two angles equal to two rg nr. 
| : 4 


E uL＋ IO“ Elements. 


If the angles DGA, DGB. be equal, (a) then they 
make two right- angles; if unequal, then from the point 
G (6) let there be erected a perpendicular GC, Becauſe 
the angle DGB (c) = to a right-angle4-CGD, and the 
angle DGA (4) = to a right-angle—DGC ; therefore the 
angle DGB-|-DGA (#) = to two right-angles. Which 
was to be. demonſtrated. ** ne. 


Corollaries: 1 


1. Hence, if one angle DGB} be right, the other DGA 


is alſo. right; if one acute, the other is obtuſe, and ſo on 
the contrary. _ | 

2. If more right-lines than one ſtand upon the ſame 
right-line at th fame point, the angles ſh 
two right. 28 on os 


3. Two right-lines cutting each other make angles 


equal to four right-angles. 0 OY 
4. All the angles made. about one point make four 
rizht-angles ; as appears by Coroll. 2. 


R OP. XIV. Plate I. Fig. 1. 


If to any right-line CG, and a point therein G two right- 
lines, not drawn from the ſame fide, do make the angles 
CGA, CGB, or each. fidet equal to two right, the lines, 


AG, GP, Hall make ane ſtrait- line. 


If you deny it, let AG, GF make one right-line 3 then 


ſhall the a 
CGAS-CGB. Which is (c) abſurd. 


le CGA 


PROP. XV. Eg. 21. 


If two right-lines AB, CD, cut thro' one another, then are 
the tuo angles which are oppoſite, viz. CEB, AED, equal one 


„CEB (a) = to two ri ight- 
D; (6) — CBD Bn D. 


to the other. 

For ene AEC 
2 = AEC + 
Which was to be 

Scbol. Wi! 


+» 


If to any right-line AB, 


fide, make the vertical F- 

BED * thoſe acht- ier © » E 
and make one ſtrait line. 
pur 


be equal to 


-CGF (a) two right angles (5) = 


od and in it 2 | at E, two right 
lies being drawn» CE, ED, and not we on the ſame 
) angles CEA, and 
D, do meet directly 


K For 


2 13. 1. 
b 3. &. 


nn ef, 
For two right. angles are (a) equal to the angle CERA. 
CEB, (4) = CEB + BED. (e) Therefore cr, ED, are 
in a ſtrait line. Which was to be demonſlrated. 
S (ce. 2. Plate I. Fig. 21. 


If four right- lines EA, EB, EC, ED, proceeding from 


one point E, make the angles, vertically oppoſite, y 
equal the /one to the other, each two lines, AE, EB, "nf 
and CE, ED, are placed in one ftrait line. 10 
For becauſe the angle AEC T AED + CEB + DEB 
(a) =to four right-angles, therefore the angle AEC + * 


AED (4) = CEB + DEB == to two right-angles. (c) 
Therefore CED and AEB are ftrait-lines. Mbich was 
to be demonſtrated. |. 


PROP. XVI. Eg. 22. 


One fide, BC, of any triangle ABC being produced, the 
outward angle ACD will be greater than either of the 
inward and oppoſite angles, CAB, CBA. | 
Let the right-lines AH, BE, (a) biſect the fides AC, 
BC; from which lines produc'd, take (5) EF==BE,. 
and HI, (3) = AH, and join FC, and IC; and pro- 
duce ACG. | ; 
Becauſe 'CE (c) = EA, and EF (c) — EB, and the 
angle FEC-(4) = BEA, the angle ECF (e) ſhall be equal 
to EAB. By the like ent is the angle ICH = 
BH. Therefore the whole angle ACD (BCG, 
) is greater than either the angle CAB or AFC. Which 
was to be demonfirated. | 


PR O'P. XVII. Fig. 23. 


Tao angles of any triangle ABC, which way foever t 
are * 8 than two right-angles. ders = 55 
Let the ſide BC be produced. Becauſe the angle 
ACD Ac; (a) = two right- angles, and the angle 
ACD (65) CEA, (e) therefore: A+ ACB =D than two 
right-angles. After the ſame manner is the angle B 
ACB than two right-angles.” Laſtly, the ſide AB - 
being produced, the angle A + B will be alſo leſs than 
DR mne 
9120 938m bas 


Coroll; 


* 


EvucLi1D e's Elements, 


% 4 1 % : . - 4 
. +, Corall. | 
£ — . * F 5.2 ” — #1) » 
P a # '« . 


1. Hence it follows that in every triangle wherein 
one angle is either right or obtuſe, the two others are 
acute angles. 

2. If a right-line AE make unequal angles with ano- 
ther right-line BC, one acute AE AEB, the other obtuſe 
AEC, a perpendicular AB, let fall from any point A to 


the other line BC, ſhall fal on that ſide the acute angle 


is of. 
For if AC, abend ef ths n be 
a perpendicular, then in the triangle AEC, ſhall the 


pu AEC + ACE be greater than two -right-an 
* Which is 0 Wm to the precedent prop. 18 8 


3. All the angles of an equilateral triangle, and the 


two angles of an Iſoſceles 1 that are 1 the 
baſe, are acute. 1 £9 


"PROP. vin. Plate l Fi. 23. 


The greateſt fide AC of every 1 ABC ſubtends the 
greats angle ABC. 


From AC (a): take away AF = AB, and join BF. 
(3) Therefore is the angle AFB = ABF. But 
AFB (c) CC; 9 is. ABF c- e (4) there- 
fore the whole angle ABC c. C. After the ſame man- 
hall be. A QA, Ne aua een. 


PROP. Ax. Pig. 23. 
e ABC, "WY the great gh Bj 


Stbtenided the greateſt fide AC. 


* 

For if AB be ſuppoſed equal to AC, then will 
be the angle B (a) = C, which is contrary to the 
H theſis - And if AB © AC, then ſhall be the angle 
C (5) CB, which is againft the Hypotheſis. Where- 
fore rather AC © AB; and after the ſame manner 


| 0 C. " Which: "vas ebe Ay * 


4+ am Hob * + * 


"PROP: XX. Fs. 45 


5 099g triangle ABC, bee fides BA, AC; wy wag 


2 are greater than the fide that remains BC. 


I 


$i of £3 
a 5. 1. 


b 18. 1. 


a. 20. 1. 
b 4. ax. 


© 16. 1. 


4vas to be done 


"The firſt Book of 


Produce the line BA, (a) and take ADAC, and ale 

8989 28 57 00 
c ore is the whole ; 

_ BD (e) * BC. Which was ay 


If from. the utmuſt TEL ve” fide BC, of a triangle 
ABC, two right-lines BD, HAY drawn 7 mag 
within the trizumgle, then ar both theſe two lines — than 
e triangle BA, CA ; but contain"a 

Let BD be produced to E. Then is CE-ED ( (a) 
2 and . to both, (4) then ſhall be 

FECC” A (a) CBE; 
(5) therefore BA AC - IEE RW e 
ACc-BD TDC. 2. The wo BDC (e) C DEC Me 
A. Therefore the angle BDC A. * was to be 


td 
© PROP. ch. Fig. 26 


To male u FK G of three right-lines FK, FG, 
GK, which "Fall be equal to three ri Eb knee given A. B. C. 


Tr it is "neceſſary that am two Slew together be langer 


From the infinite line DE (a) take DF, FG; GH, equal 


to the lines given A,B,C. Then if from the (5) centers 
F and G at the, diſtances of FD and GH, two circles be 
drawn cutting each other in K, and the right-lines KF, 
KG be join che triangle FK ſhall be made, (e) whoſe 
ſides FK, FG, GK, are equal to the three lines DF, EG, 
GH, (4 chat is, to che we n A -- ** 


| 


* R OP. XXIII. Fig. 27, and 29. } 5 


A in @ right-line given AH. to one ig 


A equal a 's right det ang le 
ight-line CF cutting N ſides of the 


given any ways; (5) make AG==©D ; a 3 
a triangle equilateral to the former CDF 
F, and GH to CF. then hall 


AH de equal to 
Were. 0A. Which das to In dane... 
WEL PROP. 


„ 


1705 
angle 


(e) raiſe 


CC gg NN 


<A 4 eee 


R A, 14 


N 7 * = 


LY 
4 
1 


F Noe tree 
4 B, N equal to tava ſides of the other triangle DE, 
DF, eachts and have the angle A greater than the an- 
ole EDFyconts under the equal LY, they ſhall have 
alſo the N Baſe greater than the baſe Ek. 
| nele EDG be made equal to A, and 
| DF AC, and let EG, and FG 
be joined. | y 


1. Caſe, If EG falls above EF; Becauſe An DE, 
and AC (e) DG, and the ängle Ae) AE (f 
0 


therefore is BC EG. But becauſe DF (e) =D; 8 
therefore is the angle DFG==DGF ; (5) therefore is the 
angle DFG C "EGF, and by conſequence the angle 
EFG, ke ; (4) wherefore EG (BC) EP. 

2. Caſe. If the baſe KE coincides with the baſe EG, 
Gir is evident that EG (BC) = BF. F. 29, 131. 
. Caſe. If EG falls below EF, then becauſe BG 
GE (m) = DFA FE, if from hoth be taken away, DG, 
DF which are equal; EG (BC) remains () C= EF. 
Which was to be demonſtrated. Fig. 29, 32. 

FÞ ir 292,23 HINT 944 


 ;; PROP. XXV. Fig. 29, 3e. 


I tuo triangles ABC, DEF; have two fider AB, AC, 
ual to tive" fides DE, DF, each to each, and have the 
aſe BO greater than the baſe EF, they fall alſo have 
the angle A cahtained under the © equal rigbt-lines greater 
than the angle. EDB FE... A 

For if the angle A be faid to be equal to EDF, (a) 
then is the baſe BOC=EF, which is againſt the Hypo- 
theſis. If it be ſaid the angle A EDF, then (5) 
will be BC EF, which is alſo againſt the Hypotheſis. 


Therefore Ac EDF. Which "was 1 be demonſirated. 


. 
N * S % 


reo. XXVI. EE. 29, . 
FRY 8 2 | VN; '_ OS WT”: BIG. 
. Tf txvo triangle BAC, EDG, have two angles of the one 


B, C, equal: to N angle of the other E, BGE, each. to 
his correſpondent angle, and haue alſa one fide of the one equal 


to one fide of the ather, either that fide which lyeth betwwixt the 
equal any lr, or that which is fubtended under ne of ro 
angles ;\ tht other det alſo of "thi we forall be. 4 


Le ff Book of - 


the other fides of the other, each to his correſpondent 
ge * rod the ene, fall be equal to the i 
* the al 

hypotheſis. Let B C be equal u to E G, which are 
the fides that lie between the angles, Then 1 
ſay BA = ED, and AC=DG, Ke pw angle ASEDG. 
a 3. 1. Fer if it be ſaid that EDC BA, then (e EH be made 
equal to BA, and let the line GH be drawn. 


b conſtr. Becauſe AB(65) = HE, and BC(c)—EG, and the an- an- 
c hyp. gle BC (:)<=E, therefore ſhall be the angle EGH ( 

d4. 1. C9 B. r e AB > 

e hyp. - the ſame manner +4 2 be proved e wa DG, 
fg. ax. (-) 1] UE will the angle equal to 


. Hp. Let AB og wDE, 50 C 
3 EG, and AC — DG the angle A=E 1 

i of EG be greater than B C. make "FF —BC, and 
525 DF. Now” mens ad ate and B C Fr 
cr. and the an BG therefore will be 2 angle 
4... . Te = GD. ( Which is abſurd.” There- 
1 yp. fore is G, and ſo as before, A. = DG, and 
16.1. the angle A = EDG. - Which ausn to be dens. 'F. 


PROP. I "Tian L Fg 33. 


Fa right-line EF; Falbug tavo ri c AB, co, 
makes the alternate angler Ab H. De E, equal the one to the 
other, then are the * AB, CD. all. 


e. CD be fad not to be p „ produce chem 

Aa which being ſu ppoſed, the outward 
bF. will be ( r hi 

D:E @ which wat; e by N Which 
W 3 


a 16, 1, 


P-R'O-P.- [LETS Fig! 33. 6 


If a right-line E F, falling upon two "right-lines AB 
ob, at an 5 AGB ofs be ond Bos 


equal to U H G the noting. _ te - Ant; 0) = 
other on the ſame fide, ar male 
the ſuime A3H, Ce, — Ne — l 
. diner, AB, © „ parallel." om 
p. 1. Becauſe by H the: angle A l E 


= 8 


c Als. 1. = 26. (4 therefore are Bb H, Cc G, the alternate 
N . 1. F ee 


Evucr1vp e's Elements. 


fades WY Hyp. 2. Becauſe by Hypotheſis the angle AGH-- 

> 0 to raght- an les, a J=AGH4BGH,(s) there- 5 13. 1. 
S ore ſhall the angle C G=BGH ; and (c therefore AB, 3· ax. 

on D, are parallel, Which was to he demonſtrated. | C 27. 1. 

e h 5 Fi IR 

«> PROP. XXIX. Plate I. Fig. 33. 

n 


a rieht-line EF falls upon tavo parallels, AB, CD, it 
10 2 both the a DHG, AGH, equal 
each to the other, und the outithrd angle BGE equal to the 
znward and oppoſite angle. on the ſame fide DHG, as alfo 
the inward tngles on he ſame fide AGH, CHG, equal to 


abo rigbi- angles. n i Xt 4 

It is evident, that AGH4-CHG=two right- angles; 
(a) otherwiſe AB, CD, would not be parallel, which is a 13. ax. 
File e the Hypotheſis : But moreover the angle b 13. 1. 


DHG+CHG (4) =two right- angles; therefore is DHG 3 ax. 
(c) = AGH (4) =BGE. Which was to be dem. d 15. 1. 


Grill. Egg. 7. 


T 83 8 4 y , 
Hence it follows that every parallelogram AD having 
one angle right A, the "eſt ae alſo Z 4 
For AB (a)=2wo right-angles. . where- A 29. 1. 
| as A is right, (5) B muff be alſo right. By the ſame b 3. ax. 
D, argument are C and D right-angles. 


PROP! xxx. Fig. 21. 


ard  Right-lines (AB, MN) parallel to one and the ſame ri g- 
gle line KL, are alſo parallel the one to the ather. 
Let CD cut the three right-lines given, any ways. 
Then becauſe AB, MN ate parallel, the angle BEI 
7 will be () =LHI. Alſo becauſe KL and MN are Aa 29. 1. 
* * the angle L HI will. be (a) MIC (6) There- A 29. 1. 
re the angle BEI=MIC; (c) whence AB and MN Þ 1. ax, 
are parallel. ¶ hich wat to be demonſtrated. E 27. Is 


FAROE, XXXI. Fig. 34. 


From a point given A, to draw 4 rigat-line AE; paral- 
l to à ri line given BC. 1 
From the point A draw a right- line AD to any point 
of the given right-line ; with which at the point thereof 
(a) A make an angle DAE —ADC (5) then wilt AE 5 *3' 15 
and BC be parallel. ich vas to be done; PROP © fo Ivy 


B 


a 31. 1. 
29. 1, 
. 
d 19. ax. 
bi e 13. 1. 
f I, a. 


angle, A, B, ACB, /hall be equal to two right-angles. 


Therefore AB (c)=ACE--ECD (4) ACD. Whid 


t be demonſtrated. 


angle of the one equal to 


The firſt Book We - 


PROP. XXXII. Plate I. Fig. 35. 


Of any triangle ABC one fide BC being drawn out, th 
3 ACD Hall be equal to the two inward og 
pofite angles A, B, and the three inwird angles of the tri 


From C (a) draw CE parallel to BA. Then is th 
angle A (6) = ACE, and the angle B (4) —ECDP*< d 


Twas to be demonſtrated. | 
I affirm ACD4-ACB (e = two right-angles ; (/ 
therefore AFB -ACB two right- angles. Which wu 


Coroll. 


1. The three angles of any triangle taken togethe 
are equal to the three angles of any other triangle take! 
together. From whence it follows, 

2. That if in one triangle, two angles (taken ſeve 
rally, or together) be equal to two angles of another tri 
angle (taken ſeverally, or 2 then is the remaining 

e remaining angle of the 0 


ther. In like manner, if two triangles have one anglt 
of the one equal to one of the other, then is b he { 
ſum of the remaining angles of the one triangle equal u 
the ſum of the remaining angles of the other. 
3. If one angle in a triangle be right, the other tw 
are equal to a right-angle. Likewile, that angle in 


triangle which is equal to the other two, is it ſelf a right 


angle. +l | Fe 
4. When in an Iſoſceles the angle made by the equi ¶ Ware 
ſides is right, the other two upon the baſe are each fore 
them half a right-angle. | s 171 
5. An angle of an equilateral triangle makes two thin Indes 


parts of a right-angle. For one third of two right-angleiny: 
» equal to two thirds of one. h 


Scho. 


By the help of this propoſition you may know hoy 
many right- angles the inward and Ante | angles of 
right-lined fgure make; as may. appear by theſe tui 
follbwing Theorems, | 55 


1 HE 


EvcuLrid ts Elements. 


THEOREM I. 


All the angles of a right-lined figure do together make 
ce as many right-angles, abating four, as there are ſides 
pf the figure. 92 | 

From any point within the figure let right-lines 
de drawn to all the angles of the figure, which ſhall 
eſolve the figure into as many triangles as there are 
fides of the figure. Wherefore, whereas every triangle 
xfords two right-angles, all the triangles taken together 
ill make up twice as many right-angles as.there are 
des. But * angles about the ſai int within 
he figure make up four right; ae, if from 
the angles of all 4. triangles you take away the 
angles which are about the ſaid point, the remaining 
angles, which make up the angles of the figure, will 
make twice as many right- angles, abating four, as 
there are ſides of the figure: Which was to be demon- 
trated. f 


Coroll. 


Hence all right-lined figures of the ſame ſpecies have 
the ſums of their angles equal. 


THEOREM I. 


All the outward angles of any right-lined figure, taken to- 
gether, make up four right-angles. ; 

For every inward angle of a figure, with the out- 
ward angle of the ſame, make two right-angles ; there- 
fore all the inward angles, together with all the out- 
ward, make twice as many right-angles as there are 
ſides of the figure; but (as has been juſt ſhewn) all the 
inward angles, with four right; make twice as many 
tight as there as fides of the figure, therefore the out- 
ward angles are equal to four right-angles. Which was 
fo be demonſtrated: | f 


Coro Il. 


All right lined figures, of whatſoever ſpecies, have 
the ſums of their outward angles equal. 


E 0) B 2 P R O P. 


i 


b 29. 1. 


C 2. a. 


therefore is AC (5) = BD, and the angle ACB (6) 
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PROP. XXXII. Plate I. Fig. 7. 


IF tabs e and allel lines AB, CD, be joyned t 
gether Nw 4 right-lines, AC, BD, N. 5 ar 
thoſe lines alſo and parallel. 

Draw a line from C to. B. Now becauſe AB and CD 
are parallel, and the _ ABC (a) = BCD; and alſs| 
by hypotheſis AB = CD, and the fide C B common 


DBC {<c) whence alſo AC, BD, are parallel, 
PROP. XXXIV. Fig. 7. 


In parallelograms, as ABDC, the oppoſite fides AB, CD 
and AC, BD, are equal each to the other ; and the oppoſit 
angles A, D, and ABD, ACD, are alſo equal; and th 
diameter BC tiſefts the ſame. e 5 

Becauſe AB, CD, (a) are ee 5) therefore is the 
angle ABC:= BCD. Alſo becauſe AC, BD, are (a) pa 
rallel, (4) therefore is the angle ACB==CBD ; (c) the 
fore the whole angle ACD = ABD. After the ſame 
manner is A D. Moreover becanſe the angles ABC 
ACB, lie at each end of the fide CB, and are equal t 
BCD, CBD, (4) therefore is AC = BD, and AB (0. cc 
CD, and ſo the triangle ABC = CBD. Which n fo 


te demonſirated. | | == 
Schol. | tl 
Erery four-fided figure AB DC, having the oppoſite 8 
equal, is a parallelagram. * a 
For by 8. 1. the angle ABC = BCD; (a) whereſo 1! 
AB, CD, are parallel. In like manner is the angle BC = 
tz» CBD ; (a) wherefore AC, BD, are alſo aralle). (b 1 
Therefore ABCD is à parallelogram. Which was ta | 
demonſtrated. | yg 
From hence we may more expeditiouſly draw 
parallel CG to a right-line given, AB, thro” a poi 
aſſigned, C. | eas ! 
ake in the line AB any point, as E. From tl 


centers E and C at any diſtance draw two equal circle 
EF, CD. From the center F with the diſtance E 
draw a circle FD, which ſhall cut the former circ 
CD in the point D. Then ſhall the line drawn ( 
be parallel to AB, for, as it was before demonſtrate( 
(EFD is a parallelogram. 11 


E vcl1d ts Elements. 


P R OP. XXXV. Plate I. Fig. 37. 


Paralleligramt, BCD A, BCF E, which fand upon 
„ [ame baſe BC, and between the ſame parallels AF, 
BC, are equal one to the other. 

For AD {a) = BC (a) — EF, add DE common to 
both; 03) then is AE = DF. But alſo AB (a) = 
DC, and the angle A (c) = CDF. (4) Therefore is 

the triangle ABE=DCF. Take away D g E common 
co both triangles ; (e) then is the Trapezium AB g D — 
Eg CF; add B £ C, common to both; / then is the 


* 


The demonſtration of any other caſes, is not uniike, 
but much more plain and eaſy. 


Schol. Fig. 7. 


If the ſide AB, of a right-angled parplelogram ABCD, 
be conceived to be carried along perpendicularly thro* 
the whole line AC, or AC thro' the whole line AB, the 
area or content of the rectangle ABCD - ſhall, be pro- 
duc'd by that motion. Hence a rectangle 1s ſaid to 
be made by the drawing or multiplication of two 
contiguous ſides. For example; let AB be ſuppoſed 
four foot, and AC three; draw three into four, there 
will be produced twelve ſquare feet for the area of 
the rectangle. 

This being ſuppoſed, the dimenſion cr any parallelo- 
gram CEBCE) 1s found out by this theorem. For the 
area thereof is produced from the altitude BA drawn 


= parallelogram EBCF, is made by the drawing of 
BA into BC, therefore, &c. 


Paralleloerams BCD A, GHF E, ſtanding upon equal 
baſes BC, GH „ and hetwixt the fame parallels AF, BH, 
are equal one to the other. 
Draw BE and CF. Becauſe BC (a) = GH {5) = 
EF, (c) therefore is BCFE a parallelogram, W hence 
the parallelogram BC DA (4) = BCFE (4) == GHFE. 
Which ' wwas to be demonſtrated, 


B 3 PROP. 


_ +5 Watt ABCD = EBCF. Which was to be demon- 
vated. 


into the baſe BC. For the area of the rectangle AC 


Fig. 37» 


a hyp. 

b 34. 1. 
EC 33. 1. 
d 35. 1. 


PROP. XXXVI. Plate . Fig 38. 


Triangler, BCA, BCD, Parkin upon the ſame baſe p 
BC, and between the ſame paralle Be. EF, are equal i 
the one to the ptber. | 

(a) Draw BE parallel to C A, (a) and C F parallel 
to B D. Then is the triangle BCD. © = half Por. 
BCAE () = half BDFC (0) = = * Vhich was" ts 
be demonſtrated. | 


PROP. XXXVIIL. Fig. 3. 


Triangles, BCA, DFC, ſet upon equal baſes BC, DF, 
and between the ſame parallel; EF, BC, are equal the 
one to the other. 

; Draw EB parallel to AC, and on. . to FC. 
„ ax, ben is the ang le BCA (a G gr. BCAE (6) 
7. half BCDF (7) = CD. bich was 2 be demon- 
n frated. 8 
Scbol. 


If the baſe BC be greater than DF, then is the 
triangle BAC &- DFC, and ſo on the contrary. 


PROP. XXXIX. Eg. 39. 


qual triangles BCA, BCD, ſtanding on the ſame baſe 
BC," and on + the e ſame ** are alſo between the Same faral- 
tel; AD, BC. 


, If you deny it, let another line AF be parallel to 
= BC; and let CF be drawn. Then is the triangle CBF 
Dp («) = CBA (4) = CBD. - (0 Which is abjurd. - 


PROP. XL, Fg. 40. 


Equal triangles BCA, CFD, fand ual bak 
BC, Cb, and on the ſame fide, ore birewixt the Jam 
a. | 
| If you deny it, let another line AH be parallel. to 
4 38. 1. BF, and let FH be drawn. Then is the trian le 


bby. CFH (0) =BCA(S)=CED. (c) Which , 
tone: PROP. XLI. Fg. 38. 
a Per. AEBC Have the ſame baſe BC with the le t 
1 E. 7s /e rſe 7 triang 


and be between the ſame parallels DE, BC, then is the 
Per. AEBC double to the triangle BCE, | Let 


0 


* 


EUcLID E' Elements. 

et the line AC be drawn. Then is the triangle BCA 
= :}CE. Which Was to be demonſtrated. 

Sebel. Hoot 
From hence may the area of any triangle BCE be 
d by the altitude drawn into the baſe, therefore ſhall 


awn into the baſe, or half the baſe drawn into the 


en is the area of the triangle BCE 28. 
PROP. XLII. Plate J. Eg. 41. 
To make a Pgr. ECGF equal to a triangle given ABC in 


angle equal to a right-lined angle given. | 
Through A (a) draw AG nat to BC, (2) make the 


„and draw EF parallel to CG; then is the problem 

eſolved. 

For (AE being drawn) the angle ECG is equal to the 

given angle by conſtruction, and the triangle BAC (a) 
2 AEC (e) Pgr. ECGF. Which was to be done. © 


PROP. XLIN. Fig. 9. 


— In every Pgr. AGEL, the complements LD, GD, of tho/e 
| Pers. CK, KF, which fland about the diameter, are equal 
* one to the otber. | 

BF For the triangle AEL (a) AEG, and the triangle 

Abc (a) ADB; and the triangle DEK (a) DEF (4) 

Therefore the Pgr. LDS DG. Which auas to be demon- 


trated. X 
PROP. XLIV. Fig. 42. 


To a given right-line A, to apply a parallehgram FL, 
equal to a given triangle LBC, in a given angle C. , 
(a) Make a Pgr. FD equal to the triangle LBC, ſo that 
the angle GFE may be equal to C. Produce GF till 
FH be equal to the line given A. Through H (4) draw 
IL para to EF, which let DE produced meet in I, 
let DG produced meet with a right-line drawn from I 
through F in the point K; thro' K (% draw KL parallel 
to -G, which let EF continued meet at M, and IH 

at L. Then ſhall FL be the Pgr. required. 
B 4 Fer 


ANN 


—BCE ; therefore is the Pgr. ABCD (6) =2BCA - ; 


nd, for whereas the area of the 17 AB D is produ- 
e area of a triangle be produced by half the altitude 
titude ; thus, if the baſe BC be 8, and the altitude 7, 


ngle BCG==the angle given; (c) biſect the baſe BC in 


a 31. 5 
b 23. 1. 
C 10. 1. 


d 38. 1. 
e 41. 1. 


a 34. Io 
3. 4. 


F. A, is right ; (6) therefore DB is a 


i” 
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For the FL (c =F = LBC ; (4 and e angle 
MBH-=GFE=C: Which = awas$ to be A 2 * 


PROP. xv. Plate I. Er 43. and 44. 


Upon i a right-lis ne deen FG, and ine given angle A, to 
make a Ter. F L., ' eqal to a right-lined fure given 
ABCD. 

Reſolve the right-lined Spwre given into two triangles 
—_— BCP, chen (a) make a Pgr: FH=BAD, fo that 
| F may be equal to A. FI being produced, 
(@ make on HI "tho Pgr. IE BCD. Then is the Per- 
* 2 . ©: =ABCD. * * was fo be done. 


9 col 


Hence is eafily found thi exceſs, whereby * right- 
1. exeerds a leſs n _— 


PR 0 P. XLVI. Fig. 6 


- 


Upon a right ine given CD to 456 tribe a 


uare DB. 


(a) Erett two perpenditulars oY. DA; (6) \ equal to the 


a gwen CD; en Jour BA, and the thing reqired i 75 

one. 

Per, whereas the Anele C Oe S two right-an- 

5 (4) therefore are AD, BC parallel. But they are 
o (e) equal; {F) therefore AB, DC: are both Parallel 
d equal; therefore the-fipure AC is a- Per. and — 

1. ul. Moreover the angles are all right, (2 (2) becauſe 

ne: Ines tg 

is by dine: 

 Afﬀeer the ſame manner you may eaſily deſcribe a rot 

an angle contained e two r. e. 5 


p R 0 . XL vn. Fig. 45: 


In n triang hes BAC, the nave BE, which js 
made on the fide BC 7 ubtends the ri 2 BAC; #s 
equal 'to bot the- ſquares G, CH; which are made on 4 
fades AB, AC, containing the rigbt-angle. 

5 _ AE, and AD; and draw AM parallel to CE. 
auſe the angle DEC (a) FBA, add the augle ABC 

common to them both; then is the angle ABD FBC. 

Moreover, AB ( FEB, and BD (8) C; (c there- 


tore i is the e 11 weld But che Pgr, BM 5 


2 D, 


t — 5 * 


b 
f 


EucLri1Dde's Elements. 


2 ABD, 2 the Pgr yy; (OBO 2FBC (for GAC is one 
right-line, by H and 14. I. 555 therefore is the 
— BM==BG. y the ſame way 75 BG-b. the 


— Was to be demonſtrated. 
Schol. 


This moſt excellent and uſeful theorem hath deſer- 
ved the title of Pythagoras his theorem, becauſe he was 
the inventor of it. By the help of which the addition 
and ſubtraQtion of ſquares are performed; to which pur- 


poſe ſerve the two follows problems. 
PROBLEM 1 Plate I. Fig. 46. 


To make one ſquare equal to any axber of fqnaree goes: 
Let three ſquares bs given, wheres the fides are 


AB, BC, CE. (a) Make the right-angle FBZ, ks 
the fides infinite ; and on them transfer AB and BO; 3 
join AC, then is ACq brit = ABqzÞ+ BCq. Then trans- 
fer AC from B to "and CE the ide given 
_ B to E; join EX. (3) Then is Exe = EBq 


BX. Acq Y(c) = 0 B 
ee 


PROBLEM II. Hg. 2. 
Taue unequal right-lines being given AE, EG, to make 


a ſquare equal to ths difference 9 the two ſquares of the 
given lines AE, EG. if * 


Ar CM CH. Therefore is the 3 


From the center E, at the diſtance of AE, deſcribe 
perpendicular 
the circumference in F; and draw EF. 
(5) There: 


a circle, and from the point G erect a 
ne + G 
a) Then is EFq (EAq) —EGq + F 

EAq — EGq= GF GFq. Which was to k 


PROBLEM III. Fig. 45 


done, : 


Any two fades of. a right-angled triangle ABC, being 


known, to find out- the third, 


Let the fides AB 


wy y 100= 10. 
4 — 


AB, AC, encompaſſing the right-angle, 
be, the one 6 foot, the other 8. Therefore, whereas 
ACq -+ ABq =64 + 36= 190=BCq, thence is BC 


Now 


d + EY 


25 


f 2. ax. 


Andr. 
Tacg. 


b 47. . 


C 2. ax. 


a 47.1. 
b 3. A. 


47. 10 
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Now, let the fides AB, BC, be known, the one” 6 » 
| foot, the other 16, Therefore ſince BCq AB4 == 
47. 1. 100 Ir whence AC =y/ _ 8. 
lich was to be done 


"PROP. XLVII. 7. Plate I. Fig. 47. 


. 
If, the frnere made upon one fide BC of a triangle be 
equal to t be made on the other fides of the tri- 
angle AB, ©, then the angle BAC comprebended under 
the two other fides of the 2 AB, AC, een + 


a2 Per endicular 8 * — AG AB, and join join CD. 

3 ow is (a = ADq = ACq 
See the Mg. * N is CD = BC. And Fong 
Following triangles CAB, CAD, are mutually equilateral. Where- 


ber. fore the angle CAB (50 = CAD (c) = a ri t-angle. 
1 2 5 Which a in b och ant io) 


Schol; 


We aſſumed i in the demonſtration of the laſt Propo- 
gtion, CD BC, becauſe CDq was equal to BCꝗq: 
Our aſſumption we prove by the following | 


THEOREM. Fig. 48. 


The ſquares AF, CG of equal right-lines AB, CD, are 
equal one to | the other. And the fides AB, CD, of equal 
ſquares AF, CG, are equal one to the other. 

1. Hypotheſis, Draw the diameters EB, HD. Then 


a 34. 1. it is evident that AF is (a) equal to the triangle EAB 

b 4. 1.& twice taken, and (4) equal to © the triangle HCD twice 

6. ax. — ang © dual to-(4 O Which abas to be demon ſtrated. A 
a 46. 1 it may be, let CD be greater than AB. 2 
b 1. part, Make CI — AB, og let = WiQ. Ie is A 
c hyp. CS (5) = EB (c) = CG. cb tg abhſard. fi 
d 9. ax. f 1 


Carl, L © AT 


After the fame manner any rectangles — ong 
to another, are demonſtrated to be alſo qe,” 


De End of the rl Boo K. 
The 


vb 
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Definitions. 


Very right-angled Parallelogram ABCD, is Plate I. 
ſaid to be contained under two right-lines Fg. 7. 
AB, AC, comprehending a right-angle.. - 


2erefore when you meet with ſuch as theſe, the rectan- 
ple under BA, AC, or more briefly the reftangle B 

or BAX AC (or ZA, for Z x A) the refangle meant 
xs that which is contained under the right-lines BA, AC, 
er at right-angles. TREE | 
II. In every Pgr. ALGE, any one of thoſe paral- , 
elograms which are about the diameter, together with Fig. 
its two complements is called a Gnomon. A the Pgr. 

FB + 51. FK (BEC) 2s a Gnomon; and likewiſe the 

Per, FB, DLF BC(FAK) i @ Gnomon. * 25 


P R O. P. I. Fig. 49. 


* two right-lines AF, AB, are given, and one of er 

be divided into as ma ts or ſegments as you pleaſe ; 
the rectang le c r the — «whole Tl lines 
AB, AF, /hall be equal to all the rectangles contained 
7 = whole line AF, and the ſeveral ſegments, AD, 

(a) Set AF perpendicular to AB. Thro' F (a) draw a 11. 1. 
an infinite line FG perpendicular to AF. From the points 
D, E, B, ere& perpendiculars DH, EI, BG. Then 
is AG a rectangle comprehended under AF, AB, and b 
is (5) equal to the rectangles AH, DI, EG, chat is (be- 19 ax-Te 
cauſe DH, EI, AF, (c) are equal) to the rectangles under 3 1 
AF, AD, under AP, DE, under AF, EB. Which was 
to be demonſtrated, ris Es Schal 

chal, 5 


one 


® 1. 2s 


2 19, ax. 


2 DZ. (a) = DA+ DB bc and BZ (0)= 


into — ariſeth E ex. gr. let. + A be multiplied inte 


manner, . into B C, the 


—AC—AxB- C; add AC to both, and it will be 


ch 
Vita, and other ana! ytical Writers) are demonſtratet 


from the multiplication 0 


The fecond. Book of 
Scbol. | 


If rwovig u. luer gi given * U divided int how m 
Parts joever, one wr multiplied into the other ſhall brin 
out the ſame product, as . th 
parts of the other, 

For let Z be = A -B4-C,andY = Dax z then 


fore E Y wal be = DA A. BB DG ws EB 4 
— 
Which was to be de 1 * 
er be , multiplyi poun, 
— 7 =_ wage Ones. - 2 : all th 
ts be t ar . 1 tral in che rain 
of the aubelec. / Ar. * 
But whenſoever in the multiplication of lines inte 
themſelves you meet with theſe ſigns — intermingled with 
theſe , you muſt alſo have particular regard to the 
ſigns. For of- multiplied into — ariſeth — ; but of 


,; then becauſe + A is not affirmed of all B bu 
y of that part of it, whereby it exceeds C, therefore 
4 — denied; ſo that the product will be AB 
— AC. Or thus ; becauſe B conſiſts of the parts C and 
B — C, * thence AB ACA. Ax B + C, take . awa 
AC from both, then AB —= AC = Ax BR — C. In like 


— virtue of the fign.—, A is not denied of all . 
but only of ſo much as it 3 C, therefore AC. mul 
remain affirmative, whence the product will be — AB - 
AC. Or thus; becauſe. AB== CL. A x B20 takt 
away all from both ſides, and there will be — AB 


This being ſufficiently underſtood, the nine following 
propoſitions, and innumerable others of that kind 
from the comparing of lines multiplied int 
elves (which you may find done to your hand u 


with great facility, EL "reducing the matter for the mol 
Part to 288 a ſimple wo 


Furthermore, * it ap that the produQt ariſing 
Fan any magnitude into the par 

of any numer is equal to the product ariſing iron 

the multiplication of the ſame into the whole number: 


As 5A +7 ARA, nd AX AT-4tAx7A8 
* . 4 4 


Eu clip Elements, 


AX12A. Wherefore what is here delivered of the 
zultiplying of right-lines into themſelves, the ſame may 
e underſtood of the multiplying of numbers into Four 
ves, ſo that whatſoever is affirmed concernin * 
n the nine following Theorems, holds good 


are "oops from this pat 


PROP. II. kate . Rr. 50. 


If a right-line Z be Evided any wiſe into two parts, the 
redlangles comprehended under the whole line Z, and each of 


the /e — A, E, are equal to the ſquare made of the whole 


1465 that ZA ＋ ZE = Zq. For take B Z; . 
then iz BA +BE = BZ, that is (becauſe B — Z) ZA 
4-ZE = Zq. Which was to be * 

„ Þ.K OP, 11. Fig. 30. 


77 4 righe-lime Z, be divided any wiſe fate Py _— 


2 is equal to the ,reBangle made of the 
Segments A, E, and the e. deſcribed on the ſaid fen E. 
I ſay ZE D AE a) For EZ == EA ＋. Eq- 


PR OP. IV. Fig. 50. 


dejeribed on the whole line Z, is equal to the ſquares deſcribed 
en (the ſegment Apt; oo ogg a rectangle made of the 
Segments 1 E, taken 


1 + | EA. Therefore whereas 
= , ENCE 15S = A E 
2AE. 750 — — 4 — demon * 7 ＋ 
Otherwiſe thus ; Upon the zicht. line AB make the 
ſquare AD, and draw the diameter EB; thro' C, the 
point wherein the line AB is divided, draw the perpen- 
dicular CF ; and thro' the point G draw HI paral- 
lel to AB. 
Becauſe the angle EHG = A is ari pht-angle, and 
AEB is (4) half - right (e) therefore is whe remaining 
7 9 L half a ri B. „Therefore is HE (/) = 
_ EF ( (5) = ANC, ſo that HF () is the ſquare of 
— 15 Nele A After the ſame manner is * * 


* 


N 


numbers; ſeeing they all immediately depend . glow: 


the rectangle com bended under the whole line Z, and one 


Fa ri ehe-line 2 be ent any wiſe into bilo abs, the finds 


e 
I fay that Z = 4+ 2AE. For ZAC A 
* 7 hat Za = (a) = Aa Fins > ms 


29 


N. 


c byp. 
d 1. 2 


85 Ge CBq- Therefore AG, GD, are les und 
k 19. ax. 1. 


fo. hs 8 Fa right-line AB be cut 5 


- 
: * 
"A 


bas 


Jum and the difference of two right-lines A, E, is tqual- to 

© zh difference of the ſquares of thoſe lines. 

5 Sch. For if A be multiplied into A—E, * there -ariſeth 
. 4 


monſtrated. 


the point of biſection, in E; then is AEB. ADB. 


7 Coroll. 
3 . is ADq-1-DBq N- AEq--EBq. For ADq 
bend, (5)= ABq (5) Ang -EB+-E2AEB. 
Therefore becauſe 2AEB ADB, ſhall ADq-F DBq: 


2 ADB. PK OP. 


The ſecond Book of 


Y 


AC, CB,. wherefore the whole ſquare AD 4) = ) AG a 
e r 9 


1. Hence it e that the Pgrs. which are about 
the diameter of a fquare 1 5 ſquares themſelves. 
2. That the diameter of amy ſquare biſects it angles. 
That if a= + Z, then is Zq = 4Aq, and Ag = 
124: 3 if Zq = 4 Aq, then is A 


PR OP: V. 


D to egual parts AC, CB, 
to Rt rts AD, DB, the rata gl ronipreh 


the p way parts AD, DB, tojether with the ſquare that is 
made of the difference 6 Ep ay! CD, is * to tht 


e deſcribed—on- t line 8. 
ü that 5 i 4 458 


Fo 3 de or 5 00 15 Sch Pods 


3 is — rm Aken expreſs d and 
more * demonſtrated thus; A reangle made of thi 


q—AE+ A- EAA. Which was to * 4e. 


"Sebel. Plate I. Fig. 52. | EF" 
If the line AB be divided otherwiſe, (viz.) nearer to 


For AEB (a) = CBq=CEq, and ADB (a) = 
CDq. Therefore, whereas CDqc-Cha, _ 
c ADB. Which aua 5 to be demonſtrated. 


C"AEq+EBq. Which was to be demonſtrated.” 
2. Hence i is 888 00 ON 


EucLliDe's Elements. 31 
PROP. VI. Plate I. Fig. 53. : 


Fa right-line A be divided into two equal parts, and ano- 
ther rigbi-line E, added to the ſamit irettly in one right-line, 
then the rectangle comprehended under the whole and the line 
added, (wiz. AoE,) and the line added E, together with the 

auare which is made of + the line A, is equal to the ſquart 
of & APE taken, as one line. | 

I fay that 3 Ag. (), = 3 A) +AEÞEq O 240 3 
AE. (a) For, CG. T AÞSE=ZAq+Eq-|-AE. Which Cor. 4. 2. 
avas to be demonſirated. , | f 
Cull. 


Hence it follows, that if 3 right- lines E, EJ-FA, E- 
A be in arithmetical proportion, then the rectangle 
contained under the extreme terms E, E4-A, together 
with the ſquare of the difference £ A, is equal to the | 
ſquare of the middle term ETA. | W 


PROP. VII. Fig. 50. 


Fa right-line Z be divided any wiſe into two parts, the 

ſquare of the whole line Z, together with ſquare made of 

one of the ſegments E, is equal to a double rectangle comfre- 

hended under the whole line Z, and the ſaid ſegment E, to- 

gether with the ſquare made of the other ſegment A. | 
I ſay, that Zq+Eq=—2ZE4+Aq. For Z (a) =Aq 24. 2. 

Eq-t2AE, and 2 ZE EA AE. Which was to b z. 2. 

be demonſtrated. 86 5a * 35 HE. 

Coroll. 


Hence it follows, that the ſquare of the difference of 
any two lines Z, E, is equal to the ſquare of both the 
Iines leſs by a double rectangle comprehended under the 
ſaid lines. 

(e) For Zq4-Eq=2ZE=AqzQ. Z—E, C 7. 2. and 


P R OP. VIII. Fig. 50. 


F the 
al. to 


If a right-line Z be divided any wiſe into two parts, the 
rectangle comprebended under the whole line Z, and one Fl 
the fexments E four times, together with the ſquare of t 
other ſegment A, is equal to the ſquare of the whole line 
Z, and the ſegment E, taken as one line ; 

I ſay, that 4ZE4-Aqz Q.Z +E. For 2 ZE (a)= 2 7: 2. aud 

24 + Eq - Aq. Therefore 4 ZE -+ Ag = Zq+Eq f 4. 
"*+ 2ZE (6) =Q.Z + E. Which was to be demonſtrated. 4+ 2+ 

' i. PROP, 


3 The ſecond Book of 


a right-line AB be divided into equal 2 CB 
of arid s AD, DB, then are t of the 


parts AD, DB, together, double to hg fquare eh 
line AS and to the + ey, the difference CD. 
ſa Win 2 4+-2CDq. For ADq 
+ DBa(s) 2)= A A + 2 ADD 2 ＋ DBq. But 


ID is (2BCD Bq E CBq (A | 
(Then ADs 75 4 2 AN at Wh ch 

This may be — delivered and more eaſily de- 
monſtrated thus ; the aggregate of the ſquares made of the 


ſam and the difference of two right-lines A, E, is equal 
to the double of the ſquares made from thoſe lines. 


2 4.2. For Q. A G=At + 2AE, and Q. A 
7. 2. EC e ther make 2A 
TIE ties — mat 
p R O P. X. Fig. 53 
r and ano- 


N. A added in a right-line cuith the ſame, then is the 
22 of the robo line _—_— added line ( as 


g one line) tog of the fur quare of the added line 
E, Gull ts the ure of een 
ca en ies Ne £44229 
Q 4. 2. I ſay that i. e. (a) Aq +2 Eq&+2AE 


"wg E, For TACHO DTA 
é ETEEDY e its 
| 32 


To cut a right-line given AB, in a point G, fo that the 
redtangle comprehended under the wwhole line AB, and om 
of the 43 BG, Gall mw equal to the ſquare, that is mad 
of the ot 
2 6. R YO pon AB (a) ) deferibe the aer AC (b) Bitect the ide 
* AD'in E, and draw the line EB; from the line EA 
roduced take EF = EB. On AF make I 
— is Ann BG. # 


23 
2 


. : Fo 
- , 
- 
: : 


E v.6&11,0.8's\ Elements. W- 


For HG. being drawn out to I; the. reftangle DH-b. * 
N 4d) ==EBq (e) =BAg4EAq: Therefore c 6. 2. 
Y Aq to. the ſquare AC. Take away AL d confr. 
Wamon.to both, there remains the ſquare AH=GC, e 47. 1. 
t is, AGq=AB x BG... N was to be done. i: F at 


.£1 36 ae. wal 


This propoſition cannot be kv 'Y numbers; | 4 
for there is no number that can be ſo divided, that * 6, 13, 

I many of the whole into one part ſhall be equal to e 
quare of the other part. 


PROP. XIL Plate I. Fig. 56. 


uſe-angled triang hes as ABC, the ſquare that is FR 
— fade hon — the. obtu wh {e ABC, 7s greater 
an the ſquares of the fides BC, A at contain the obtuſe 
gle ABC; by 4 double redtangle contained winder ene of the 
es BC, which — * the obtuſe angle ABC, en which 
‚ 8 the perpendicular AD , and under , the 
D, taken without the triangle from the point on which 

+ perpendicular AD Valli to the obtuſe angle ABC, 
I fay that ACq = 8 * BD. 


AC 
or theſe 7 0 cb AD 


f % Cay +CH te n 
1 Sar. 1 * <p © 47; bo. 


4 2 | Scholium. 


Hens ae fs of EY 47 ABC being \ RI 
aon, the" fe 2 intercepted * e perpendicular g- | 
pes age ray roger reg cement 
Thus, e „ ſhall e coſy ound out. 
Let AC be 16, AB 7, CB 5 Then is ACq 100, 
Bq 49, CBq 25. And ABq + CBq==74. Take that 
at of 100, then will 26 remain for 2 CBD. Where- 
CBD ſhall be 13 ; divide this by CB 19 there will 
+ be found for BD. Whence AD will be found out 


the 47, BW. 7. Land 4 
PRO p. aun. Fp. 8 


acute- angled triangles as ABC, the ſquare made of the fide 
A 3 acute as le ACB, ig leſs than the 1 


The a Bavk of 7 | l 
; fides © des AC, CB; the aciite 

TS 755 To» 6. gle tontdined” we f the fl 
Ant” b are about 755 acute ang ACB, on hi 
1 N See , "ail e the Bhs DC, 4 . 


we 2 wr ae wo elhog te the. a 


WW 1 fay that [77 


+ IS = anno 9 ag 
| | 4 


Gange 
Coll. 


Hence, the fte Gon hed 3 ABC being 
+ HFriown, you may find out the ſegment 50 — — 
the perpendicular i ap the acute angle ACB, ava the 

cular it ef AD. 

AB be * AC rs, BC 14. Take ane © | from 
ACq4-BCe, that is, ar wes HS __ Then re- 
mains 252 » 2BCD, wherefore will be blo . 
vide- this by BC 14, chen will 9 be- found out for DC. 


From hence it follows, 75 25—81 iz. on 


1 , PROP. XIV. Plate 1. Figs 58. OE, 
8 2 - equa} 19 ge ge He . 

0 N x fot cours Wy wen 4b ern J 

b 10. 1. thereof DC to F, ſo that CF=CB 18 — DF, 


in G. about which as the Ser x the diſtance of GE 
deſeribe the circle FHD, and draw out BC, till it mee 
the circutnference in H. Thes har be Cre 


A. 
ard * For let GH be drawn, © Then is A () =DY fe) '= 
ang DEF () ay % =o (9 SME: e 


as 70 be g „ 43 * ot; 
ine © it $6: „o 10 5 
EQ» 6+. Lee. 5 | 15 +£7.97 ' BELL 84 2 
1. 4 | 
| The End of the lud Bo0 
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EUCLIDE 
ELEMENTS 


Definitions. 


0 Gele (GA be, HDEF) are ſuch whoſe 


GA; HD, are equal. 
1 15 is ſaid to touch a circle GABC, 


when beg the fs, EC ENEEDEY: it cutteth | 
" Tho tight-line'GCO ext the circle GABC. 5 
. which 


III. Circles are ſaid to tbuch one 4. . 8 
touch, but cut not one the other. 

Thoſe of Fig. 7. cut eich uther. 

IV. In a cocks GABD, right-lines FE, KL, are faid 
to be "diſtant fromm che center, when perpendiculars 
-GH; GN, draum from the center & to them, are equal. 
And that line BC is aid to be fartheſt difant rom is, on 
which the greater dicular Gl falls. 

2 4 A ſegment = 9 is a ſigure contained 
under a right-line BC, and a the circumfe- 
3 

VI. An angle of a ſepmient CBP, is that angle which 
is ta ind under à right-line BC, and the circumfe- 

rence of a Circle PB. 

VII. An angle BFC is ſaid to be in a fe gment BBC, 

when in the circumference thereof ſome point KP is taken 
and from it right-Hines BP, CP, drawn do the ends of 
the #ight-line BC, Which is the baſe of the ſegment ; 
then the angle BPC contained under the. adjo ined lines 
Bp, CP, is aid to be an angle in ade 
e e any pip 7 e 
e e any ery © E 
che ungle 20 is Ld fand upon that 
1 


IX. A 


— hend. 


* 10 . 
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IX. A ſector of a circle (HRS) is when an angle RHS 

Fig. 1. is ſet at the center H of that circle 3; namely, that figure 
KHS comprehended under the right-lines RH, SH, con- 

taining the angle, and the part o je the circumference RS, 


intercepted between them. 
X. Like ſegments of a circle (ABC, DFE) are thoſe 


Fig. 1, 2, which include equal angles _Y DE * 1 | 


which the angles ABC, KF, are equal 
PROP. I. F. Ft. 4 4 
E find the center ons circle ABC. | 2 


Draw a right- line AC y le in the circle, which 
biſect in E; thro' E draw a perpendicular DB, and biſect 
the ſame in F; the point F ſhall be the center... 

If yon deny i it, let G, a point without the line BB, be 
- the center (for it cannot be in the line BD, ſin t is 
divided unequally in every point but F) let the lines 
© GA, GO, GE; be drawn. Row if G be the cxner 

a 15. def. 1. then is GASGC, and ABE, by conſraBtian, 
b 8. 1. the fide GE 7 75 0 Therefore are the angl es GEA, 
C 10. def. 1. GEC, equal, and (e dy right. we 
d 12. ax. the angle GEO=FB — e — ALL 


© Yo ax. 


|  Henee, if dukes « rightdine BD biſet any right- 
line AC at right-angles, n in the em- 
1 1 caſh b | re 
center of a circle is fraxd pac; 

Pie. 377 2 e circumference thereof. b l ght 
7. ne GH that joins the — H, in which the ſides of 
4 the Gre GB, BH, = the circumference, be biſett- 
ed in E, the point E ſhall be the center. The demon- 
ſtration whereof depends 2 XXXI. of, this 
Book. 5 — n 10 Dar 

— © PROP. II. Fig. 2. 64, 12's 


-line AC, which 4. ve 
5 _ * 


t-line AC an int 87 from bd. 


, GS, GC. - GA (a 
e AY. Bat the an GSC(r) 
SC (TC, therefore: . 


oh 


e of 4 — GO ay tas print 


d rss DX 


1 


TOSS TY. 


Eucu' Drs Elements. 

But GC only reaches the cirumference, therefore G 8 
comes not ſo far; wherefore the point $ is within the 
circle. The fame may be proved of any other point in 


the line AC. And therefore the whole line AC falls 
within the circle. -}þich was to be dem. 


* ow” 9 F 
. 


Hence, if a right-line touch a circle, without cutting 
It, it touches but in one point. | 


PROP. II. Plate II. Fig.s. 


If in a circle EABC, a ripht-line BD drawn thro' the 
center, biſetts any other line AC, not drawn thro" the center, 
it ſhall alſo cut it at right-angles : And if cuts it at right- 
angles, it ſhall alſo biſet the ſame. 2 

rom the center E let the lines EA, EC, be drawn. 
1, Hyp. Becauſe AF (a) = FC, and EA (4) EC, and 
the fide EF common; the angles EFA, EFC, (c) ſhall 
be equal, and (4) conſequently right. Which awas to be 
demonſtrated. N. | 2 | 

2. Hyp. Becauſe EFA (9 ==EFC, and the angle EAF 
(/)ECF, and the fide EF common; (g] therefore is AF 
AFC. Therefore A C is cut into two equal parts, 
Which was to be demonſtrated. _ 


Hence, in any equilateral or Iſoſceles triangle, if a 


line drawn from the vertical angle biſect the baſe, that 


line is perpendicular to it. And on the contrary, a per- 
pendicular drawn from the vertical angle biſects the baſe. 
3 000.1 PROP." m. . 6. 


If in a circle ACD, two. right-lines AB, CD, cat cach 
other, and neither of them paſs thro" the center E, they ſhall 
not cut each other into Bag | 


For if one line paſs thro' the center, tis plain it can- 


not be biſeted by the other ; becauſe by h » the 
other does not <A: thro' the center. 22 
der ef that thro" the center, then from 


the center E draw 3 now if AB, CD, were®both 


biſefted in F, then (a) would the angles EFB, EFD, be 
both right, and conſequently equal. (5) Which is abſurd. 


2 1. 

10. def. 1. 

25 
12. ax. 

f 5. 1. 

g 26. 1. 


_ The third Rook of 
"PROF. V. Plate IL Fig. 9: | 
If rs circles BAC, BDC, ext each other,” they Hen wo. 


Bade the ſaint center E. 
For „ rt, EDA JB = the 
TREO 


- common center, would be DE = 
8 | 


PROP. YE. Fes. 


If two circles BAC, BDE, inwardly teach 
B) en he tn Th 2 ” 


che center F, would be 
| In abſerd. 3 


RO P. VII, Be. 9. 


If in We diameter of 2 circle, ſome point G 
taken, , which is not the center of the circle, 4 from 
that point certain right-lines GC, GD, GE, fall on the 


circle, 2 ſhall be that (GA) whicl 
e ; the Jeaſt, the remainder of 

ſame line ( of all the other lines, the li 

GC, neareſt to nat which was drawn thro* the center ig K 
ö than ine farther removed GD ; and 


" _ 


err 


9 GF4+-FC 
* . 
fide F 


| — 
the angle GFC nh ors el ROT, of GC 


=; ih ants ent 88 wh whi 


is * 


PROP. Vi. Plate IL, Zig. 10. 


If ſome. point A be taken without a circle, and from 
that point be drawn certain right-lines AI, AH, AG, 
AE, to the circle, and of thoſe one AT, be drawn thro' .- 
the center K, and the others any wiſe ; of all thoſe lines „ 
that fall on the concave of the circumference, that is | | 
the pears (AI) which is drawn thro' the center; and 
of che others, that (AH) which is neareſt to the line 
that paſſes thro' the center, is greater than that which 
is more diſtant, AG. But of all thoſe lines that fall o 
the convex part of the circle, the leaſt is that (AB 
which is drawn from the point A, to the diameter IB; 
and of the others, that (AC) which 1s neareſt to the 
leaſt, is leſs than that which js farther diſtant AD. And 
from that point there can be only two equal right-lines 
AC, AL, drawn, which ſhall fall on the circumference 
on each fide of the leaft line AB, or of the greateſt AI. 
From the center K, draw the right-lines KH, KG, 
Xe C. KD, KE, and make the angle AKI. 


LL ATGREED© AH. 2 
2. The CIC AK Is nan, aps KHSKG, and the xt 
angle ARR © ARG (9) therefore: the” bale AHCT b 84. 1: 


3- KA (0 rKC+CA. From hence take awa 20. 1. 
— oY. which Wk then will remain AB, ) 47 ax. 


4. AC GO Abr. Take from both, CK, e 21: 1. 
DK, which are equal; then remains AC ( AD. 

5. The fide KA is common, and KIL. KC, and the 
angle AKE(gF=AFC (5) therefore LAZCA, But that 


no other ling could be drawn equal to theſe, was proved 0: +. _- 
above. Therefore, Fr. N vs 2 * 


3 


r ROH N. Fg. n. 


Vn a circk PCK, @ point A be taken, and from that 

point more than tug equal right-lines AB, AC, AK, can be 

7 „ then is that point A the center 

gros. 2 lll eee 1 » 17 23 

For ( from. nd point without the center can more 2 5. 3. 

thay. e . e, wo the e, 
aeN 1 Is * Center, | ta | 

demonſirated. Deer * "TIE N 5 


. - 


* 
4 : - - | Y 
7 - ö ee * 9 = 4. \ ? * 
* = * * * »4 , . 
n PROP 
» 
- 


be fad Bact. I 
"PROP. X. Plate II. Fig. 125 — 
"A 1 IAK BL, cannot cut andther circle IEKF 15 is 


more than tevo points.” 
| Let one circle, if it may be, cut the other in three 

ints I, K, L, and _ KL, bein join'd, let them be 
K cor, 1. 3. biſected in M and N. (a) Both citcles have their centers 
in their perpendiculars MC, NH, and in the interſection 
of thoſe perpendiculars which is O. Therefore the cir- 
cles that cut each other have the ſame center. Which 
is falſe, by Prop. 5. 3. | 1 


PROP. xl. "Fig. 8 


uf two eire les FBDE, GABC, touch one the other in- 
 evardly, and their centers be taken G, FE; a right-line FG 
Joining their centers, and produced, Sal. cut the circumference 
in B, the point contact of the circles, 
If it can be, let the right-line FG produced cut the 
eircles in ſome other point than B; ſo that not GFB, 3 
but GFIK, ſhall be a right-line. Let the line FB be 2 
a 15. def. 1. drawn. Now, becauſe FB (a) FI, and FK (4) ->GB WW 
b 7. 3- {fince the right-lines GFB paſſes thro' G, the center of ö 
C 9. a. 1 circle) therefore is FI = FK. 10 Which ts + 
ur - 
f PROP. XII. Fig-t. e 
i bw circles ACD, BCE, touch one the n = 
the right-line AB, aokich Joins their centers A, B, ſhall Paſi 7 
thro 25. point of contact C. ö 
If it may be, let ADEB be a ri -ht-line cutting the 
| ' circles, not in the int of contact C, but in the 
4 20. 1. D, E; draw AC, CB, then is AD-EB ee 
b g. ax. © ADEB. dich is abſurd.” 


PROP. XIII. Fx. 8. 


A circle GCB cannot touch a' cirele FBE in mare Joint 
| than one B, whether it be inwardly of 
10 B. E (a) Tln an > he tas * * 
8 ts B, E, (a right- lines at 
56.477 e be produced, lh . 
N Now becauſe GE rf eny GB, and FECCGE, hero 
d 9. ax. 4s FB ( (<) FE) © GB. (4) Which is abſurd. 
| 2. If it be faid to touch outwardly in the points L 
e 2. 3. and JR draw te line LM, (2) which will be.in both 
circles. 
< 


os: 


which 8 the Hyp-... 


Evct 1117 Elements, | 
Therefore thode circles cut one the ther 3 


| 'PR'OP. XIV. Hier. Pg. . | 
In a tirclt ABC, 8 rig Bi-linss AC, BD, are equally 


diſtant 252 the center a * right-lines AC, BD, which 
are equally diftant from the center, are equal among themſelves. 
From "the; center E, draw the . „EG, 


(a) which will biſect the lines AC, BD; join EA, EB. 
1. Hy, AC = BD, therefore AF{(5) == 3G. But 


152 — EB, . 5. 4 The c ab; — AFq = 
c fore FE = E 

. Hyp. E 2.0) ore 490 EA — 

Era = = EBq — EG = BGq. here: AF ( 


GB, and (e) conſequently. AC = BD. Which was to 7 


demonſtrated. 
P R 0 p. XV. A. 15. 
. 4 circle GARC, the greateſt line is the - AD; 


and of all other lines, that ” FE. aubich is neareſt to 'the 
center G, is greater than i hue BC farther diftant from it. 


1. Draw GB, and The AD (@) GB 

+ GC) 6: Bo 
. Let the diſtance. GI be = GH. Take GN = 
GH. Thro' the point N draw KL, icular to 
Join GK, GL. Becauſe GK = B, and GL — 


80, and the angle KL S. 586, (c) therefore is KL 
(FE) ©* BC. Or ny HOPE: wat 


P R OP. XVI. Fig. 16. 


4 ln CD, drawn 
HA, of @ circle BALH, 
ſhall fall without the circle ; and between the ſame right- 
line and the circumference, cannot be drawn another line 
AL. And. the angle. of the ſemicircle BAl, is greater 
than any right-lined acute angle BAL; and | the remain- 
— 2 338 * circumference DAI, is 4% thax 

ang 
rom the center B, to any point F, in the right- 
By NG, draw the right-line BF. The fide BF ſubtend- 
the rght-angleBAF, is (a) greater than the fide. BA, 
whi a a oppoſite to the acute-angle BFA. Therefore, 
(BG) reaches to the circumference, 1 
— i 2nd. ſo the point F, and for the 


the extreme point of the diameter 
to the ſaid diameter, | 


| The. third Book of 
ſame reaſon any o ae pin of the line Ac, ſhall be 


2. Draw — to AL. The ſide BA, * 
fi 


b 19. 1. lice to the t-angle BEA, is (5 the 
E, which ripht-an if BEA, + J a 


the porn. E, and ſo the whole line EA, falls within 
WP Np it follows, that B oo wit 
NT £ of 0 „ an 
i 1 . leſs than * e of 2 
| be lt ta 1 <=. 


Ares, a. t-h e drown om 17 _ 


— are hired man doxes, 
conſectaries, w ich you 15 with 
in che interptetersz. 


PROP. an. Plate Il Fig 1. 


Then a line 
cirple D 


J (5) thexefore. tg 885 
COMMON 3 an = 
- "mo both Saks. 2 AC. cr in 
5 e. 3 bh 


Sage. 222 8 


DROP, II. N 6. 


e 
a 


E vc. 19-2's Elements. 


= | 
J b P R O P. XIX. Plate II. Fig. 16. 
. 

4 right-lme N @-circle, nd from the point 
e_ Kr a right-line 24 erefied at , 4 
/iehin te eps the -— i 2 be cirde Hall be in the line AH 

0. EYE 
"wit 3 you 4 it, _— cent be 22 the hs AR, 
: e. point ; from to the point © £0 , 

77 10 9 Therefore the angle KA is right,, 


of a 


a tly equal to th 1 HAD, 
un ht by Te) FE 


'PRQP. XX. Er. 18, 19, 20 
ee BANG: the angle BDC at the center, 8 


7 wap BAQ at the c erence, when the ſame arch 
BC, 1 the baſe of the angle. | 
#9 the Diameter ADE. The award angle BDE 


2 =DAB4-DBA (5) =2 In 

3 
2 

remaining angle BDC (2) Dic Ys asg. da to be * 


PROF. Ml. Fig, 21. 
* eircle KD AC, the angle: DAC, and DRC, which 


e tqual ene to the ather. 


Cn BBC be 
e ter E draw ED, EC, Then is 


We d A EE = Which one bee 


monſtrated. 

2. Ca If che ſ nent; (Fig 22. 
cle, re oof is the 1 8 the ang Jn of 1 N 
equal to the ſam of the 
each let AFD equal to 

be taken 
yr 


ADP 
0 AGB, 

C, (3) and A A 3 (c) =ACB, 
Ys We oe e . TO toe 


| rar $xit Fig: 33 ar 
ques _ ti are 
* 
= 2 right- 


— 4 an oh circ. 
Wooly 99 5 CA4 
=BAC. SF: = 88 2 5 mg * 4 


78. 1 Yo? 
Wiizh quay to be ee 


a ſemicir- 


2 12, ar. 


b 9. ar. 


a 20. 3. 


© om | 
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1. Hence, IT one fide AB of 2 quadilateral; deſcri. 
bed in a circle, be produced, the 1 2 angle EBC 
is equal to the internal angle ADC, which is oppoſite 
© tht ABC, and adjacent to EBC, as appears by 13. 1. 
an ax. 

. A circle cannot be deſcribed about a Rkonibus 
becauſe its. oppoſite angles are greater; or leſs than two 


right-angles. 
"In © Schol. Plate II. Fig. 24. 


in a quadrilateral ABCD, the angles A, and C, which 
8 be equal to two rigbt-angles, then @ circle may 
be deſcribed about that quadrilateral. 

* a circle will paſs through any three angles B,C,D, 
(35 appears pears by 5. 4.) I ſay that it ſhall alſo paſs thro” 
e 4th angle of duch a quadrilateral: For if you 
5 51 ES paſs thro” F: 5 858 0 right- 

7 D ing drawn, the angle (a 
— right () =C+ A; wh fore AC) is qual to F. Dy 


. Which is abfurd. * 
| enn 260 25. 
u and unequal ſegments 0 circles ABC, ADC, can- 
ws the ſame e Ae. and en tbe ſame fide 
1 

3 Fo if they are lad to be" Hike, draw the he C 
* © cutting r join AB and AD. 
-2 10. def. 3. Beca ents are ſuppoſed Ike: 3 is 


d.!“ the angle ADE=ABC. 00 ich is * 
55 — 5 55 


Pe Be, of circles ABC. DEF, 5 
4 one to the other. ray 
1 on the baſe DF, will agree with it, aſe AC 40 
DF. Therefore the ſegment ABC ſhall agree with the 
DEF (for otherwiſe it ſhall fall either within or 
2 23. 3. without) and if ſo (a) then the ſegments are not like, 
* of contrary to the 1 and at leaſt it ſhall 
* A phich is abſurd. (0 Therefore the ig 
RY — og ” is a (e) I heretore egment 
ee. ABC=DE A nne x 


"PROP. 


ſcri. A ſegment of a rel ABC, 1 deſeribe 
BC Wir. whole circle avhereef” that is a N 
oſite Let tw o right- lines be drawn BC, which bi- 


ſect in the points D and E. From D and E draw 
8 DE, EF, meeting in the point F. 
ſay this point ſhall | be the center of the circle. 
For the center ſhall be as well in (2) DF as EF, 


1 both. "Which aas to he done.. 0-4. 4 


FRO F. xXXVI. Hg. 28, 29. 


tn equal. circles GABC, HDEF; ples fland. up- 
m eg n of the circumference, A 1 bfr aubet ber 425 


ro? F. to mace at the centers G, H, or at the circumferences, 
you 

hit- "Becauſe the circles are'e ual, therefore is GH, 
5 GC=HF; alſo b bes: theſis the angle G=H, 


a 417 ABB. e the ah angle B (ö 1G 
c H (CS) E. Therefore the 

DEF are He, =o conſequently 22 WE: 
the remaining gens al 0 alſo AC, DF, are 

was to be — 


"Which 


Sebel. Fg. 30. 


In a circle ABCD, let an arch AB be equal to DC; 
then ſhall AD be parallel to BC. For the ich line AC 
being drawm, the an Page ACB (a) = CADs na 
e 1s 11. e fa des ee Ul 


PRO. XXVII. Fk. 28, * 1 


1 25 circles GABC, HDEF, the angles "IS upon 


equal of the circumference. '* AC, Dp. are Betabeen 
Gas, — _-_ be Mage af the centers G, H, or at 
the circumfertuces, B, EK. . 


For it it be poſſible, | et one PE gles AGC be 
CDHEF; and Saks AGI=DHF ; AP is the 25 ay 
Al (4) = DF 1 99 =AC. G Which is abſurd,” 


xd | | | Schok.. B. 31. 
e, EF, ab being drawn from A „ mid. 


2 periphery BC, teaching the crc; Whol 


P. I 4 


PROP. XXV. Plate II. Fig. 27. 1 


erefore it muſt be in the point F, which is common 


Me | 


S « 43 % 


, "third Blot of 


? 28 e che poir 


of coma and join DB, 


Os a BDA Win: 5 heat” BA: n 
) but th 
: 1 7 + 1 rin. 
"ai parallel, 94s 


PROP. XXVII. Plate IL Ng. 1, 29. 
equal tirelet GABC, HDEF, rqual right-lines AG 


mference, the great 


he 


2 by. 
b8. 1. "therefore is 
c 26: LOSD] ; 
d 3. ax. oO 
8 ze If the hte Fins 
4D DF, then ee manner will de u 
PR OP. XXIX. Fig. POT 
BY dr GAC, -HDEF, d ase 
8: D alt dine ABC;/DEF} ans equi 
. Draw the | Hnes GA, ” 2 HF. Dec 
» are 4 qual =. © TILE 
fore is the aſl Pale Ir gi FEE FIG 
+ This, add 4 i te 0 ö re e | 5 " 


Let tag WS' eV | 

7 R or. ** W "= oy 
K 0:  tbanidilog od 21 ii. 39h fore 
"ag 0. ext. N | | e 
. ar . Tio of i i in Da ro A 
g D draw a perpendicular meeting ith che A 
| in B, it ſhall biſect the fame, | 1 
2 join AB, and CB. e is CC * 

a conftr. and AD (a) = DC, F E 
her = 
——— 


b 12, ax. \ Th > AB = 
. 197 avas to be Gone 
d 28. 3. | + 


Ev curb Ys Elements, 
P. R OT. XXI. PE II. Fig. 33. 
22 circle tbe angle ABC. ich is in the. femicireſe, 


[ the t 3. Bur the angle, which i in the grtater 
A N is leſs than * S- angle, and the 
W 
* 


point 
4 


ich is i tht leer ſegment BEFQ'is greater thai ri 
angle. _ the angle of | the greater ſigment is greater 
; and: the OY the lefſer ſegment | is | 
* eit 2925: v4 A $61 10 97: 
center D draw DB. Becauſe DB = DA, 
— mar es wg e A(«d)==:DBA, and the angle DGB 
DBG (5) therefore the angle A BSA 
CB. (% EIN, (4) ſo:that ABC and EBC are right- 
angles. . J.-D. (el Therefore EAC is au acute an- 
xe. . . B. And further, r 
2 right - angles, therefore BFC is an — 
Laſtly, the angle contained under the right - line CB, and 
| arch BAC is thai the rightt-tbgle ABC; 
but the angle made by the right-line CB, and the pe- 


iphery of abe. leſter f BEC * 
pur c ang ntl 


*1 1 3 


+ *# 


he Hit, BD 
by no the phe) x 1 
0 


alſo paſs A the point B; as 
lrate from this prop. 4 2% ES 


PROP. XXXI. Fig 34. 


"It © right-Bud AB circles 
e akin 4. 15 
e thoſe 72 


bt | ei | 
25 27 555 ; whic | e 

2 _ E ci bp RT 
s 1 F Tp Durpoſe, there. 


5285 the diameter, 55 1 5 a; 


EET 


5 7 b 
4 1 


es 
8 


PROP. 


MI" 500 1 £.0,0 


a 5. I. 

b 2. ax · ' 
C 32. 1 
d 1.41. 
2 
f 220g 2? 


N 
A 


* 
+ 


8 
rr 


VI VI 
82 


2 = 
Wh n= . 
dr 
7 pe ; 
* 90 . 


2 23. 1. 


a 5. 2. 


b eb. 48. 1. 


. 


a - 
— 
= 
- — = 


an B wwhich re an axgle AIB, equa} to * be. 


P, 
the Eber TE 
— 
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PROP. XXXIII. Plate II. Fig. 33. 
en à rigbt- lias AB to deſeribe a ſegment of a" cirelt 


e the angle BAD C. Through the Nabe A 
draw the line AE perpendicular to HD. At the other 
end of the line given AB make an angle ABF BAF, 
one of the ſides of which ſhall cut the line AE in F; 
from the center F, through the point A, deſeribe a 


- + - circle, Which ſhall paſs through B. (Becauſe the angle 


FBA (6) z=FAB, and (c) therefore FB=FA) AIB 55 
the ſegment ſou at. For becauſe HD is ndicular 
to the diameter AE, therefore HD (4) touches the circle 


Which A cuts. And therefore the angle ATB n = 


7 7 5 7 rr IFECIVS. 


Ae 450 cas . fremene ABC con 
DELETED 1 21225 le given D. 
(a) Draw a ri right-lin ne EF which ſhall L er ih 
given in A, (5) let AC be drawn making an angle FAC 
==D, ... Alſo draw (6) AB# making the angle BAE=D, 
and join B, C. The AR al cut off the ſegment 

containing * e 4 wa Which 
was 40 be de. | 


PROP. W Fig. 57: 


in a circh DBCA two bt-lines » AB, DC a 
a, the 8 1 . under the fn ſegments AE, EB, 
o one, to the rea comprebended under 
the T4 ED of the other. 
1. Caſe. If the ri lines ont add deter th the oh 
1 E No ech pulls the the 
2. one line 5 center 
and bier the other line ob. draw ED. NOR 
AEB-+FEq (a) =BBq. (4) =FDaq, (= 
4) =CED4-FEq. (e) Therefore the 
B=C D. iel aba to be demonſtrated. _ 
3. Caſe If one of the lines AB (Fig. 39.) be the dia- 


* uy " 
* 1 


meter, and cut the other line CD uneq uin 


R 


3 10 


Euc lip E“ Elements. 


The rectangle AEB+FEq. 

Theſe {F) FBq (FDg 

are EI FGg-GDq 

equal. FGq (4) GE q4-Reftang, CED. 
(4) 5 2 

I) Therefore the rectangle AE B CED. 

4. Caſe. If neither of the right - lines AB, CD paſs thro 
he center, then through the point of interſection E, draw 
he diameter GH. By that which hath been already 
zemonſtrated it appears, that the rectangle AEB=GEH 

CED. Which was to be demonſtrated. 

More eaſily, and generally, thus; join AC and BD, 


upon the ſame — AD) are equal, thence are the tri- 
angles CEA, BED, (c) —— r. (4) Wherefore CE : 

| : EB: ED, and (e) conſequently CE Xx ED = AE x 
5 Which vas to be demonſtrated. 

The citations out of the 6 Book, both here and in 
ie following prop, have no dependance on the ſame ; ſo 
lat it was free to uſe them. 


PROP. XXXVI. Plate IT. Fig. 42. 


If any point be taken without a circle EB C, and from 
7 A CP paint two right-lines D A, D B, fall upon the circle, 


hereof one D A cuts the circle, the other DB touches it, 
he rectangle comprehended under the whole line D A that 
uts the fk, and D C, that part which is taken from the 
boint given D to the convex of * periphery, [hall be equal 

o the ſquare made of the tangent line. 

1. Caſe, If the ſecant 45 paſſes thro' the center, then 
oin EB, this (a wil make a right-angle with the line 
DB, 2 Bot (4) EBq (EC ,) (65) =EDq (c) = 
\Dx DC+ECq. Therefore AD x DC=DBq. Which 
2s to be demonſtrated. | 
2. Caſe. But if AD paſſes not thro' the center, then 
iraw EC, EB, ED, and EF | to AD, (a) 
herefore AC 1250 9) =DEa (3 ) EFq-FD (c) 
Becauſe BD q ( q q (c) = 
Fꝗ- ADC--FO (4) = Oe (KB. ) (e) There- 
ore is BDqzzAD pd“ Which was to be demonſtrated. 


and the angle D common to —4 thence are the trian- 
ples 5 ADB (5) 5 ) Wherefore DB. 
DB : CD; — 1 „* y ADXDC= 


HE 2x 1 


=> 
> 


hen becauſe the an Fax 85 CEA, DEB, and (6) alſo C, B 


More eafily, and generally thus; draw AB and BC. 
hen, e the angles A, and DBC (a) are equal, 


4a 18. 3. 
b 47. 1. 
c 6. 2. 
d 3. axse 


Fig. 43- 
a 3. 3. 


b 47. 1. 
2 

d 47. 1. 
6 3. A. 
Fig. 44. 
4 32. 3» 
b 32. Is 
C 4. 8. 


d 17. 6. 


59 


AC, (Fig 46.) drawn from the ſame point. do touch a 


(«) =EAF (5) =ACq, 


The third Book * &. 


Coroll. Plate IT. 48. 

1. Hence, If from any point A, - en without a circle, 
there be ſeveral lines AB, AC drawn which cut the circle ; 
the rectangle comprehended under the whole lines AB, 
AC, and the outward parts AE, AF, are equal between 
themſelves. 
For if the tangent AD be drawn, then is CAP== AD: 
(a) =BAE. 
2. It ap alſo from hence, that if two lines AB, 

e, thoſe two lines are equal one to the other. 
For if AE be drawn cutting the circle, then 1s Ang 


3. It is alſo evident, that from a point A, taken with- 
out a circle, there can be drawn but two lines AB, AC, 
that ſhall touch the circle. 

For if a third line A D be ſaid to touch the circle 
r is AD (c 4 Pome (c) =AC. (4) Which is abſurd. 

And, on the contrary, it is plain, that if two equal 
W AB, A C, fall from any point A, upon the 
convex peri phery of a circle, and that if one of theſe 
equal lines 2 B touch the circle, then the other A C 
touches the circle alſo. 

For if poſſible, let not A C, but another line A D, 
touch the circle; therefore is AD (e) =AC (f ) =AF. 
(g) Which is abſurd. 

PROP. XXXVII. Pe. 47: | 

If without a circle E B F any point D % taken, and 15. 
that point two right-lines DA, I DB fall on the circle, Whereif 
one line DA cuts the circle, the other DB falls upon it; and 
if alſo the rectangle cemprebended under the whole line that 
cuts the circle, and under that part of it DC which is taken 
betwixt the point D and the comvex periphery, be equal ti 
that ſquare which is made of the line DB falling on the _ 
1 ſay that that line DB ſo falling ſhall touch the circle 

From the point D (a) let a tangent DF be drawn, * 
_ the center E draw ED, EB, EF. Now becanſ 

Bq ( ADC ( =DFq, therefore is DB (d)==DF: 
— B==EF, - the ade! ED common; (e «wg 
the angle EBD=EEFD ; but EFD is a right-an 
therefore EBD is right alfo ; and 71 th ore D3 

touches the circle. Which was to be dem: 
Coroll. | 
From hence it follows that the 0 angle EDB=EDF 


The End of the third Bo 0 x. 
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Defmniti ons. 


” Ripht-lined figure is ſaid to be inſcribed in 
a right-lined figure, when every one of the 
angles of the inſcribed figure touch every 
one of the fides of the figure wherein it is inſcribed. 

So the triangle DEF is e in the triangle ABC. 
Plate II. Fi 48. 

II. In like manner a figure is ſaid to be deſcribed 
about a „when every one of the ſides of the figure 
eircumſcri ; touch every one of the angles of the figurs 
about which it is circumſcribed. 

So the triangle ABC is deſcribed about the triangle DEF. 
III. A right-lined figure: is ſaid to be inferibed in a 
circle, when all the of that figure which is in- 
ſcribed touch the ci | of the circle. As Ng. 50. 
IV. A right-lined figure is ſaid to be deſcribed about a 
circle, when all the ſides of the figure which is circum- 
ſcribed touch the of the circle. As Fig: 49. 
V. After the like manner a circle is ſaid to be infcri- 
right · lined fi when the periphery of the 
— — in which it 1s 
inſcribed. Fig. 49. 

VI. A T 
when the periphery of the circle touches all the angles 
of the figure, Which it circumſcribes. 

VII. A ng ht-line is ſaid to be fitted or applied in a 
circle when the extremes thereof fall upon the circumfe - 
Ne as the rigbr line AB. Eg. 6. 


- PROP, I. Fr. 51. 


& a circle given ABC is gug ur AB equal ts 
ng 


I, 


52 


a 3. poſt. S 
* def. 1. 


c conſtr. 


A 1. 3. 
b 23. 1. 
© 32. 3. 
d conſtr. 
e 32. 1 


2 9. 1: 
b 12. 2 


DEG TDEE, an 
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right-line given D, which doth not exceed AC, the diameter 
of the circle. 

From the center A at the the diſtance AE==D (a) de- 
ſcribe a circle meeting with the circle given in B, draw 


AB. Then is AB (4b) AE (3D. Which was to be 
done. 
PROPV. II. Plate II. Fig. 49, 50. 


In a circle given ABC to de tribe a triangle ABC, equian- 
gular to a triangle given D 

Let the Kak line GH (a) touch the circle given in A; 
(5) make the angle HAC==E, (5) and the angle GAB=F, 
then join BC; and the thing is done. 

For the angle B (c) HAC (4) E, and the angle C 
(c) =GAB (4) F; (e) whence alſo the angle BAC=D. 
Therefore the triangle B A C inſcribed in the circle is 
equiangular to DEF. Which was to be done. 


PROP. II. Fee. 52, 53. 


About a circle given TABC to deſcribe a wide LNM, 
equiangular to a triangle given DEF. 

Produce the fide EF on both ſides ; at the center 1 ( 
make an angle AIB==DEG;, and an angle BIC=DFH. 
Then through the points A, B, C, let three right-lines 
LN, LM, NM, Ed touching the circle, and the 
thing 1s done. | X 

For it's evident that the right-lines LN, LM, MN, 
will meet and make a triangle, (c) becauſe the angles 
LAI, LBI are right; ſo that if the (4) right-line AB 
was drawn, it would make the angles A LBA, lels 
than two right-angles. | 

Since therefore the angle ALB b 2 : right-an les 

K 2 DEC; (+) therefore 

1s 2 — le I=DEF. By the ſame way of reaſoning 
=DFE. (4) Therefor alſo the angle N= 

p. And therefore e triangle LNM, deſeribed about 
the circle, is equiangular to 5 DF, che triangle given. 
Which auas to he done. | 


PROP. IV. Fig. 54. 


tis triangle given ABC; to deſeribe a circle EF G. 
(a) Biſect the angles B and C with the right-lines BD, 
CD, 3 in the point D, (6) and draw the perpen- 
Di G. A ar 9 from — 
cc 


diculars DE 2 E, 


. 


— — 


meter 


de- 
draw 


to be 


EvcLr1D E's Elements. 


center D through E, will paſs through G and F, and 
touch the three ſides of the triangle. 

For the angle DBE (c) = DBF; and the angle DEB (4) 
DFB; and the fide DB common, (e) therefore DE 
DF. For the ſame reaſon DG=DF, The circle there- 
fore deſcribed from the center D paſſes through the 
three points E, F, G; and whereas the angles at E, F. 
G, are right, therefore it touches all the ſides of the 
triangle. Which was to be done. 


Schol. 


Hence, The fides of a triangles being known, their ſeg- 
ments which are made by the touching of the circle inſcribed, 


ſoall be found, Thus; 


Let AB be 12, AC 18, BC 16, then is AB4BC=28. 
Out of which ſubduct 18 = AC = AE+FC, there re- 
mains 10==BE+BF. Therefore BE, or BF =5 ; and 
conſequently FC, or CG=11. Wherefore GA, or 


» = 7. 
PROP. v. Plate II. Fig. 55, 56. 


About à triangle given ABC, to deſcribe a circle FABC. 

(a) Biſe& any two ſides BA, CA, with perpendiculars 
DF, EF, meeting in the point F, I fay this ſhall be 
the center of the circle. 

For, let the right-lines FA, FB, FC be drawn. Now 
becauſe AD (6) DB, and the fide DF common, and 
the angles FDA (c) =FDB, therefore is FB (4) = FA. 
After the ſame manner is FC=FA. Therefore a circle 
deſcribed from the center F ſhall paſs through the an- 
gles of the triangle given (viz.) B, A, C. I bich was 
to be dane. | 
Coroll. 


* Hence, if a triangle be acute - angled, the center 
ſhall fall within the triangle; if right-angled, in the 
fide oppoſite to the right-angle, ns if obtuſe-angled, 
without the triangle. | 


Schol. 


aſs through three points given, not being in the 
ait - line. 


— the ſame method may a circle be deſcribed, that 
fame 


D 3 


PROP. 


53 


c conflr. - 
d 12 ax, 
e 26. 1. 


Pet. Herig. 


a 10. & 


b con 
0 es." & 


I2, 4x. 


4 1. 


31. 3. 
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PROP. VI. Plate II. Fig. 57. 


| Ea circle given EABCD to inſcribe a ſquare ABCD. 

2 11. 1. (a) Draw the diameters AC, BD cutting each other at 
8 right- angles in the center E. Join the extremes of theſe 
diameters with the right- lines AB, BC, CD, DA. And 


the thing is dane. 
b 26. 3. Now becauſe the four angles at E are right, the (5) 
© 29. 3- arches and (e) ſubtended lines AB, BC, CU, DA, are 


* 29. df. % the angles in ſemicircles, and fo (4) right. (e) There- 
4a fore ABCD is a ſquare infcribed in a circle given. 
Which was to be dat. 


PROP. VII. Fig. 58. 


About @ circle given EABCD, to deſcribe a ſyuare FHIG. 

Draw the Diameters AC, BD, cutting one the other 

at right angles; through the extremes of theſe diameters 

a 1. 3. (a) tangents meeting in F, H, I, G. And the thing 
as done 


b 18. 3. For becauſe (5) the angles A and C are right, (c) there- 
c 28. 1. fore is FG parallel to HI. After the ſame manner is 
FH el to GI, and therefore FHIG is a Pgr. 
FEY and alſo right-angled. It is equilateral becauſe FG (4) 
34-7” —HI ()=DB 197 =CA (4) =FH (4) =GT. 
Wherefore PHIG is a / ſquare circumſcribed to the 
circle given. Which was to be done. | 


Schel. Fig. 59. - 
A ſquare ABCD deſcribed about a circle is double of 
the ſquare EFGH inſcribed in the ſame circle. 
* the rectangle HB==2 HEP and HD==2 HGE, by 
he 41. 1. | 


PROP. VII. Fig. $8. 


It Ae en FGHI, to inſcribe a circle EABCD, 
Biſect the fides of the ſquare in the points B, D, A, C, 
cutting one the other in E, a circle drawn from the cen- 
ter E, thro A, ſhall be inſcribed in the ſquare. 
2 7. ax. For becauſe FA and HC are (a) equal and (5) parallel, 
b 7p. (c) therefore is EH parallel to AC, parallel to GL Af- 


c 33. 1. ter the ne To er is FG parallel to BD, | to 
* UW; 6 TY F, EG, EH, EI, are | . INS. 


>| aAWpROHTER 3838S 


By wy. 


FEucLribDb E's Elements, 


herefore FA (4) =FB () SAE =BE=CE=ED. The 
ircle therefore deſcribed from the center E, through A 
all paſs through A,B, C, D, and touch the fides of 
he ſquare, ſince the angles A, B, C, D, are right. 


ps hich wwas to be doee. 
le (3) PROP. IX. Plate II. Fig. 57. 
ö al About a ſquare given ABCD, to deſcribe a circle EABCD. 


Draw the diagonals AC, BD, cutting one the other 
in E. From the center E through A deſcribe a circle; 
I ſay this circle is circumſcribed to the ſquare. 


For the angles ABD and BAC are (a) half of right- 


angles; (5) therefore EAzEB. After the ſame manner 
is EA=ED=EC. The circle therefore deſcribed from 
IG. the center E paſſes through A, B, C, D the angles of the 
>ther ſquare given. hich was to be done. 
lete 
thing PROP. X. Fig. 60. 
here, To make an Iſoceies triangle ABD, having each angle at 
er is e Laſe B, and ADB double to the remaining angle A. 
Por. Take any right-line AB, and divide it in C, (a) ſo that 
J (4) ABXBC may be equal to ACq. From the center A thro' 
B, deſcribe the circle ABD; and in this circle (5) apply 
» the BD AC, and join AD; I fay ABD is the triangle 
| required, 
For draw DC, and through the points C, D, A, 2 
draw a circle. Now becauſe ABXBC=ACq=BDq, 
it is evident that BD touches the circle ACD which 
le of Cb cutteth ; (e) therefore is the angle BDS A, and 


therefore the angle BDC4-CDA {F) = A4+CDA (g) = 
BCD. Bur BS n == BOA end 
therefore the angle BOD = CBD, and therefore DC ( 7 
=DB= ( AC; () wherefore the angle CDA = 

SB DC, therefore ADB = 2 A == ABD. Which ⁊uas 


6 to be done. 

,C, _ 

Cen- | Whereas all the angles A, B, D, (5) make up two 
right-angles, it's evident that A is one fifth of two 

7 * right- angles. | | | 

1 wa PROP. XI. Fig. 61, 62, 

ms. Tr a eircle given A BC DE to inſtrile « Pentagon 

* ABCDE equilateral and equiangular. * = 

D 4 (a) Deſcribe 


d 7. ax. 
e 34. 1. 


a 4. cor. 
32. 1. 


b 6. 1. 


a It. 2. 


b 1. 4. 


e 8. 4 
4 37. 3. 
e 32. 3. 
2. as 
32. I, 


"74 Pp 
k 1. ax. 


1 6. 1. 


m conſrr. 
n 5. Is 


h 32. 1. 


Pet, Herig. 


2 11.4 
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(a) Deſcribe an Iſoſceles triangle FGH, having eze\ 
angle at the baſe double to the other ; to the circle, (6) 
inſcribe a triangle C A D equiangular to the ſaid tri- 
angle F GH. (c) Biſect the angles at the baſe AC D 
and AD C with the right-lines DB, CE meeting with 
the circumference in B and E, join the right-lines 
CB, BA, AE, ED. Then I ſay it is done. 

For it is evident by conſtruction, that the angles 
CAD, CDB, B A, DCE, ECA, are equal; where- 
fore the (d) arches and (e) the lines ſubtending them DC, 
CB, BA, AE, DE, are equal. Therefore the penta- 
gon is equilateral, and equiangular, (/) becauſe the an- 
= of it BAE, AED, Oc. ftand on equal (g) arches 


CDE, ABCD, Sec. | | A 
A more eaſy practice of this problem ſhall be deliver'd Nangl. 
at 10. 13. poin 
Coroll. 3 | the; 


mete 

Hence, each angle of an equilateral and equiangular ther 

pentagon is equal to- — of two right- angles, cum 
or ſix- fifths of one right - angle. | 


Schol. Fig. 63. 


Generally all figures whoſe number of ſides is odd, are 
inſcribed in circles by the help of Iſoſceles triangles, whoſe 
angles at the baſe are multiples of thoſe at the top : and 
figures whoſe number of fides is odd, are inſcribed in a 
circle by the help of Iſoſceles triangles, whoſe angles at 
the baſe are multiples ſeſquialter of thoſe at the top. 

As in the Iſoſceles triangle CAB if the angle A=3C 
==B, then will AB be the fide of a Heptagon. If AS4C, 
then is AB the fide of an Enneagon. But if AC, then 
is AB the fide of a ſquare. And if A=2E CAB will ſub- 
tend the ſixth part of the circumference, and likewiſe if 
A==33C then will AB be the fide of an Octagon. 


PROP. XII. Plate III. Fig, 1. 


About à circle given FAB CDE, to deſcribe a pentagon 
HIKLG, equilatera{ and equiangular. 

a) Inſcribe a r DE in the circle given; 
and from the center draw the right-lines FA, FB, FC, po 
FD, FE; and to thoſe lines draw ſo many perpendicu- 
lars GAH, HBI, ICK, KDL, LEG, meeting in the 
points H, I, K, L, G, and the thing is done. WB eq 

caule 


EvecLidD E's Elements, 


auſe GA, GE from the ſame point G (6) touch the circle, 
c) therefore is GAE, and (d) therefore the angle GFA 
GFE, therefore the angle AFE= 2 GFA. After 


AFE=AFB, {f) therefore the angle GFA = AFH. 
But alſo the angle FAH (g) FA, and the fide FA is 


common, (5) therefore HAzAG=GE=ZEL, c. (4) 
Therefore HG, GL, LK, KI, IH, the ſides of the 


nta- 
gon are equal, and ſo alſo are the angles, becauſe double 
of the equal angles AGF, AHF, therefore, &c. 


Coroll. 

After the ſame manner, if any equilateral and equi- 
angled figure be deſcribed in a circle, and at the extreme 
points of the ſemi-diameters, drawn from the center to 
the angles, be drawn perpendicular lines to the ſaid dia- 
meters; I ſay, that theſe perpendiculars ſhall make ano- 
ther figure of as many equal ſides and equal angles, cir- 
cumſcribed to the circle. 


PROP. XII. Plate III. Fig. 2. 


In an equilateral and equiangular pentagon given ABCDE 
*0 inſcribe a circle FGHK. 

(a) Biſe& two angles of the pentagon A and B, with 
the right-lines AI, BK, meeting in the point F. From 
F draw the perpendiculars FG, FH, FI, FK, FL. Then 
a circle deſcribed from the center F through G will touch 
all the ſides of the pentagon. | 

Draw FC, FD, FE. Becauſe BA (5) BC, and the 
ſide BP common, and the angle FBA(c) = FBC, (4) there- 
fore is AF==FC, and the angle FAB= FCB, but the 
angle FAB (e) = BAE=} BCD. Therefore the angle 
FCB=E BCD. After the ſame manner are all the whole 
angles C, D, E biſected. Now whereas the angle FGB (V 
=FHB, and the angle FRH=FBG, and the fide FB 
is common, (g) therefore is FG=FH. In like manner 
are all the right-lines FH, FI, F K, FL, FG equal. 
Therefore a circle deſcribed from the center F, through 
G, paſſes through the points H, I, K, L, and (5) touches 
the fide of the pentagon, becauſe the angles at thoſe 
points are right. Which was to be done. 

Coroll. 

Hence, if any two neareſt angles of an 2 and 
equianglar figure are biſected, and from gu in 
; W 


he ſame manner is the angle AFH = HFB, and conſe- 
quently the angle AFB = 2 AFH. (e) But the angle 


$7 


b cor. 16.3. 
C 2. cor. 36. 
d 8. 1. 
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which the lines meet that biſe& the angles, be drawvlf 
right-lines to the remaining angles of the figure, all 
' - angles of the figure ſhall be biſected. 


\ 


Schol. 


By the ſame method may a circle be inſcribed in ah 
equilateral and equiangular figure. 


. PROP. XIV. Plate III. Fig. 1. 


About a pentagon given ABCDE, equilateral and equiar, 
gular, to deſcribe a circle FABCDE. 
 Biſeft any two angles of the pentagon with the right 
lines AF, BF, meeting in the point F ; the circle de 
ſcribed from the center F through A ſhall be deſcribed 
about the pentagon. 

For let FC, FD, FE be drawn. (a) Then the angles 
D, E are biſeted ; (4) and therefore FA, FB, FC, FD 
FE are. equal ; therefore the circle deſcribed from the 
center F paſſes through A, B, C, D, E, all the angle 
of the pentagon. Which was to be done. 


Schol. 


By the ſame method is a circle deſcribed about an 
&gure which is equilateral and equiangular. 


PROP. xv. Fi. 3. 


In à circle given GABCDEF to inſcribe an Hexagon (. 
$* fa figure) ABCDEP equilateral and equiangular. 
Draw the diameter AD; from the center D throug 
the center G deſcribe a cirrle cutting the circle given 
the points C and E. Draw the diameters CF, EB; and 
join AB, BC, CD, DE, EF, FA. Then I jay it's done. 

For the angle CGD (a) == of 2 right-angles (a)=DGE 
(4=AGPF 0 ==AGB. (c) Therefore B60 == of 2 right. 
angles=FGE ; therefore the (4) arches and (e) ſubtenſe 
AB, BC, CD, DE, EF, are equal. Therefore the hex:- 

n is cquilateral ; but it is — 9 alſo, (/) beca 


$9 
all the angles of it ſtand upon equal arches, 


1. Hence, the fide of an hexagon inſcribed in a circl 
is equal to the ſemidiameter. 3 


4 „ ue —ae% 


—— W400 2 we »„— 
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EvcLi1pe': Elements. 


2. Hereby an equilateral triangle ACE may very eaſi- 
ly be deſcribed in a circle given. 


Scbol. Probl. 


To make a true hexagon upon a right-line given CD. 
(a) Make an equilateral triangle CGD upon the. line 
given CD; from the center G through C and D deſcribe 
a circle. That circle ſhall contain the hexagon made 
upon the given line CD. Sac 


PROP. XVI. Plate III. Pre. 4. 


In a circle given AEBC, to inſcribe a quiudecagon {or fif- 
teen-fided figure) equilateral and equiangular. 

(a) Inſcribe an equilateral pentagon AEFGH in the cir- 
cle given, and (5) alſo an equilateral triangle ABC, then 
I ſay BF is the fide of the quindecagon required. 

For the arch AB (c) is 4 or & of that periphery where- 
of AF is 2 or 55, therefore the remaining part BF is 
77 of the periphery; and therefore the quindecagon, 
whoſe fide is BF, is equilateral ; but it is equiangular 
alſo (4) becauſe all the angles ſtand on equal arches of a 
circle, whereof every one r of the whole circumfe- 
zecence. Therefore, c. 


Scho. 

A circle is 4, 8, 16, &c. by 6, 4, and , 1. 
metrically wr” 3» 6, 12, &c. by 15, 4, and , 1. 
vided into 5. 10, 20, &c. by 11, 4, and , 1. 
parts 15. 30, 60, &c. by 16, 4, and 9, 1. 

Any other way of dividing the circumference into 
any parts given is as yet wn ; wherefore in the 
conſtruction of ordinate figures, we are forced to hare 


recourſe to mechanic artifices, concerning which yo 


may conſult the writers of practical Geometry. 


The End of the fourth Book. 
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ELEMENT S. 


Definitions. 
I. Part, i is a magnitude of a magnitude, a | 
A of a greater, when the leſs cali 

| II. Multiple, is a greater magnitude | 

reſpect of a lefler, when the leſſer meaſureth the great 
III. Kato, is the mutual habitude or reſpect of 
magnitudes of the ſame kind each to other, accordy 
to quantity. 
In every ratio that quantity which is referr'd to anal 
ity, is called the antecedent of the ratio, ana that 
which the other is referr d, is called the conſequent of | 
ratio, as in the ratio of © to 4, 6 is the antecedent ani 
the conſequent. 


Note, The 9 of any ratio is known by drviding 
antecedent by the conſequent ; as the ratio of 12 to 5 1 


preſſed by 12, or the quantity of the ratio f A to Bi 4 71 
| Wherefore, He bros ee ern Ce 
ratios r — — or , or 2 that is, the 8 * 
5. A to Bi fs 3 al, or leſs than the ratio of 0 * 
Which = be 2 by thoſe who would u 

fand this Book. 

Concerning the divers Heis of ratio 1 Jen * 
to conſult interpreters. © 


Proportion is a amiltude of ratio's. 
That which is here termed proportion, is more fro} 
called proportionality or analogy : for proportion comm 
* no mort than the ratio betwixt two W 


*E ucLliDe's Elements. 


V. Thoſe numbers are ſaid to have a ratio betwixt 
hem, which being multiplied may exceed one the other. 


,12 A, 4. B, 6. G, 24. VI Magnitudes are ſaid 
30 C, 10D, 15. H, 60. 0 be in . ſame ratio, 
he firſt A, to the ſecond B, and the third C, to the fourth 
), when the equimultiples E and F of the firſt A, 
nd the third C, compared with the equimultiples 
„H, of the ſecond B, and the fourth D, according 


„F are leſs than G, H both together, or equal taken 
ogether, or exceed one the other together, if thoſe be 
aken E, G, and F, H, which anſwer one to the other. 
The note hereof is: :; aA: B:: C: D. That is, as A 


D, are in the ſame ratio. We ſometimes thus expreſs it 
= —, thatis, A: B:: C: D. 


; D 
VII. Magnitudes that have the ſame ratio (A: B:: 
: D, are called proportional. are RM 
When of equimul- 
. C. 48. 5. uples, E, the multiple of 
1 „9H 93+ the firſt magnitude A, ex- 
eeds G, the multiple of the ſecond B, but F, the mul- 
ple of the third C, exceeds not H, the multiple of 
e fourth D, then the firſt A to the ſecond B, has a 
Tee m_ than the third C to the fourth D. 


B 

E. fbould always exceed G, when F is I:fs than H; but 
t is granted that this may be. | 

IX. Proportion conſiſts in three terms at leaſt. 
Whereof the ſecond ſupplies the place of two. 

X. When three magnitudes A,B,C, are proportional, 


C, of that it hath to the ſecond B : But when four mag- 
ntudes A, B, C, D are proportional, the firſt A is ſaid to 
have a triplicate ratio to the fourth D, of what it has to 
the ſecond B; and ſo always in order one more, as the 
proportion ſhall be extended. _ 1 | ah, 


Duplicate ratio is thus expreſſed 8 = RY that is, 


the ratio of A to C is duplicate of the ratio of A to B. 
| | | Triplicate 


> any multiplication whatſoever, either both together 


; to B, ſo is C to D, which ſignifies that A to B, and Ct 


the firſt A is ſaid to have a „ ratio to the third 


61 
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| „ 
Triphicate ratio is * expreſſed ; 5 7 thrice ; the 


iy 


is, the ratio of A to D ts triphicate of the ratio 9 1 

Denotes continued pruportieonaltʒ as A, B, C, D 
2, 6, 18, 54 = are continual N 

. Homologous, or Magnitudes of like ratio, 3 
antecedents to antecedents,. and conſequents to cone 
FD 

are c 0 tu 

XII. Alternate proportion is the comparing of ante. 
cedent to antecedent, and conſequent to conſequent. | 4 
A: B: : C: D. therefore alternately, or by permutatim, 
As A: C: : B: D. by the 16. of 5. 

In this definition, and the five following, names are giva 
zo the fix ways of arguing which are often uſed by Mat 
ticians : the force of which inferences depends on the. trop 
tions of this Book, which are named in ther expli icatians, | 

XIII. Inverſe ratio is when the conf is taken 
as the antecedent, and ſo compared to ' antecedent 
as the conſequent; 4 A: B: : C: E ; therefore. inveſy 
B: A:: D: C. by cor. 4. 5. 

XIV. Com ed ratio N when the antetedent md 
conſequent both as one, are compared to the, cr. 
Fi oe” it ſelf. 4 A: B:: C: D; therefore by compoſts 
. : C+D : D, by 18. 5. 

Divided ratio is Ree, the exceſs. wherein the 
antecedent exceedeth the conſequent, is compared u 
the e. A: B:: — therefore e by divifus 
A—B:B: :C—-D: D,'y 17. 5. 

XVI. Converſe ratio is when the antecedent is compas 
red to the exceſs wherein the antecedent exceeds the 
conſequent. A A: B:: C: DS therefore by converſe yati 
A:A-B::C: CD, Js the caroll. of the 1 ' of | the. 5 

XVII. Proportion of equality is where are ta- 
ken more magnitudes than two in one order, and alp 
as many magnitudes in another order, comparing tue 
to two being in the ſame ratio; it follows that as im the 
firſt order o magnitudes, the firlt iso-the laſt, ſo in ih 
ſecond order of magnitudes, is the firſt to the laſt. G 


otherwiſe: it is compariſon ;of. the extremes together, 
the mean magnitudes being omitted. 


Thus ler 2 be three maguitudes and D, E, Na equ 

fone pre Lei Ae 755 1 3 qu: 
" „y 7 27 

2 Fr now ue A, the frft Fre fee 
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EvcLi1iD rs Elements. 


- is to C the laft, as D the firſt of the ſecond order, is 
F the laſt, this form of arguing is ſaid to be ex æquo, 
from equality. | | | 

XVIII. Ordinate proportion is, when antecedent is. 


Wo conſequent, as antecedent to'conſequent, and as the 


onſequent is to any other, ſo 1s. the conſequent to any 
ther. 4s when A: B: : D: E. aſp B: C:: E: F. 


nd then it all be A: C: : D: F, by the 22. of the 5. 


XIX. Perturbate proportion is, when three magni- 
des being put, and others alſo, which are equal to 
heſe in multitude, as in the firſt magnitudes the antece- 
gent is to the conſequent, ſo in the ſecond magnitudes 
s the antecedent to the conſequent : and as in the firſt 
magnitudes the conſequent is to any other, ſo in the 


A, B, C, and E, F, G, are two ſets of magnitudes, i 


ond of the ſecand ſet, is to G the laſt; and alſo if B the 
tcond of the firfl ſet is to C the laſt, as Eibe firſt of the ſe- 


md by the 23. 5. A: C:: E: G. | 
XX. Any number of magnitudes being put; the pro- 
portion of the firſt to the laſt is compounded. out of the 
proportions of the firſt to the ſecond, the ſecond to the 
third, and the third to the fourth, Wc. to the laſt. 
Let there. be any number of magnitudes A, B, C, D, 
| AA Cc 
by this definition — 3 = X — X — 
TINY YE 1 


Axiom. 


\ $4 


Fquimultiples of the ſame, or of equal magnitudes 


"PROP. I. Plate III. Fig. 8. 


If there be any number of magnitndes AB, CD, egaimulti- 
ples to a like number of magnitudes E, F, each to each; 


what ever multiple one magmtude AB is of one E, the ſame 


multiple is all the magnitudes AB4QGD to all the other mag- 
nudes EF. 3 Re 
Let AG, GH, HB, the parts of the quantity AB, be 
equal to E, and alſo let Cl, IK, KD, the parts of the 
quantity CD, be equal to F. The Number of thele are 


Put equal to thoſe. Now whereas AG-CI (SE 


econd magnitudes is any other, to the antecedent. Thus 


\ the firſt of the firſt ſet, is to B the ſecond, as F the ſe- 


ond ſet is to F the ſecond, ſuch is called pertubate proportion, 


a 2. ax. 


2 Z. . 


© 2. 5. 


EF, it is evident that AB+CD 
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F; (a) and GHIK=EF+F 3 (a) and HBA4-KDe=} 
oth ſo often contain 
ETF as one AB contains E, Which was to be done. 


"PROP. II. Plate III. Fig. 6. 


If the firſt AB be the ſame multiple of the ſecond C, as the 
third DE is of the fourth F, and if the fifth be the ſam 
multiple of the ſecond C, as the fixth EH is of the . F; 
then ſhall the firſt and fifth taken together (AG) be the ſame 
multiple of the 2 C, as the third and fixth taken together 
(DH) of the fourth F. | F 

The number of parts in AB equal each to C is put 
equal to the number of parts in DE, whereof each pan 
is equal to F. Likewiſe the number of parts BG is put 
equal to the number of in EH. Therefore the 
number of parts in BG 1s equal to the number of 
parts in DEATLEH. 6 a) That is, the whole line AG is 
the ſame multiple o as the whole line DH is of P. 
Which wwas to be demonſtrated. | | 


PRO P. III. Fig. 7. 


F the firſt A be the ſame multiple of the ſecond B, at the 
third C is of the fourth D, and there be taken EI, FM equi- 
multiples of the firft and third, then will each of the magni- 
tades taken be equimultiples, the one EI of the ſecond B, the 
the otter EO RES n 1 

Let EG, GH, HI, the parts of the multiple EI, be equi 
to A; alſo let FK, KL, LM, the parts of the multiple 
FM be equal to C; (a) the number of theſe is equal to 
the number of thoſe, Moreover A (that is) EG or GH 
or HI, is put the ſame multiple of B, as C, or FK, &. 
is of D. (3) Therefore EG4-GH is the ſame multiple 
of the ſecond B, as FK-þKL is of the fourth D. (c) By 
the ſame way of arguing is EI (EH- HI) the ſame mul- 
tiple of B, as FM (FLA<LM) is of D. Which was to 
be demonſtrated. | a= 


PROP. IV. Fg. 8. 


If the firſt A have the ſame ratio to the ſecond B, as the 
third C to the fourth D; then alſo E and F the equimulti 
2 the firfl A and the third C, ſhall have the ſame ratio i 

and H, the equimultiples of the ſecond B and the fourth 


D, according to any multiplication, if /o taken as they Ma 


each to other (E: G:: F: H.) 


e 


Euer tp Element. 


Take I and K equitnultiples of E and F; and alſo L 
and M equimultiples of G and H. (2) Then is I the ſame 
multiple of A, as K is of C; (a) and alſo L is the ſame 
multiple of B, as M of D. Therefore whereas it is 
A: B (6) :: C: D; according to the fixth definition, if b yp, 
I be , =, =D L, then conſequently after the ſame 
manner is K , =, M, Therefore when I and K 
are taken the ſame multiples of E and F, as L and M of 
G, and H, then will it be by the ſeventh definition E : G 


: F: H. Which uur to be dimonftrated, 


Coroll. 


gras hence is general demonſtrated the proof of inverſe ratio. 
For becauſe A: B:: C: D, therefore if E co, =, 
»= G, then is (c) likewiſe F, 2, H; therefore 
it is evident, that if G , =, E, then is H-, =, 


P R O P. v. Plate III. Fig. 9. 


If a inugnitide AB be the ſame multiple of a magnitude: 
CD, as à part taken from the one AE + 4 a part taken frots 
the other CF; the reſidue of the one EB, foall be the ſame 
multiple of the reſidue of the other FD as the whole AB is 
of the whole CD. 1 . | 
Take another GA, which ſhall be the ſame multiple 
of FD, the reſidue; as AB is of the whole CD, or as 


43. 5. : 


© 2. 4g. 
F; (4) thereforeB:A::D:C. Which was to be a 6. def. f. 


the part taken away AE, is of the part taken away 

CF. (a) Therefore the whole GA + AE is the ſame q;. 5. 
multiple of the whole CF + FD, as the one AE is of 

the one CP, that is, as AB is of CD; therefore GE(6)= p 6. ax 
AB; and (c) ſo AE, which is common, being taken < 3. ar. 


away, there remains GASEB. Therefore, c. 

F ROH VI NM oo 
If two magnitude; AB, CD, are equimultiples of twod 
=. tw E, F; and ſome mugnitudes AG and 4 equi- 
iples of the fame E, E, be talen away ;\ then the re 
GB, HD, are either equal to theſe magnitudes E, F, or elſe 

reuimultiples of them. © 8 
For becauſe the number of parts in AB, whereof each 
1» equal to E, is put equal to the number of parts in 
CD, whercof cach is equal n F; and alſo the number of 
. Parte 


a 2. ax? 
3 '®. 
©. 


"n 
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Parts nl N If fron 
one you take AG, and from the. o there n 
mains the number of parts in the remsinder B equal y 
the number of parts in HD ; therefore if GB be once 
then is HB once C ; if GB be many times E, then is Hl 
ſo many times C. Which auas to be demonſtrated. | 


PROP. VII Plate II. Fig. 11. 


E 1 e A and B have the ame proportion 
M.... the ſame magnitude C. And — Jame magn 
C hath the ſame ratio to equal magnitudes A and B. 
Take D and E equimultiples of the equal magnitude 
A and B, and F any multiple of C; then is D (a) =} 
Wherefore if DL, , ==" then alſo E-will | 
C7, E. EN C: B: C; and (eh 


Bic. 


ut 1 
inverſion C: A : (<} C:B. Which Tas to be 2 kj 
„ Scbol. | + 1. | 

Tf inftead of the multiple F, two FED For 
taken, it will by” wn 2 ZE cont 
nitudes have the {ame ratio to any 
are e wet BU he” 

2 PROP. VIII. Fig. 12. I 

N * 
0 a AB, AC, the -greater A B bai 
a rg ratiq to ——— —— third line D, than the leſſer "AU 1a 
and the ſame third line D hath a greater ratio ares + foll 
AC, than to a greater AB. 
Take EF, EG equimultiples of the ſaid AB, AC, < t 1 


that EH, a multi of D, may be greater than EG, bit 
lefler than EE, (which will eaſily happen, if both BG 


and GF be taken e than D. —— 1 


AB {4 
V 


ente be demonſirated. | 6A AY 
| PROP. IX, Fx. . Na 


Magnitudes, which to one and the ſame magnitude 24 
fame ratio, are equal the-one to the other. || And if a m 
tudes have the. 2 ratio to other magnitudes, thoſe magnitudu 
* other, CUE ITE. 1. % 


, \ N. % 98 7 
FucitiDes Elements, 

„ We. If A: C:: > BYE) I fay chat AmaB. Po For 
A be greater or leſs than C me 


we is _— to th uz 4 


be oa B, (3) 9 17 N Which is again the Hy- 


cf 


"PROP. "of Plate ur. Fig. * 


re hawir rund OY ame ENT that 
525 the greater 55 is the 82 and 

to 5 "rice the fame bears a Hee; ratio, is 
2 ma 


i'r)! 


3 
I. H Ig Yi that AEB. 


I if it be ſaid that Arg Athen A ze Which 
A 2B, Ga then is 


{| 44 F 


oy 10 the the Hypotheſss: i” 
LLP = Which is alſo againf the Eros. 


8 8. 
tr”; * TE 
| ſay B==A, it's againſt the Hypotheſis, for it will 
ollow that =D: C:A, yon fayB © A A, en 


= aa rag 


fay that B A for if 


' & - Los At 23 „ - 


> C : ; . 


ra oR Xt 1 16 17 


1 another. 

: EE, and C D.: E: F. Fay that A: 
bz Py ms G, H, þ equimuliples, of A, C, E: 

71 E Fr if =, K. ( then alter 
lame manner Id, == 8 =x M. Any likewiſe (a) 
auſe ER: F: O: D I. ==; M, 69 
kewiſe c, =, Le) wherefore A; B: C: 
5 be demonſtrated. 


D. 


Schol, 


"3s uhh art ont td the Jane be thick: * 
one 


then is 


| 


The fifth Book of 
L Sev. 


4 ; 


We chat. fenions ood a 
proportions, are the ſame betwixt themſelves. 


PROP. XI. Plate III. Fig. 15, 16, 17. 


a number of tudes A, B, C, D, E and Þ 
proportional ; as one of Yf the antecedents A, 7 to wee of th 
ſequents B, fo are all the n n all 1 
conſequents, B, D, F = | 
ake G, H, I, KEE. of the antecedents t 
K, L, M. of the conſequents. Becauſe. that one G 

at.s. the ſame multiple of one A, (a) as all G, H, I, are 
all A, C, E; and becauſe one K is the ſame mult 

of one B, as all K, E, M, areof all B, D, F : Mo 

b by. over becauſe A: B (6): : C: D (8): : E: F, if G be 
=, or K, then will H likewiſe be CC, . 2 

and I >, =, DM; and ſo if G, =, "3K, 

a: lbs manor Dp be ons ey 875 
8 5. le) wherefore A: B: ACE; GN 

* 22 ont. Po OB 4 


* ” 
* 


— 


k % aw... = 


WRT 2 42> 98 
Corel. . 


Hence, if like Ln be — to like p 


"PROP. $2. Fig. 18. 46 47. ud 


oY A have the ſame ratio to the rcond B. 
e E45 to the 72 D, and if * third C | 


< aver rain, 068 Bs fourth D, 2 1 
= = B. ke jth w the F. 
ake G, H, 77 ainmit * A, C, E, and K chen 

M. equimultip les of B, D, . Now becauſe that 


46. K 5. 85 :C:D, 0b GC-K; butbed 
b 8. & g. Fb b 


P 
A, E ple 
Ae. M. . e. . e * 2, 


\ 


. a 
TIE LE... 


E ve u1D 2's Elements. | 


Schel. 

E TR DO 4 
. Pins "Day « Allo, if 
8 A: R A 
e And if — <9 
R.. A. E 
— 2, then is - "I —, 

| — F 


'PROP. XIV. Plate III. Fig. 18. 


If thefixft- A have the ſame ratio to the ſecond B, that 
he third C hath to the fourth D; and if the fin A be 
reater than the third C; then Kall the ſecond B be greater 
than the fourth D. But i if the firſt A be equal to the third 
then * econd B Hall be equal to the fourth D; but if 
„ kc: 6 


A 
C ; (a) — 8 3 (6) 7 5 


88 
Pn (e) therefore Bt. D. By the 
lik of argument, if A = C, (4) then is 3 D. 
Bu if be eas A: 2 
D. C Therefore B B. Whic 


Schel. 


A a3 


8 
By an argument 4 fortiori, * „ and A LC. 


then is BCD. Likewiſe if A=B, then is C=D, and 
if AC, or =2 B, then alſo is Co” or D. 


PROP. XV. Fig. 19. 


Parts C and F art in the ſame ratio, ewith their [ihe mul- 
. 8] 3 if taken =_— — DE: : 
s a C; and let ' DH, HE, parts 


to 
of the . be be equal 


0 F. (a) The number of theſe parts i oqul tothe nam 


„* 
þ | o 
*. 
0 — 


| compared together. , 


The fifth Book of 


ber of thoſe. Therefore whereas (3) AG : C : : DH:P, 
and GB:C: : HE: 8: 5 is (c) AG+ GB (AB) 
: DH-þHE (DE) : : C: F. Which was to be demonſirate, 


oY If 
"PROP. XVI. Plate III. Fig. 20. i 
. Bee 


If forr magnitudes A, B, C, D, are prope 
Hall be alternately proportional A: C : : 

Take E and F equimultiples of A and B; cake alſo 6 

* H equimultiples of C 15 - Therefore E: FC 


A: B ( :C:D(a): :G:H. Wherefore if-8 + © © 

. — 0. then likewiſe is EC-, =, H. (4 
Therefore * C: B: D. Whichwas to be demonſirated He 
Schot. - 4755 
; Alternate ratio has place only when the quantities are Th 


of the ſame kind. For heterogenequs quantities are not 


Sweet XVII. Fig, 21. 


are proportional (AB © CB: 
. 5 t 2 proportional alſo when divide 
(AC: 729 a 51 5 EE.) a 

Take GH, HL, IK, KM, in order equimultiples ot 
AC, CB, DF, Fk; and-alſo.LN, MO, equimultiple 
of CB, FE. The whole GL is (a) the ſame multiple of 
the whole-AB; as one GH is of one AC; (6) that is, 2 
IK of DF, (c) or as ge IM of the whole DE. 
Alſo HN (H Nl is (4) the ſame multiple of Ch 
A KO, P's <p O) is of FE. 'Therefore, whereas by 

Hyp. AB : DE : EF, if GL be C, =, HN 
then likewiſe (e) will IM,. =, 2 KO. Take fron 
theſe HL, KM, that are equal; and if the remainder 
GH be ©, =, =D LN, (7) then will IK ©, = = 
ors (g) whence AC: CB: : DF, FE. Which vai ls 

* — 


PROP. XVII "Fig. 22. 


. 8360 — divided are proportional (AB : 


alſo be ay be _—_ 
4 Sb bing 2 


| als Cog ler Aly; 88 CB: : DF : FG 

mr by on. will : DG :GF; 
5 Gre aud e 0 there 
ore is G K Which, is 7 1 The like 


win om ie bei AG 


4 


Evct1D 2's Elments, 
ol PROP. XIX. Plate III, Eg. 23 · 


If the whole AB be to the whole DE as the pr taken away 
105 te the part taken away DF, then ſhall the refidue CB 
be to the refidue FE, as the whole AB is to the whole DE. 
thy Becauſe (a) AB: DR:: AC: DF (3) therefore by 

permutation AS: AC: DE: DF, (c) and thence by 
diviſion AC : : DF : FE; (b) wherefore again b 
Ae ac: DE: : CB: 'F (4) that is, AB: D 
: CB ; FE. . hich was to be demonſtrated. 


Coro ll. 


Hence, If like proportionals be ſubtracted from like 
rtionals, the remainders ſhall be proportional. 
2. Hence 1s converſe ratio demonſtrated. 

Let AB: CB: : DE: FE. I ſay that AB: AC: 
DE: DF. For by (a) permutation AB: DE : : CB: FE, 
(b) therefore AB: DE: : AC: DF, whence again b 
permutation AB : AC: : DE : DF. Which was to be 
demonſirated, yy 


PROP. XX. Fig. 24. 


If there are three magnitudes A, B, C, and others D, b. F, 
a to thoſe in number, which takew two and two i 
ple each order are in the ſame ratio, (A ::D:E;andB:C 
le of 


:E:F,) and if es ft A be preater thas the 
third C; then Hall the 122 be greater — the fixth 


F. But if the frft A to the th C, then the 
8 fourth D Ball b wal 53 F; axd + Ee 
than C, then Hall D be leſs than F. 


1. Hyp. If ACCC. Becauſe (a) E: F: 85. nn. 
verſion it ſhall be F:E : :C: B. be 


? M 
N N Which was 
to be demonſlrated. 


_ 


2. Hyp. R f AC, it 
(2) therefore is DF. Which das to 


that D JF 
de Ge Becauſe P: E: l 
PROP. XXI. Egg. 24. 
If there are three 


E 4 are 


D, E, P, oat EE 2 


7¹ 


. (c) PRE TE Gay -_— „, a! is, than _ (4) therefore 
D B F 


PINES. 10: r 


The fifth Book of 


ay 17 the ſame ep 3 and their proportion tubate n 

in the ame e:: DE) and if E the p 

5 ater than the third C, then is the fourth D great 

. fixth F; but if the firſt be equal to the third, NN 

the SERA al to the fixth ; if te fo d 1s the 1 9 i 
1. Hyp. TAC ; then (hn, x e (a) 5 


therefore nelly E; D: ON B, vn — 15 (3 — 1 
A 


DEE. 
2. Hp. By the like argument, if ADC, then i 


D F 
| Hyp. If A=C; then becauſe E: D:: ( C: 


GOA. B. VK F. (x) therefore is Daf 
75 4 e, 


PROP. XXII. . III. Fig. 29. 


If there be any number of magnitudes A, B, C, and other 
equal to them in number D, E, F, 8 taken two and tw 
22 ame ratio (A: B: D:EandB: 7. Ez I. 

ſpall in the ne ratio ly opal (A: C:: Dr. 


ake G, H, equimultiples of A, . K, ,of B, 5 
and alſo L, „M. of E, " 


Becauſe (a) A:B: E. (6) therefore G: I: : H. 
K; and in r L:: K: M. therefore if 6 
., I. A then is H ©, =, M; (4) there: 
fore A: C: By Aur ſame way of _— + 6 


D: O. Which qwas to be demonſtrated. 
PROP, XXIII. Fig, 26, 


F there are three mapnitudes A, B, C, and others b, E 
iy to them in number, which taken two and tae at 
4 


2 ratio, nes their 2 n (A: B:: 
4 


2 


44 be in the ratit 
age (A: be TE. 


dme f A, B, 4 all 
M. eq uim e A,B, D 3 and. : (a) 


* 0 E: F % i L: M. loreover becauſe (0) 4 
B: 5 : E, thence is (e) H: 21: L; therefor this 
G HK, md , M, are wo i rf. They ws 8 / 


-. 


Everio rs Elements. 


be —. =, K, then is likewiſe - . , MN. 
74 ſo (4) conſequently A:C::D:E. Which was" to 


demonſirated. 
If there are more magnitudes than three, this way of 4 de- 


monſtration holds ood in them alſo. 


Coroll. 


From hence it follows, that 1 ratio's compounded of 
the ſame ratio's, are among themſelves the ſame ; as al- 


ſo that the ſame parts of the ſame ratio's, are among 
themſelves the ſame. 


P-R O p. XXIV. Plate III. Fig, 27. 


If the firfl magnitude AB, has the ſame ratio to the ficead 
C, which the third DE, bas to the fourth F; and if the 
fifth BG has the ſame ratio to the ſecond C, which the fexth 
EH has to the fourth F; then ſhall the fiſt compou with 
the fifth (AG) have the ſame ratio to the ſecond C, which 
the third with the ſixth (DH) has to the fourth F. 

For age G AB: C:: DE: F, and by the Hyp. 
and inverſion C: BG : : F: EH; therefore by (5) _ 
lity AB: BG : : DE: EH, whence * 8 
Therefors 17 78 — Es Bl 1 

ore again 
Wiich was ts be 2 od, 8 


PROP, XXV. Fig. 28, | 
tudes are onal (AB: ::E 
is rn þ ' AB and the aft n 


N AG =E, and CH —F. Becauſe AB: CD: 
(a E: : HAG: CH, (c thence is AB : CD: 12 


55 0 but AB = G . (e) therefore GB c- HD. 
But AG-I-F: CH, oh. A * BE 
THAT HD; chat is, AB4-F-E+C ich aua 


to be Fic dA 
Theſe propoſitions which follow are not Ezc/:'s, but 


taken out of other Authors, and are here ſ * bee 
cauſe of their frequent uſe. W 


PROP. A anf Fig. 29. 
If the firſt have a gre partion to the ſecond, than the 


third to the fourth ; then by comwerfian, the ſecond have 
} as Properiien to the fer than 2 to the think, 


73 
46. dff. f. 


92300 23, 
5. and 20. 
def. 1. 


74 


2 10. 5 ö 


b x. 5. 
£16.65. 


Aa 10. f. 


b 4. av. 


CB. 5. 
d 18.5. 


eee 


1. il Book of 


eee 
1 ag. "Miro that — 2 —. For concei 
ba ors nine 1 Þ * 


| os LI 
A * 1 3 (eh the 


BB . 
e Which ws oo be dm, 


PROP. 8 5 Plate III. Er- 29. 


If the firſt have a greater proporflon to the ſecond, tha 
the third to the fourth ; 2 54 alternately the firft ſhall have 
greater oper to the third, & the 2 to the fourth, 


Lt, then I ſay — c. For concein 
B P C D 


B C e 
r At- E, (Hand — be þ 
B : 


Or- Wiich oat be dmofratcl, 
= 0. XxVm. Fig. 30: 


If the oF pra proportion to the ſecond that 
the third to fag Fourth, then 4 5 frft W with .tht 
ſecond ſpall have a greater proportion to 4 than th 


_ third with the * to the * 
„ 6s. Maas 6 


aL {oy ee For 
BO Bp BC EF 
| e DE 
conceive— | (4) herfore ABC GB; ad 
3 


A „ bas DF 
BC 2 
PROP. den Fig 30, 


ne the- pre" "' 
dad and 


1 2 
. 


75 r the” firft 
1 ow 4. cos to the 2. 4 third to 


1 DF AB DR | 
Let —, a OE For 
I Ex r 
GC DEF Ro 
onceive =——==—> (a) therefore AC _-_ GC, Take ' 210.5. 
BC E 


way BC, which is common, there (5) remains AB c- b 5; avi 2 
AB GB DE C 8. 4. 

B; (r) therefore 4 r 4% or — . Which d 17. 5. 

xs to be demonſtrated. 


PROP. xxx. Plate III. Fig. 37; 2b 


If the compoublled ewith the ſecond, has a greater 

1 . the ſecond, than the third compounded with 45 5 
he fourth, hath to the fourth; then by converſe ratio ſhall 3 
he firſt compounded with the ſecond have a leſſer ratio te 


he firft, than the third * with the fourth ſhall 
have to the third. 


all bv 


— 


AC DF A DF 
| BC =. * AB DER 
f or becauſe bc- Af (therefore, by diviſion, 1 
AB 2 BC EF * 
| F r converſion (c) therefore — C 26. Fo 
EE AB DE 
Fe AC DPF 


en 3 | 
PROP. XXXI. Fit. 32, 


I a three magnitudes ; B, C. thebs 
D,E, F, equa! them in number ; D ay 92 
greater ried of. He fol of the firm to-the ſeo a» -£ © 
a u of the laft to 2 264, 1 
F E.) and thee be off @ greats fe of 


pw” the fecend of the foſt magnitudes to their third, thas * 
the 


d 10. 5. 


e 8. 2. 
22. 5+ 


n to their th 


© 10. 56% 
ois. 


013. 5. 


4 10 5 


H 


be fifth Boot of 


(Er- F) . oſs fall th ratio of _th 


of the former magnitudes to the third, be greater tha 
ratio ** the firft * the latter magnitudes, to the tlin 


. Conceive 1 6 , (a) then is B E G, and (6) there. 


p A. a 1 1. 
ore = c conceive — = —, (e 

G , 18 G E. & 
W.- 4 3 
2. therefore much more — . —, (4) whereſ 
3 . 

A HI D 
Ac- H, (e) and eonſequentyy—O=—1[F) or f. W. Wh 


'PROP. XXXII. Plate III. Fig. 32. 


2 tae) be three magnitudes A, B, C, and othn 
D, E, F, equal to them in number ; and there be « 


greater proportion of the of the former magnitudes 

the 2 os 2 257 Aa + fecond of oe lake h 
E 

te ( c ) and aff the ratio. of the | 

o 


of the f of the latter to l.. d (N c- x 


hen alſo Hall the proportion of the daft 

oh px 454 2 N = — F the 1 

— ſtra 

of the _ pw he: (8 T wx F. L.) wy 
A 1s 1 128 and therefo 


Seed Again, Su Ei Fa dk! a 
OUT gt 0 ROAD OE 


7 =. and conſequently (a) A . H, and thence 088 «* 
ith es ee eo BR 7 


E uc L ID Elements. 


H D | 
5 — (d) or — . | Which vas to be demonſtrated. 


PR OP. XXXIIL Plate III. Fig. 33. 


If the proportion be whole AB to. the whole CDbe 

A than the rtion = the far cui AE to the 
bart taken away CF; then jhall alſo the ratio of the re- 
zinder EB to the nn 
he whole AB to the due CD. 


n — O therefo * by 
e — „ 0. — re by permu- 
CD ag CF, 
AB c D AB 
gm e . Oe by cones a= 
& Mts - 4 | EB 
gs. © at by 22 EB 
2—. utation a — —. 
FD wee axtin na DI ne 
Which eva to be demonſtrated. | | 


PROP. xxxrv. 


. — 
to t number ; t e, f 

Th h + £95 
r the the tion 


ing 
49. he of the former to the of the lat and 
75 2 5 7 . 5 725 firmer to the laft 


7700 may pleaſe to conſult Interpreters for the demon- 
and becauſe tis of no ule in theſe Elements. 


* LR — 
— 


. ny 995 the W's Book, 


7 But ye be fo 


ratios hereof, we having” for brevity ſake omitted it, 
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d 13. 8. 


5 1. 


30. 7% 


d | _— * 99 
2 1 "Thi Six Boon | 3 


l 
E v 0 EF D — 
K ME N T A. 
1 4 N ; 1 hs © Deffditions. pie — 


Ef 
ot. 


DOE 
We 


e other, and alſo r Ages 
, proportio 

The A2 B nu I and B:BC::DC Gf. 

Alh the axgle A=D, a and RA: AU: CD DE 


the angle r 24 (8D, BH) whe CE: ED. 


Plate HI.” I. ' Ike" rig grade fires ABC, D att 
Fig. 33. 1 ſuch whoſe ſeveral angles are pres 5 


II. Reci — when in each n 
Big. 34 the figures RN are terms both antecedent and 
N Nec is, A: BG :: RB: RC. R 


| EI. A right une AB in fad to þ Fe Ae A: 
Fig. 23. extreme and mean -proporti 105 When as the Rs 
is to the greater ies en AC 10 58 — 
Ac to. the tefs CF (AB. AC: * 

Eg. 33 IV. The altitude if any joore 
; fa AG EPs, from tlie top 

V. A ratio is ſaid to 5 888580 

the quantities of the N 


. produce a ratio. £ rhe =o 
n the ;ratio's of A 70277 15 e. . *y 7 


Ae log din; ii Su on 10 1" 1K 
a 20. def. 5. a=} (5) ==—, 


b 15 5. 
ENA d thy 


Triangles ABC, ACD,” and 
DRA. which * of 


E u 11D ·˙ Elements. 


(a) Take as many as you pleaſe, BG, GH, equal to 
C, wy alſo DI=CD, and join AG, AH, AL: 

(9) The triangles ACB, ABG. AGH, are equal, 10 
) alſo the triang Ne ACD=ADL. Therefore the triangle 
CH is the — multiple of the triangle ACB, as the 
aſe HC is of the baſe BC; and the 81 le ACI the 
ne multiple of the triangle ACD, as the baſe CI is of 
D. But if HC , =, 2 CI. (c) then is bkewiſe the 
angle AHC (©, =, I ACI; and (4) therefore BC: 
D : : the triangle ABC : ACD : : le) . CE: CF. 
bich was to be demonſirated.. 437 IS 


Schol. Plate III. Fi g. 37. 


Hence ets, ABC; DEP; #:d Pers. AGBC, DEFH, 
boſe baſes BU, EF are equal, are to each other as their 

tudes, AI, DR, 

(0) Take . ch, and KM=EF; and join LA, 
MD, MH, then it is evident, that the ' triangle 


CBC: 88 Which was to be demonſtrated. #3 
nor. IL h. 96 | 


. 
2 
= 
— 


h of 

ne. [rope fide BC of ABC, FRF ELEPY 

J\ K* Ee ae fo ſhall cut the fides of the tri 5 
* 


2 art — 
a e ug 


— 


AE: EC 3* if the; 
tionally (AD: BD: : A 585 
BG 4 r points of a ſection D 


- =_ 
— — 
— 

- — 


12 the other the triangle. 
ens i BE. fate 7 1 —— 
N Becauſe the le DEB a) =DEC, Y) there- 
lng DE Che DEC.C 28. 
000 wp! S AED: DBE : : (c) AD : DB, and the 
63 angle « ADE: DEC: : AE : EC: 0 therefore AD : 
1 
Km 4 ty. Becauſe AD : DB : {AE : EC, (e ) that n 05 


I 


triangle ADE : DBE-: ADE ECD; 
the triangle DBE=ECD ; and (g) ther 
* 2 to be BRIE. 


. * = 
w- s vo > 
| Sehe, | 4444+ 2% 
. 


; 44 712 
If ther av drawn. ſeveral ines DB . 
e unde of a triangle ents * 
We: ſhall be proportional. - 2 Foe 


tt 


14S <4 #4 


BC: DEE: nn : DEM: :(c) AL: DK : :(4)Pgr. | 


2288 DE, 30 


» 


= » . Þ * 
6 | 
42.80. 
- = 


LF 1. 
1 1. 
4 27. 1. 


og? 
F 2. 6. 


4 1 1. 


—— 


1 0 * 


a 32. 1. & 

I 3. AK. 

b byp. 

1 t. 
34 1. 

E 2. 6. 


{If DF: DB: EG EC; (6) ben BO, DB, #0 


1b. ub Book of | 


For DF : FA (a) : : EG: GA; and = 
and inverting, FA : ba: GA: EA; 1 5 

EA: EC; therefore by equality DF: DB! TOY * 
Which was 1s e 


| | Coroll 


l be 


PROP. III. Plate III. Fig. 38. 


If an angle BAG of 6 triangle BCA be Big, 
the right lire AD, that biſes the angie, cut the baſe alk 
then jbe'! the ſegments of the baſe have the ſums ratid th 
the other fides of the triangle have, (BD: DC: 3 Ab, 


AC.) - And if the 45 baſe have the 

5 th; A, e of" the trian 2 Fra have (BD : a Al} 1 
AC) 3 ine AD & e the top A. th | 
ſettion D, Hall biſet that angle BAC of the 4 75 W 


Produce BA, and make AE=AC, and join CE. 

1. Hy. Becauſe AE AC, therefore is the ag 
ACE (a) =E (4) = half BAC (c) = DAC; (4) ther 
74. DO CE are PRIN (e) Wherefore BA AE (AC 
. 2+ Hp: Becauſe BA: AC (AE) : BD : DC,(#) the 
are L A, CE parallels ; and (g) therefore is the ang 

D = E; and the angle DAC 9 (b) E, 
therefore the angle B AC. Wherefore the any 
Baa is bileQted, Which was to be. Cops; | 


we 
09 0 oh r RO. Tv. Fig. 39 ; = 


Of . * tHiangles ABC, DCE, the K wh 
pertional which are about the equal angles, B, DGE, a 
: BC: ,: CE, &t.) : Ard th fides AB, UC, * 
which are fubtendudl under the equal angles ACB,"B, 6 
are homologaus, or of ike rat. | SIG ELIT 2 

set the fide FC. in a direct line to the fide CE Af 
produce BA and ED till they (a) meet in F. 

Me: - >; angle B (OY ECD, 19 r BF, W 

allel: Alio becauſe the angle A (4) = CB 
eſore ate CA, EF parallel. Therefore the ff 

FD is a Pgr. 4 there fore AF=CD, and AC = 
2 Whence it is evident, that AB: AE. 
28 « 


28299 


Euer ty E' Elements. 
: CE. / By permutation therefore AB: BC: : CD: 
E, alſo 2 CE : : FD (AC): DE. // And thence by 
dermutation BC: AC: : CE: DE. (g) Wherefore alſo 
by equality AB: AC: CD: DE. Therefore, c. 
| ve 2 Coroll. 

Hence AB: DC: : BC: CE : : AC: DE. 
Hence, if in 4 triangle, FBE there be drawn AC, a 
parallel to one fide FE, the triangle ABC ſhall be 
nilar or like to the whole FBE. 

P R 0 p. V. Plate III. Fig. 40, 41. 


If uon triangles ABC, DEF, have their fides propor- 


FO 


id alſo AB: AC:: DE: E triangles are equian- 
ular, and thoſe angles equal, r which are ſubtended- the 


bamologous ſides. | 
At the de EF (a) make the angle FEG=B, and the 
ngle EFG=C; (8). whehce the angle G=A. There- 
ore GE: EF (c): : AB: BC: : (4) DE: EF. (:) And 
terefore GE DE. Likewiſe GF: FE (e): : AC: C3 
: (d) DF: FE; 8 Pl therefore GE=DF.. Therefore the 
mangles DEF, GEF, are mutually equilateral. (/ 
Therefore the angle D=G==A, and the angle FED 


Therefore, &c. ws 


x | 

; P R O P. VI. Fig. 40, 41. 
* riergls ABC, DEF have one angle B a/ to 
E, (A az DEF, and the fides about the equal angles B, 
G, U n : DE : EF) then thoſe triaz- 
B, M ABC, DEF, are tquiangular, and have thoſe angles equal, 
1 © | i ncder wwhich are ſubtended the homologous fides. | 
JE; At the fide EF make the angle FEG =B, and the 


le EFG=C; (a) then will the angle GSA. There- 

BF, ee GE: EF: : (5) AB: BC: : ( DE: EF, ( and 

= CEP <rcfore DE=GE: But the angle DEF () =B V 

Fr GEP; cherefore the angle D (g) =G =A, (3) and 

Conſequently the angle EF DC. Which was ts be 
fired. | 


F PROP, 


I 


zonal (AB: BC : : DE: EF, and AC: BC: : DF: EE, 


EG=B, and (g) conſequently the angle DFE=C. 


f 1638 
g 22. 5. 


4. 6. 
d vid. 21; 6. 


e 1. def. 6. 


The tb Book of | 
PRO . VII. Plate III. Fig. 43, 4 


f 
If two triangles ABC, DEF have one ang le A equ yofit 
one angle D, 2 1 the fides about the other angles A o re 
proportional (AB: BC: : DE: bp ) an 1 they have i 
remaining angles C, F, either both leſs or both greater th 

a right-angle ; then ſhall the triangles ABC, D Yy be en 
angular, and baue thoſe an les [ wwhic the, 1 
portional ſides are. "ia FM * * 70 
For, if it can be, let the angle ABC = E, s at 
make the angle ABG =E. Therefore, where L. 
angle A (a) =, (5): chene is the angle A GBH lic 
| Therefore AB :BG (c:: DE: EF :: AB: BC, om 
therefore BG BC; [F) n the angle Ger 
BCG. (g) Therefore B GC, or C, is leſs than 'a ing 
an . and (+) conſequently AGB or F is great than Fe 
: Therefore the angles Cand F are not of the ſa DE : 
ok or kind, which 1s againſt the a 5 G. 
PROP. vin. Fig. 4. 
IF a line AD 1 tht ri bt angle A He 
right-angled 88 155 eular. to * 1 7 
then the triangles on each a" 
cular, are ſimilar "a2; * ab whole, A 8 2 4% Dr 
another. . 
For becauſe BAC, ADB are (a) ri 8 a V, 
ſo equal, aud B common ; the trian gles B parts 
are like. By the fame way of arguing BAC, A 1 ht. 
are like; (%) whence alſo ADB, A. C * be | aw! 
Which was to be demonſtrated. e Fr 
here 

ry x 0, 
Hence, 1. BD, DA (5) 1: DA: DC. ” os 
2. BC: AC: AC: DC, and CB.: BA: : BA FR 

'PROP. . Fig. 46. 1 | 

7 

From a.right-line given AB 70 cut any * 
"as one eg. ) Y park N 
From the point A draw an i ' 


in which (a) 5 any three e 


join FB, to which from D. 5 a va « pic K Al 
and the. thing 4 15 4 nl 

| et” mew 1222 
4.6 4 4 1 L 


E Veri 5 #*s- Elements. 


For GB: AG: (e) FD: AD; whenee, by (u) com- 
yofttion, + AB : AG: : AF: AD; therefore fince ADñD 
ne third of AF, AG ſhall be == one third of AB. 
hich was to be . * 


| PROP. X. Pins Ill. Dig. 46. 


7, 0 Pr a N andere: ripht<line, AB (in F, G) 
s another given right-line is divided (in D, E.) 


x Let a right-line BC join the extremities of the line 
eeided, and of the line not divided; and parallel to this, 
on the points E, D, (a) draw EG, DF, meeting with 


he right-line which ” ty be cut in d and F; then the 
ing . done: 


74 or let DH be (a 1 parallel to AB. Then AD: 


27 : (6). AF: nd DE EC (6): DI IH: 1 iO 
Þ 85 : GB. Web's awas fo . 20 1 


Hits <p Py to ; is 3 "__ AB; ate as many 


mal parts 43 we 2 fuppo whicl will de more 
a e rformed - vi N 5 2 * 


„ and infinite alſo. Of theſe take equal parts, AR, RS, 


V., VN; and BZ, ZX, XT, TL; in each line leſs 
Q | arts by one, then are tequired in A B; then let the 
"x \'s>t-lines LR, TS, XV, ZN, be draym-; theſe lines ſo 
be wn ſhall cut the : right-line given AB into five equal 


arts. 

For RL, ST, VX. NZ, are (a } Fares therefore 
* AR, RS, SV, "VN are Ve c) thence AM, 
O, OP, PQ, are equal alſo, 11 e, becauſe that 
2 = ZX, therefore. is BP, and therefore AB 
cut into five equal parts, Which was to * done. 


e 0 r. xl. Fig. 48. 
Ts —_ being gives A AB, AD, a wy he « 
on to t 


bird in 


Join * wy from AB, (Pang produced, take BS 
WD. Throv gh C draw CE parallel to BD; with which 
Et AD | 3 meet in E; then is DE the Proportional 


Ln (a): AD: DB. Which uu to 
F 2 Or 


Drow an infinite line AD, and another BH. parallel to 


a 2. 6. 


84 


br. cor. 8.6. 


* 45. I. 


TO 
d 1. 6. 


© Il. 5. 


with Which let DG, 5e to H, meet. Then i 


g fore AE: FE: PE PEB. N woe to be hes 


twixt the two en of that diameter. 


0 BE : BC, 0 therefore, 


be foxth Book of. 
Or thus: make the angle BDA (Fig. 42.) right, | 


alle the un en then 0 BD : DA: : DI 


P R 0 P. XII. Fun III. Fig. 49 
Three rights being ing given DE, EF, DG, to find 


fourth 


Join r through F draw F H "WR to E. 


evident that DE: EF (a):: : GH. Which.» 
to be done. | T 


PROP. Kit Fig. 50. — 7 


Tawo right-lines Seine gives AE, EB, 7 1 4 1 


ional, EF. 
% pon the whole line A B, as a diameter, 2 


ſemicircle A F B, and from E erect a 

meeting with che peri hery in F, then AE: E= pe 
EB. For let AF an FB de draun; (a) chen froth! 
right- angle I. the right- angled triangle AFB. is dra 
a right - line rpendicular to Te baſe, (5) The 


„ Or, I 
+ ab a night. line drawn in a circle from ily pd 


; = 
« xs 


' of a diameter, perpendicular to that diameter, and pl 


duced to the circumference, is a mean proportional 


1 


R O. xIV. kx 94: | 


Equal Parallelagrams BD, Bp, having one ang 9 
equal to one EBG. have the fides which are aha the. 
angles reciprocal AB: BG : : EB: BC;) and thoſe ja 
lelograms BD, BY; which hawe, one angle ABC equal it 
EBG, and the A which are about the * angie | 

al, ars e, 

For let the ſides AB, BG, about the equal angles m 
one right-line z (a) wherefore EB, BC, meal do the ja 
Let FG, Is res till they meet. 

1. Hyp. AB: BG („: : BD: BH; : (6) BF 5 Wl 


* 


EvcrtiDes Elements. 
BD: BH: AB: BG: 
2 . Gb BF 


wk P : BH. (4) Therefore the Por. 
Lich <vas to be demonſtrated. 


PROP. XV. Plate III. Fig. 51. 


7 trian + having one 48 ABC, equal to one DBE, 
FE; are ahout the equal angles are reciprocal 
AB * 22 : DB : BC.) And thoſe triangles that have 
e angle ABC equal to one DBE, and have alfo Se 
bat are about the equal angle; reciprocal (AB : BE: : : DB: 
IC) are equa). 
Let the fides CB, BD, which are about the equal an- 
les be ſet in a ſtrait- line (a) therefore ABE 1 is & right- 
ne. Let CE be drawn. 
1. Hyp. AB: BE: : (6) the triangle ABC : CBR (e) 
triangle DBE: CBE: : 4) DB : BC; © therefore, & c. 
2. Hyp. The triangle ARC : CBE : "<p> BE: 
DB: BC (4): : the triangle DBE : E. (A) There- 
dre the triangle ABC=DBE. Which was to 0 demon- 
rated, 


IF four right-lines « are + pe rise, AB: FG: : EF: CB) 
be rectangle AC, comprebended _ the extremes AB, CB, 
equal | 5 the rectangle EG, comprehended under the means 

G, EF. WY br re AC, comprebended under the 
atremes AB, C to the — EG, compre- 


es proportional (AB : FG: : EF. CB. ) 

1. Hyp. The angles B and F are right, and 15 a) conſe - 
quently equal, 1 by hypotheſis AB : FG: : CB, 
957 3 the rectangle Ac EG. 


mw | . The retangle AC (e) =EG, and the angle 
: ty therefore AB z FG: : EF: CB. Which was 
# 7 W 8 


roll 


Hence it is eaſy to ap 
1 BC: given AB, EFRON AB: EF: 


— 


b; PROP, 


under the means "FG, EF, then are the four right- 


@ rectangle given EG to 2 
; 


a IE ax. 


b 14. 6. 
c Hp. 
d 14. 6. 


e 12. 6. 


; EFq ; (e) therefore 


HB: : EF: FD. 2) Therefore the Polygons ABHG, 
an 


be ſixth. Book of | 
PROP: XVI, Plate III. Hg. 32. 


a) I 
3 


If three right-lines are A EF: EF: M x 
the rectangle Al, made under the extremes AB, CR, is equi / 4) 
to the ſquare EG, made of the middle EF. And if the mtb 
angle A C, conprebendad ander the extremes: A B. QB, Me 
equal to the ſquare EG, made of the middle EE, then thi __ 
three lines are proportional; (AB: EF : + EE: CB.) WG © 

Take FU=EF. = 


1. Hyp. AB: EF: : (a) EE (FG): CB, therefore the 

rectangle AC (4)= EG (c)== E Fq. \ Jo 
2. Hyp. The r AC (4) = to the ſquare EG 
AB: EF: ; FG (EF) : RC. Whit 


Let AXB =Cq, then A: C:: C: B. 
"PROP, XVII. Ng. 53. 


Upon a right-line given AB, to deſcribe a right-lined fm 
2 1 alike fituate to 4 rigbt-lined un 


Reſolve the right - lined figure given into triangles ; (4 
Make the 221 D, [a) and the angle BAH 
DCF, (a) and the angle AHG= CFE, (a) and the angle 
HA G FCB, then AG HB, ſhall be the right,, 
figure ſought, | | | bait F * * v1 
For the angle B (5) =D, and the angle BAH (#5 
DCF, (c) wherefore the angle AHB = CFD; {6) al 
the angle HAG=FCE, and the angle AHG = 
CFE ; (c) wherefore the 5 G=E, and the Who 

and the whole 


Was to be demonſirated, | 


| 


angie GAINS = ECD, angle GAB (7 
==EFD. The Polygons, therefore are mutuallyequi 


uan« 
. Moreover becauſe the triangles are e a tar, 
therefore AB: BH fe): : CD: D 45 and AG . n ( 
: : CE: EF, Likewiſe AG; AH; ( CE : CF, an 
AH: AB: : CF-: CD. J) From whence by equality 
AG: AB:: CE: CD, After the ſame manner GH" 


CDFE are ſimilar and alike fituate. hich duas to be den 


SY. tis + - + wn MCD 
PROP. A Bigg r 
. JRIES um C4 EANPTTY MITT; ARC HI 


Like trigngles ABC, DEF, are in duplicate tb 
homologous fades, BC, EF 0 


». JS 


EUcL Ip E's Elements. 


(a) Let there be made BY: EF: : EF:BG, _ 
t AG be drawn. Becauſe that A B; DE (&): 


e Er (5): : EF : BG, and the angle B 
equal "(d) therefore is the triangle ABG = DE F. 
Tells if the triangle ABC: ABG: : (e) B C BG, and ( f2 
> 8 — twice; therefore nn that 1 1, ABC BC, \ BC 

7 z=EF ABG DEF EE 


ice. Which was. to be demonſtrated. 

4 | Coroll. 

Hence, If three right-lines (BC, EF, BG) are propor- 
nal, then as the firſt is to the third, ſo is a trian _ 
ade upon the firſt BC, to a triangle ſimilar and ali 


bed upon the ſecond EF, to a triangle fimilar pad 
ke deſcribed upon the third. 


PROP. XX. Plate III. Fig. 56, 57- 


en Like Polygons ABC DE, FGHIK, are divided into equal 
angles ABC, FGH, and ACD, FHI, and ADE, PIK; 


s; ( * qual in — By aud homologous to "the Twholes (ABC : ; 


H : ABCDE : FGHIK : : ACD : FHI: : ADE 
angle FIK Ad the Polygon, ABCD E, FGHIK, have 4 du- 
t-lined cate ratio one to the other of what one nr. A. BC 
| th to the other homolog ous fide GH. 

. 1 For the angle le B () G, and AB : 50 C0 70 
924 H. (3) Therefore the triangles ABC, FGH, are 
a After the ſame manner are the triangles AED, 

| fmilar. Since thereſore che angle BCA( GHF, 


D, CHI, and the whole angles CDE, HIK are (c) 
al, there remains the ACD (4) == FH, and the 


| | Therefore, c. 
gelbe, Fin BC 


=. HFI 
2 5 Hr twice; en Pre "Now where - 
b B CG Hl: :CD : 3 DR IK ; (4) 


mow the triangle BCA 1 aj : CAD HFT: : 
(&) : : the n ABCDE: FG 
7" ld * F 4 -- . Gorell, 


ſcribed upon the ſecond EF; or ſo is a triangle de: 


Uthe angle ADE (4) = FIK, and the whole angles | 

5 

5 0 le ADC = FIH; (e) from whence alſo the angle. 
Wo HPL, therefore tlie triangles ACD, FHL are 


2 Becauſe'the triangles B C A, G-HP are likes (f) 
— — Ef wie. Forthe ſame reaſon is QAD- 


88 


© 18, 6, 


_ The fixth Book f 


Gorell. 


1. Hence if there are three right-lines proportional, 
then as the firſt is to the third, ſo is a polygon mak 
upon the firſt to a polygon.made on the ſecond ſimila 
and alike deſcribed; or ſo is a polygon made upon the 
econd, to a polygon made on the third fimilar and alike 
deſeribed. | WA 

Hence ave have a method of inlarging or diminiftin 
any right-lined figure in a ratio given; For if you woult 
make a pentagon quintuple of what pentagon whered 
CD is the fide, then betwixt AB and 5 AB find out 
mean proportional, upon this raiſe a pentagon like y 


that given, and it ſhall be quintuple of the pentagu 


wen, 189 If 
* 2. Hence alſo, If the homologous ſides of like figuraf{-p 
be known, then will the proportion of the figures na 
evident, wiz. by finding out a third porportional. bend, 
| | | | mean 
PRO FP. XXI. Plate III. Fg. 58. * 
| Right-lined figures ABC, DIE, e are femilar to th E er 
fame right-lined figure HFG, are alſo ſimilar one to il” 1 
other. | * 

For the 1 7 A (a)—=H (a)=D; and the angle C (# * 
= G(a)—E ; and the angle B (2) = F (2) =I. MA 
(a) AB: AC:: HF: HG: DI: DE; and (a) AC: + 
CB : : HG: GF: : DE;: EI. And AB: BC: H 75 
FG: + DI: TE. Therefore (a) ABC, DIE, are fini * 

lar. Which"avas to be demonſtrated. ” 5 
PROP. XXII. Eg. 3. * Al 

If — ave yortional (AB: CD : : EF :GH 
the right-lined figures alſo deſcribed upon - them being © fimild 
and alike | fituate, ſhall be proportional (ABI: CDR: 

EM: GO.) And if the right» lined figures deſeribed uni £7: 

the lines, ſimilar and alike ſituate, be 1 (ABI? Rn 
CDK: EM. GO) ther the right-lines a/fo fall be proj 

tlonal (AB: CD ; EF GH.) hl — L 

Ti. AK... ES. 5 direc 

r. THR OB eee e a. 


twice. Therefore (4 AB De: EF: GH, Whit 
. awas ta be demonſirated, » 9 


) therefore ABI: CDK: : EM; GO. © : 
+ Hy. bree Pk (88 = GH, 


Ache. 


EvcL1D E's. Elements, 
1 | Schol. 


Hence is deduced the manner and reaſon of multiplying 
ird quantities, ex. . Let /; be to be — into 
v/ 3- 1 fay chat t « product will be v 15. For by the 
definition of multiplication it ought to be, as 1: / 3 
* y 5, tothe product. Therefore by this q- 1: q. 
g 5:9 " of the eodaft That is, 1:3: : 5, to the 
ſquare of the 3 therefore the ſquare of the product 
is 15. Wherefore / 15 is the product of / 3 into 
5. Which was to 25 demonſtrated. g 


THEOREM Plate III. Fig. 50. 


If aright-line AB be cut any-wiſe in E, the rectangle 
comprebeuded under the parts AE, EB, is a mean propor- 
tional betwixt their ſquares. Likewiſe the rectangle compre- 
hended under the wwhole AB, and one part AE, or EB is a 
mean proportional betwixt the ſquare of the whole AB and 
the ſquare of the ſaid part, AE, or EB, 

Upon the diameter A * deſcribe a ſemicircle ; from 
Eere& a perpenpicular EF, meeting with the periphe- 
ry in F, join AF, BF. 
| 2 a ws that AE: EF (a): : EF : EB, (5) therefore 

:EFq.j::EFq : EBq. (c) that is, AEq : AEB :: 
Ard. EBa. WSici adds be be demonſtrated. ) 

Moreover BA : AF : 4) AF : AE, (e) therefore BA. 
AFq: : AFq.: Fo 7 4 bra 'BAq* BAE: : BAE: 
AEq. After the ſame manner ABq.: ABE: : ABE: 
Bl.  Which' was to be _— | 

95 thus: ſuppoſe L= yi It is 1 * Ag. | 

:(a)A:F: Fq. alſo a) 
22 xo ZA: ble 242 ZE: (a) Z: "Zi q- 


"PROP. xxnI. Fig. 34 


Enicaralin parallelogramAC;BE, * the ratio one to the 
AC AB BC 
other, aubich is compounded of their fides. (57 — TAE 


Let the ſides 28 ual angles, B be 9 be in 2 
direct line, and let the Pgr. BH be complea Then is 
60 A AC BH AB BC 


| vein of He PC = A1 — 
TY wu 70 be RO ns. 


Whid ann Corll, 


Pet. Heri. 


a cor. 8.5. 
b 22. 6. 
C 17. 6. 
d cor. 8. 6. 
e 22. 6. 


f 17. 6. 


a 1. 6. 


2 {eb.-x9. | 


bao 5 
68. * 


_— The fixth Book of 
Corel l. Plate III. Fig. 61. 


Hence, and from I. it appears, . That eri les 
= 15.5 which have one 95 e 41 (as at Gy ba a ratio cos int 
ed of the ratio's of the? right-lines, (A to B, and C to F, 
containing the equal an on 
® 28. 1. 2. That all tongs and * USE; - all paralle- 
2 have their ratio one to the other compounded of 
the ratio's of baſe to baſe, and altitude to altitude. Aﬀer 
the like manner you may argue in triangles. 
3. From hence is apparent how to give the proportion 
of triangles and parallelograms. 
Let there be Ry Pgrs. X and Z, whoſe baſes are AC, 
_ Cg, and altitudes CL, CF. Make CL : CF: :CB: 0, 
244-6: then will it be X: Z : AC: O. 
. | 


P RO p. XXIV. Fig. 55. 


In every parallelogram ABCD, the parallelograms EG, 
HE, which are about the diameter AC, are © like. to_the 
«whole, and alſa one to the other. 
For the Pgrs. EG, HF, have each of them one an- 
® 29: 1. gle common with the whole ; (s) therefore they are equi- 
an to the whole, and alſo one to the N 
Alſo the triangles ABC, AEI, IHC (a) and the trian 
© gles ADC, AGI, IFC are equiangular mutually ; 1260 
b 4. 6. therefore AE: i. : AB: BC, and (4) AE: Al: : AB; 
a2. 5. AC, and (3) AI: AG:: AC: : AD, 6 Therefore by e- 
d 1. af. 6, quality, AE: AG : AB: : AD. (4) Therefore 1 
EG, BD are fimilar, After the fame manner are 
BD fimilar alfo. DRE S4 


PROP. XXV. 


Unto the right-lined Arie ven AB | DC, to deſeribe am- 
2 figure P, fmilar and Atnate, _— alan be 
qual to 2 gbt-lined figure. N 


a 45-1, 9 Make the rectangle AL BED C, (Y al 
b 1. BL make the r BMU=P; berwixt AB und 

e 13. 6. (e) find out a mean pro NO; (e) upon NO: 1 
d 18. 6. make the N gon > imilar o the right-lined figu 
r given ABE 1 fay che pohygen F To made, 

f1. D equal to F, that was given. 

814-5 For ABEDC (AL): P: : AB: BH: (F) AL: ol 


Therefore P x BM {þ) SF. Which was to be 
done. (8/7 (4) PROP. 


E ue LIDE’ Elements. gr 


PROP. XXVI. Plate III. Fig. 60. 


11 If from the parallelogram ABCD, be taken away anc- 
ber parallelogram AGFE, ſimilar to the whole, and alike 
ſtuate, having alſo an augle EAG common with it; 
hen 'is that parallelogram about the ſame diagonal AC 
ith the whole. _ 

If you deny AC to be the common diagonal, then let 
HC be it, cutting EF in H, and let HI be drawn paral- 6 : 
ll to AE. Then are the Pgrs. EI, DB, (a) ſimilar; (5) 4 24 , 
herefore AE: EH: : AD: DC: : (c AE: EF, and (4) 


* onſequently EH EF. (/) Which is abſurd. o_ 
O, | ; 
P R O p. XXVII. Plate IV. Fig. 1. a tg. 4. 
Of all parallehgrams AD, AG, applied to the ſame 
ou A'B, and wanting in figure by the 2 
G, prams CE, KI, fimilar and alike ſituatb lo the Pgr. AD, 
the hich is deſcribed upon the half line, the greateſt. is that 
D, which is applied to the half line being like to the 
m- efet KI, 3 E 
j- For becauſe that GE fa) equal GC, if KI which is à 43. 1. 
er. ommon_ be added, (5) then is KE =CI (cY= AM; b 2. ar. 5 
m- add CG which is common, (4) then is AG — to the c 36. 1, 


nomon MBL.; (e) but the Gnomon MBL—=CB (AD) d 2. ax. . 
herefore AG 3 AD. Which was to be demonſtrated. e q. ax. 


P R O P. XXVIIE Fig. 2. 


To a right-line given AB, to apply a paralletogrant AP, 

qual to a right-lined figure given C, deficient by à parallelu- 

pram ZR, which is familar to another parallehogram_ given 

D,“ but it is neceſſary. that the right-lined figure given C,to *® 27. 6. 
ich the Pgr. to be applied AP muſt be equal, be not grea- 

er than: the Por. AF, which is applied to half the line, fince 

be defect. both of AF, 'ubich is apply'd to half the line, and 

of + the parellelogram ta be applied, nuft be fimilar. © 


OF 


00 e& AB in R; upon EB(a) make the Ppr. EG like 
9 9 the Per. D; and (Hh let EBG CAI. (c) Make the 
— gr. Ni I, and like to the Pgr. given D, or EG; draw 
„ = diameter FER; Make FO = KN, and FQ=KT ; 


bro? O and Q draw- the parallels SR „Ihen ts 


=> 


For 


. 
Y K 
* 
* 
=- 


| 4 oof. & 
24. 6. 

e conſtr. 

f 3. ax. 


2. AXs 


b 43. 1- 


222 
fs 
36.1. 
15 1. 
2 


211. 2. 


b . 6. 


| a cor. 8. 6. 
p cor. 20. 


OB 14-'5- 


FL 


i 14 8 


one to the other, and the Pgr. EG (e NTC =S 
OC; (F) wherefore a = 
| =AO-PG==(b) AO-EP=AP. Which was to be dm 


like to the given one 
IH; and (c) "EGM=IK. Thro' L, M, draw the pati 
lels MN and RN; and AR parallel to NM. Produc 
the parallelograms required. 

therefore the Pgr. OP is fimilar to the Pgr. LM, or | 


. = to the 2 EN 


ad mean ratio (AB: AG : ob GB. 


6. BF; : DC: CB, 


The ſixth Book of © 
For the Pgrs. D, EG, at, ZR, are all /d) ſimilyfi 


to the Gnomon OB (z 


PROP. XXIX. Plate IV. Fig 3. 


1. a rig he- line given A B, to apply a parallelegral 
equal to a right-lined figure given C, exceeding 6 oi 
2 which fall be like to another Pgr. given : 
iſo ABin E. Upon EB (a) make a Pgr. EG ke i 
the given one D, and Q let the Pgr. HE=EG dM 
or to EG. Make F La 6 


ABP, GBO ; draw the diameter FBN. Then is Al 
For the Pers. D, HK, LM, EG, are (4) ſimilar ; (/ 
Alſo LM ( SHk ( = EG Therefore 
A Bos AL @ == LB (4) = 

' BM; ; (7) therefore C = AN. Which wat to be done. 


PRO P. XXX. N. 5. 
To cut @ finite right-line AB, according to extren 


(a) Cut AB in G, in ſuch wile that A xBG==AGq.( 
Then BA: AG:: AG : GB: Which aua to be date. 


PROP. XXXI.- Fig. 6. 


I right-angled triangles BAC, any ff BF deſerit 
xpon the 4 C, ſubtending the gb 25 equi 
to the figures BG, AL, which are fimilar and alile fitu# 
to the Former BE, at gt: 8 BR Al 
containing the right-angle. 
| From the right-an 71 BACle fall the 
AD. Becauſe DC: : (a) CA : CB, 


re Al 
Ale becauſe DB: BA: : (055 
C. () therefore BG : BF + : DB : BC (e) therefo! 
AL » BG : BF : : DC DB (BC) : BC. 2 Thereſ 
AL +BG = BF. Which war to * 
oo thus: BG : BF: (4) BA And 40 Al 
Ad: BCq, (F) __ Y B AL: 4 
N Cg. (C Therefore Whereas BA. 


504. (5) is BG+AL=BF. W 4 
to ＋ demonſtrated. Cari 


_ — r  Av.4 e 


„„ 
11 „ = 0 0 


+ „„ 3 


- were „ eva 
» 


. 
# 


4 . 44 * 
„ „% „ . Apron» ——— — 4 
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From this pro may learn how to add 
or ſubtract any like 8 by the ſame method that 


is uſed in adding and ſubtracting of * in Scbol. % 5 6 
47+ 3+ 


PROP. XXXII. Plate IV. Fig. 4. 


If two triaugles ABC, DCE == Bp fides propor- 
og to tau (AB : AC: DC. DE) be Jo compounded or 
ether at one angle ACD, - that 15 Hart 
are * o parallel ( AB 7 to DC, and AC to DE,) then the re- 
maining fides of thoſe triangles (B C, CE) all be found 
placed in one * ine. * 
For * 8 e A (a)= ACD (a)= D, and AB: AC b 4p 
(b): : E. "% therefore the angle B=DCUCE., . 7; 
T 1 che angle B+ B-+A (4) = AGE om: the angle 
A+A ) = 2 right, (/) therefore the angle ACE 
. right; 77 AYE BCE is a 3 SY. Kong 
Which was to bs IS N N 


P R OP. xXXIII. Fig. 7, 8. 


In equal circles DBCA, HFGP, the er BDC, FHG, 
have the ſame ratio with the „FEG, on wbich 
they Hand; whether the an vles be fet at the centers (as BDC, 

FHG) or at the circumferences, A, E: And ſo likewiſe 
bave the Sectors BDC, FHG. 

Draw the ri ht-lines BC, FG. Make CI CB, and 
GL = FG = „ and join DI, HL, HP. 

The arch BC (Cl, (a) alſo the arches FG, GL, LP, 2 28. 3. 
are equal; (6) therefore the angle BDC Cl, (5) and the b 27: 3. 
angle FHG=GHL=LHP, Therefore the arch BI is 
the ſame multiple of the arch EC, as the- angle BDI is 
of the an gle BDC. And in like manner is the arch FP, 
the ſame mut le of the arch FG, as the angle | FHP is of 
the angle FH But if the arch BI , =, = FP, 

(c) then likewiſe is the angle BDI, =, aFHP. e 27. 3. 
T 8 Rene?” FG: the angle BDC: FHG - 46. %. 
F 


CEE OW, A: E. Which duns to be dem. f 20.3» 


2 . 
Moreover, * angle BMC ( II; (4) and "TY 24. 3» 
fore the ſegment BC M=C I 10 9 Alſo the trian 4 Kk 4. 1. 
ech, Y wherefore the . 12. ar. 


ue. ſaib Book of © 


After the ſame manner are the ſectors FH G, G Hl, 
L H P equal one to the other. Therefore ſince xc. 
cordingly as the arch BI c, , 2 F GP, si 
likewiſe the ſector BDI c, = FH; () then 


m 6. defi. ge it will be as the ſeftor BO PHG: : the arch b C. 0 


Which was to be demonſtrated. 


1. Hence, At fefor (a) is to ſofter, fo is 0 7 ang, 
2. The angle BDC ia the center, is to four gn 
-gles, ac tbe arch B C, or which it flands,” to thenubll 
ciremmference. 

For as the angle BDC is: to'2 5 ets, wh 
arch BC to a quadrant. Therefore BD is to ſou 
right-angles, as the arch BC is to four s; that 
is, to the whole circumference. Alſo, as the angle A: 
2 right: : the arch BC: periphery. 

a. Hence, the arched IL, BC, (Fig. 0) of abba 
ewhich ſubrend equal angles, whether at the. e as 14. 
and BAC, or at F beriphery, are A. I 

For I L : periph. : angle IAL(BAC): 4 395 
Alſo, Arch BD ; periph. - : : angle BAC: 4 right. Then- 
fore IL : periph. : BC: periph. And conſequently 
the arches IL and BC ars ar. Whence 

4. Teo ſemidiameters AB, AC, cut of His rale Th, 
N concen yoriphvios. ah A 
4 n Av <2 % ko * 
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Doluinons 


Nity is that; by which overy thing that is, 
is called One. 
II. Number is a multitude compoſed of 
PD. ** * ten 

III. Part is under &f u camber; 4 of ib 
greater, when the. leſſer meaſureth the | 

Every" part it denomtinated from the "by eobjc it 
meaſures the number whereof is is a part; 2 called the 
third part of 12, becauſe it muaſures 12 by 3 

IV. But when the leſſer number does not menſure 
the greater, then the leſſer * call d, not a "BY but 
parts of the greater. 

All parts evi Saks tauo num- 
bers, by aubich te great common meaſure f the two num- 
bers. es each f thew'; as 10 is ſaid to be two thirds of 


Fo VI. An even number is that TE bedirided 
ino wo equal parts.) © 

uy VII. But an odd ee which casndt be di- 
my rided into tus nnn 


an even number by unity. 


VIII. A number even, is that whictt un even 
os number meaſureth by an even number. 
07S N But a number evenly odd, is that which an even 
1 number meaſureth by an odd number. 
* X. A number only od e which an dd 
A4 under meaſureth by an number. * 
ik | XI, 


The foventh Book of 
XI. A prime (or firſt) number. is that which is mes third 
fured only b unity. A2 4 
XII. N prime the one to the other, are ſuch 
as only unity doth meaſure, being their common meaſure. 
XIII. A compoſed number 1 is that — ſome certain 
number męaſureth. 7 
XIV. Numbers compoſed the one to the er, 1 
thoſe, which ſome number, being a common — 
to them both, doth meaſure. 
3 and the preceding de anily if a n- 


XV. One number is ſaid to multiply another when 
the number multiplied is ſo often added to it ſelf, a 
there are units in the number multiplying, and another 


2 every. multiplication unity is to the! 
| as the multiplicand is to to the: produtt. my, i 


Obſ. That many times, wvhen any / numbers 

multiplied (as A into B) the — of the 

9 * ABWAXY, ms WIT . 
XVI. When two . lying themſelves 

produce another, the number produced is _ a 


plane numb; and the. numbers — multi 
I. > r J=6 


== CD is @ plane number. 
WII. But when three numbers 

and the numbers . multiplying "40 
one another, are called the fides thereof: 80 2 (0 0 


N A eh 


. 
S 


ing 


— 
>< 


"FOYER AYE 


Tr 
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third meaſutes the fourth, equally : and wice,wer/a. - Ss 
$33: 6: 1 Meri $59: $218 til; 

XXI. Like plane, and lid numbers, are thoſe: which 
have their ſides proportional: Namely, not all the fades, 
but ſome- * F | n | 

Il A perfect Number is that which is equal to 
its own parts. ©. A TT 

As 6, and 28. But a number that is leſs than it's parts 
is called an Abounding number, and one which is great- 
r, a Diminutive: / 12 75 an abounding, 15, a diminutive 


XXIII. One number is ſaid to meaſure another, by a 
third number, which when it either multiplies, or is 
multiplied by the meaſuring number, produces the num- 
ber meaſured; © 1 1 54a 1 

In Diviſion, unity is fo the quotient, as the, diviſor is to 
the broidena... Note, that a number placed under another 


TI , 
with a line between them, fegnifies K Yorgs A di- 


_ OT 1 


Thoſe two numbers are called the Terus or Roots gf 
a Proportion, than which leſſer cannot be found in the 
lame proportion. | 


ow Poſlulates, or Petitions; 2 
1 


Hat numbers equal or multiple to any number 
may be taken at pleaſure. 

2. That a number greater than any other whatſoever 
may be taken. 1 * | 
3. That Addition, Subtraction, Myltigheation, Di- 
non, and the Extractions of Roots or fides of {quars 
and cube numbers, be alſo. granted as poſſible. 


* =y - Y 
Axioms. 


4 TILL 


numbers, agrees likewiſe with the reſt. 
2. Thoſe parts that are the ſame to the ſame part, or 
parts, are the ſame"aniong themſelves, _ 


1, Weener agrees with one of many equal 7 


Eibe, of the ſame number, are equal among them- 


G 


3. Numbers that are the ſame parts of equal num- | 
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4+ Thoſe en of which the ſame. number g 
equal numbers, are the ſame parts, are equal amongl 
themſelves, | | 
F.: Unity meaſures every number by the units tha 
are in it, that is, by the ſame number. 

6. Every number meaſures it ſelf by unity, | 
7. If one number multiplying another, produces ; 
third, the multiplier ſhall meaſure the product by the to fit 
multiplied ; and the multiplied ſhall meaſure the ſam (onene 


by the multipler. T 
Hence, Ne prime number is bd "« plane, ſolid, 7 EE 
er cube number. that 


8; If one number meaſures another, that nambes U rema 
which it meaſureth ſhall meaſure the fame by the un reſid 
that are in the number meaſuring, that is, by the nun- ber ( 
ber it ſelf that meaſures. fore 
9. If a number meaſuring another, multiply that h meaſ 
which it mexfureth, or be multiplied by it, it proc Fo 
ceth the number which it meaſureth. ' (e) 
10 How em bers ſoever any number meaſureh E; 
it likewiſe meaſureth the numbers compoſed of them. | 
11. If a number meaſures any number, it alſo; me be thi 
ſareth every number which the ſaid number meaſureth. G m 
12. A number that meaſures the whole and a me and t. 


ken away; doth alfo meaſure the reſidue, the re 
PFROP. 1 
| NG 2 
A. - E.. G. B56 F 3 Two m_ = Fe 
Gy —5 D. 3 + CD, being given, if ab alſo x 


CD, be continually taktn fra 
the greater AB (and thi wp 
or 1 CD, &c.) by an abate fubtrattion,, 
remaining never meaſures the precedent, 
GB be taken ; hes ave the e, ve ca; 
- CD, prime the one to the other. 
If you deny it; let AB, CD, have'a common meal 
el the number II; therefore H meaſuring CD, e 
4 11. ax. 7» (a) al - meaſure AE ; and (5) conſequently the rem 
EB ; (a) therefore it likewiſe meaſures CF, DO 
b 12. ax. 7. remainder ly therefore it alſo meaſures 
it meaſured the whole EB, and (5) therefore it mul we 
ſure that which remaineth GB, that 38, a number n 
c 9. ax. 1. _ ow unity, 9: 1 4 is ab. | 


- \ . 31 ; 4 
0 elle «275 $53» — w 3 a7 = 4 S 0 


* 


PRO! 


NA WS x 
EvcLipz's Elements, 


PROP. IL, 


CD ei ven, not 2922 E24 5 1 
TY; the other, — i q 4 


to find out their gr _ ht "== 4 £14 
common meaſure G --- 

Take the leſſer 83 CD from the greater AB as 
oſten as you can. If nothing remains, (a) it is manifeſt 
that CD is the greateſt common meafure. But if there 
remains ſomething. (as EB) then take it out of CD, and the 
reſidue FD out o EB, and ſo forward till ſome num- 
ber (FD) meaſure the ſaid EB, (5) for this will be, be- 
5 _ come to nog FD fhalt be the greateſt common 


[For ED. < meaſures BB 890% 4) therefore alſo CF; and 


329 way the ke C erefore likewiſe 
ſo meaſures the whole TH ore it is e- 


5 "while FD is a'common meaſure, If yoa deny it to 
be the greateſt, let there be a greater (G) ; then whereas 
G medſareth CD, it 4) muſt Hkewiſe meaſure Ak, 2 
ad the refidye EB, (H ab flo CF, e) and b 2 conſequen 


the reſidue * 22 Li, grearerthe leſs. ( 9 th is abſurd. 
Coroll. 


Hence, a number that meaſures two numbers, does 
alſo meaſure their * common meaſure. 


10 


P R O P. II. | 
Three * being given, A, B, ** 1. 
C. net. prime one to-the other, to fad ont... B 8 
their greateſt common. meaſure E. | D.... 4 
Find out D, the greateſt common. 8 
meaſure of che two numbers A, B. . 


If D meaſures C the third, it is WE ; 


will be — r 
, of the Pro 
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For E (s) 3 C and D, and D mene A and B; 
1 E. pages each of the numbers A, B, C: 
neither ſh greater (E) meaſure them; for if you 
affirm that, (c ); er F F meaſuring A and B, does likewiſe 
meaſure D their greateſt common meaſure ; and in like 
manner, F meaſuring D and C, does alſo menlure E * 
their greateſt — 2 meaſure, (4 / the IN * , 


(e) N ä fl 
| L c A 491250 


Hence, a - de that meaſures tithe r don 


< © 


410 meaſure their * common meaſure. a mY date 


A . 6 i Ree? OY Oda 78 
. | | greater B either @ part or parts, 

K ig" If A and B be prime to, one ano. 
R. 9 ++ ther, (a) A ſhall be as many parts of 


che number B, as there are unit 
in A (as 6=7 5651 But if A meaſures B, it is (I) plain 
that A is a of B (as 6=£+ of 18.) Laſtly, if A andB 
be otherwiſe compoſed to one another, the greateſt 
common meaſure ſhall determine. how many parts A 
does contain of B; as 6 of 9. 


n 07 pighbgape Ayo: © call 
10 7&DAT HO ts 1 | i 5, 5 55 0 
11 NE D....4 
6 6 4 i 4 
B. 2 69 „„ G. 5 6 „„ 4 1 E.. „* Arn. * 


Is ie a part of @ number BC, e 
number D the ſame part 5 number EF; then 2 
the numbers together (A ſhall by the ' ſame part 
the —_— to pether 0 1 3 ind 


one 

For if BC Sy reſolved into its BG, G0. equal 
to A; and EF alſo into nt N EH, HF, equal to D. 
(a) the number of parts ſhall be equal to the num- 
ber of parts in EF; F Therefore ſince AED (4) .=BG+ 


EH HF, thence AD ſhall be as often in 50 
EF, as A is in BC. Hi was to.be demonfirattd. 4 b 
nin 

0 


„ 
8 
= 


Evcri1pd?2's Elements. 


| * 7 | 
Or thus. Let a= , and b, then (c) 2a ax, and 


| | 2 2 
2 b =y, therefore 2 a- hz b = x þ y, therefore a be 


— Which was to be demonſtrated. 


"PROP. VI. 


If a number AB be 3 3 1 
tarts of a number C, A. ., G. B6 D. . H. . E 
and another number DE C....... „F. . b2 
the ſame parts of ano- 
ther number F; then both numbers together AB4-DE ball 
be of bath numbers together CTF the ſame parts, that one 
mimber AB is of one number C. 


parts DH, HE. The number of parts in both AB, DE, 
15 equal by ſuppoſition ; ſince then AG (a) is the ſame part 
of the number C, that DH is of the number F, A 

DH (e) ſhall be the ſame part of the compounded num- 
ber CTF, that one number AG is of one number C. 
(0% In like manner GB- EHE is the ſame part of the ſaid 
CAF, that one number GB is of one number C. (c) 
Therefore AB -. DE is the ſame parts of C F, that 
AB is of C. Which was to be demonſirated, 


then, becauſe 3 a=2 x, and 3 be z, is 3 a+ 3b= 
2x +2y = 2g, therefore a+ b=4 g =} xy. 


PROP. VII. 
If a number AB be 85 5 Ha 
the dart of a A... E. .. B. 8 
e a 6 8 


part taken away A E ee eee b 22 D 16 
| oe gal the © fidue EB be the 6 of the refi 

3 1 the re 4 ame t of the re- 
4 BD 4 the el, AB i: of the whole OD. | 
(a) Let EB be the ſame of the number GC that 
AB is of CD, or AE of CF, (5) therefore AE-J-EB is 
the ſame of CF4-GC that AE is of CPF, or AB 
of CD; (c) therefore GF=CD. Take away CF com- 
mon to both, and (4) there 1. GC=zFD. („) Where- 

G3 | 


Divide AB into its parts AG, GB; and DE into its 


Or thus. Let a x, and b y, and x-þ y =g, 
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fore EB is the ſame part of the refidue FD (GC) that the 
whole AB is of the whole CD. Which was to be dem. 

Or thus. Let a bx; and c 4d==y ; and x =3y, 
in like manner as a= 3c; I ſay bz d. / For 3 C-þ 
n e ab, take away from both 22 
a, and there remains 3 d b. Which was to be dem. 


PROP. VIII. 


8 2 Fs in a number AB 
A. . . . H. G.. * L.. B 16 there be 88 parts of 
18 6 a number CD, that a 

C va v6$$0000000$0*55 F.. 24 part taken away AE, ts 


CF; be ne af 1 h þ 7 — 
t 0 e the Jame of the re 
FD, ; the rf 56 AB i the whole C 5. 4 

Divide AB into AG, GB , parts of the number CD; 
alſo AE into AH, HE, of the number CF 3 and 
take GL=AH=HE, Tran HG SEL. And 
becauſe (3) AG=GB, (c) therefore HG==LB. Now 
whereas the whole AG is the ſame part of the whole 
CD that the part taken away AH is of the part taken 
away CF, (a) the refidue HG or EL fhal! be the ſame 
part alſo of the reſidue FD that AG is of CD. In like 
manner, becauſe GB is the ſame part of the whole CD, 
that HE or GL are of CF, (4) therefore the refidue EB 
ſhaft be the fame * of the reſidue FD that GB is of 
the whole CD. Therefore EL4-LB (EB) is the ſ 

of the refidue FD; that the whole AB is of 
whole CD. Whith was to be demonſtrated. 

Or thus more eafily. Let a 4b == x, und c 4agap ys 
Alſo y=4} x as well as c = } a; or, (e) which is _ 
3y =2x; and 3©C=2a. Ifayd==+4b. For z 
3400 2 x V AK (z) Therefore 11 
=2 a+ take away from each 3 c (4) — 2 a, 
there remains 3 d b; (/) therefore d = } b. 
bat to be 2 


PROP. N. 


Wi 


£7 2 dr 215 


* * 5 | 55 the : 
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A is ſuppoſed D, therefore let BG, GC, and EH, 
HF, parts of the numbers BC, EF be equal ; BG and 
s Cto A; and EH, HF to D. The multitude of Fe 


js put equal in both, But it is clear that BG is (a . 
ſame part or parts of EH, that GC is of HF; ; (5) where= c 4. 7. 
fore BC (BG + GC) is the ſame part or parts of BF p 5 or G. 7. 
EH4-HF) that BG alone (A) is of EH alone (D.) 


= 5 


hich abas to be demonſtrated. 

* Or thus. Let e and 

4 e oi 155. 

L *c=d, then — = —— | | 

2 b. 

lur 

); 1 R O P. X. 

nd | a 
If a number AB be parts ef A. . G. *. 

- number C, Fre . 2999533 4 


ber DE the ſame parts F ano- + 
le her word N D. 7705 1 „E 10 


ately, what parts or part the ᷣꝶFTIT ence coupe 15 

k NAB 15 of the third DE, 

5. be ſame parts or part ſhall the ſecond C be of the fourth F. 

at, AR is taken 5 DE, and C DF. Let AG, GB, 

and DH, HE, be parts of the numbers C and E, vis. as 

#7 any in AB as in DE. Tt is manifeſt that AG is the 

. lame part of C, that DH is of F; (a) whence alternately a 
G is of DH, and likewiſe GB of and (5) ſo con- b 

jointly AB of DE the ſame part, or parts, that C is of F. 


J. bich was to be demonſtrated. 
me 2b 2d 
+ Or thus. Let a ==, and . or 3a 22 b, p 
| Hot 
6.26 2 d 


nd 3 c = ad. Then is — xz = = == 
a 3 2b b. 


PROP. XI. 


. If a part taken away AE be $558 
YER n 
e ole AB is ta the whole 8 

CD, flat cls EB Bal be 5. be D 14. 
5 * aubols . 


e 


AB is 70 the hel, CD 


G 4 Pak, 
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a 4. 7. Firſt, let AB be CD; (a) then AB is either a D 

b 20. def. 7. or parts of the number CD; and likewiſe AE is (6) the WW i» 

c 7, er 8.7, ſame part or parts of CE; (e] therefore the reſidue I For 
is the ſame part or parts of the reſidue FD that the A: D 


whole AB is of the whole CD, () and ſo AB: CD : : EBB Mutat 
: FB. But if ABbe c= CD, then according to what i 
already ſhewn, will CD: AB: : FD: EB, therefore by 
inverſion AB: CD:: EB: FD, WWD. | 


PROP, XI, 


A; 4: . If there be numbers, how may 
B, 8. D,4. F, 6. forever, proportional (A:B: :C: 
D:: E; F;) then as one of th 
antecedents A is to one of the conſequents B, ſo ſhall all the a 
tecedents (ACE) be to all the I (BDF. 
Firſt, let A, C, E, be — B, D, F; then, becauf 
of the ſame proportions, (a) ſhall A be the ſame part q 
parts of B that Cis of D; (5) and likewiſe n Az 
C ſhall be the fame part or parts of B, that A alone 
is of B alone. In the like manner A-þ-C-+E is the fame 
part or parts of BDF that A is of B. (c) Therefor 
A-LC-E BDF: : A: B. But if A, C, E, be pa 
greater than B, D, F, the ſame ching may be ſhewn by 
inverſion, W.W.D. by 


PROP.. XIII, 
| 1 þ6 | . — | atel: 
A,3. C., 4. If there be four numbers proper hn 
B, 9. D, 12. (A: B:: C: D) Sen alternately th n 

* 1 Jul alſo be proportional, (A : C. By 
Firſt, let A and © be - Band D, and A — C. Bf 
reaſon of the fame proportion 5 A ſhall be the ſame 
part or parts of B, that C is of D. () Therefore alter If, 
nately A is the ſame part or 2p of C, that B is of D; Wh; 
and ſo A: C:: B: D. But if Abe g C, and A and ers | 
ſuppoſed tc B and D, it will come to the ſame thing ed 
by inverting the proportions. V. V. D. 0 
1 „ foer Fe 
P R O P. XIV. | : A 
„„ | ._ + Dal 
A, 9, D, 6f. V there be numbers, how, many foe Wb as 
B, 6. E, 4. A; B, C, and as many more equal 4 
C. 


O, 3. F, 2. them in number, which may be 7 
a tevo and two in the ſame proportion ( 


= q * 


EvcL1D E's: Elements; 105 


D: E and B: C:: E: F ;) they hall alſo by equality, 
e in the ſame proportion (A: C: D: F 

For becauſe A: B:: D; E, (a) therefore alternately is a 13. 7. 
: D: : B: E:: (a) C: F; (a) therefore again, by per- 

mutation, A: C:: D: F. Which was to be demon- 

rated, | | Jr \ | | 


PROP. XV. 
If an unite meaſure any number 1. 1 
B, and another number D equally B. . . 3. E. ö. 


meaſure ſome other number E; alter- * 

mately alſo ſhall an unite meaſure the third number D, as 

Nen as the ſecond B doth the fourth E. 

For ſeeing 1 is the ſame part of B, that Dis of E; 

a) therefore alternately ſhall 1 be the ſame part of D, ag.7. 
hat B is of E. Which was tobe demonſtrated. 


P R OP. XVI. 

If tao numbers A, By mutually B, 4. A, 3. 
ultiplyin them Iven, produce any A, Jo B, 4+ 
numbers IB, BA. ; the numbers pro- AB, 12. BA, 12. 
uced AB, and BA, Gall be equal 

be one to the other. 

For becauſe AB = A x B, (a) therefore ſhall 1 be as 2 1577. 
ten in A, as B in AB, (5) and by conſequence alter- b 15.7. 
ately 1 ſhall be as often in E as A in AB. But becauſe 
x A, (a) therefore ſhall i be as often in B, as 

in BA, therefore as often as 1 is in AB, ſo often is 1 
Hy and (e) ſo ABSBA. Which was to be demon- c , ax. 7. 
ated 


PROP. XVII 


Ifa number A multiplying two A, 3. 

unbers B, C, produce other num- Ba 8-7 Cons 

ers AB, AC} the numbers pro» AB,6. AC, 12. 

ed of them ſhall be in 0 AY | 

Portion that the numbers multiplied are. (AB: AC:: B:C.) > 
For fince AB==A X'B ( therefore ſhall 1 be as often 415. 4%½7 
nA as B in AB. (a) Likewiſe becauſe AC=A xC- 3 
hall 1 be as often in A, as C in AC, and fo alſo 8 
925 often in AB as C in AC ; (6): wherefore B: AB:: b 20.&f.7. 
: AC, (e) and therefore alſo alternately B: C:: AB: c 13. 7- 
Which was to be demonſirated, 


= 


ROP- 


2 16. 7. 
b 17. 7. 


C, To WW; To FJ t yo numbers AB, multiphin 
AC, 15. BC, 45. bers AC, BC; the numbers fur 


. The ſeventh Book of 


PROP. XVIII. 
| ＋ th 
tion ( 
Haine. 
equal 
dale 


taine, 


A, Zo B, 9. any number C, produce other num 


duced of them ſhall be S 2 = 
* that the numbers multiplied are. (A: B:; AC; 


For (a) AC=CA, and BC (a) = CB ; ſo the ſameC 
multiplying A and B produceth AC and BC; ; (6) there 
fore A: B:: AC: BC. Which was to be demonſtrated 


Scbol. 


Hence is deduced the vulgar manner of reducing 
1 8 3.) to the ſame r For mul- 
tiply 9 1 and 5, and they uce 37 =11 
becauſe by this Zig :27: 45. Likewiſe multiply 5 59 
7 es 44233 —_— 7 * 35 545 


PROP. XIX. 


A, 4. 13.5 ©, 3 p. 18. If chore be founguni 
produced of the firſt to BE wage, 15 

ea of t is equal to the realm 
or number «vhich ah 222 and third — 
And if the x1 thy ch is I the fir and foul 


(AD) be equal to that froth of ed of the 4 * T7 00 
= four — ſhall be in PE (A: B:: C:. 

Hye For AC: AD (a); , 1A: 30 
1 oh, 4) therefore AD Which ava 
9 demonſtrated. 


2. K Becauſe (6) AD =BC, therefore AC: 450 


: * AC: BC, But AC: AD(g): : C: D, and AC:Þ 
): :A;B; WH therefore &. rs „L.. 
Was ta be 


W--- PRO! 


EuqiiDe's Flements, 


"PROP. XX. 
f there are how numbers in pro» A. > 05 
1 tion (A: B: C/ the number + 6. 9. 
* tained under 7 extremes (A C) C, 36. BB, 36. 
pre equal to the ha nare made of the D, 6. 
“ (BB). And if the number 
AC. tained under the extremes be to that (Bq 5 pro- 
f N ad of ware” , thoſe three n s ſpall be in Proportion 
N . 1 For take D=B, (a) therefore A: B: D (8) 


(b) wherefore AC BD, (a) or BB. Which was to 
4 

Hh. Becauſe AC (c) = BD, (5) therefore A: B:: 
(B); C . Which was to be demonſtrated. 


* PROP. XXI. 
mb Wumbers A B, C D, A...G. B 5 E.. ITY 5220. 
jj y the leaſt of all that 93 © oP #, 3. = 6. 


e the ſame 5 

b them (E, E,) equally meafere- the numbers E, F, 

ing the ſame tion with them ; the greater AB the 

er E, N Fer the lefſer F. 

dr AB: CD 92 E: F; ne 4 dee alternately AB: 

: CD: :F;( (c) is the (: ame part or 

that OD is of F; 12 it cannot be, for if ſo, 

let AG, GB, be — > d=roofigy and CH, 

7 che — F, (c) therefor 18 R: : 
and by 5 AG : CH (4): :E;FÞ, 9 

A: CD ; de $7 CD, are not the leaf 

Froportion 3 WHICH js 

refore, &c: 


PROP. XXIL 


there are three numbers A, B, Cz Age 2 12, 
uber numbers equal to them in num B, 3 
D, E, E; which 512 C, 2 1 
and two in the [6 


ö e Yen eee 


ſame "I (A; 6: 


Fox 


contrary — 


"ay cry hy hel | 


17 


b 23. 4. 7. 


a 13, ak. 7. 
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For becauſe A: B (a):: E: E, therefore ſhall Ab S 
BE ; and becauſe B: C: : (a) D: E, (Y) therefore BR 
CD, (e) and conſeqv-ntly AF = CD. (4: Therefor 
A:C::D:F. I hich was to be demonſtrated. 


P R OP. XXIII. 


A, 9. B, 4. Numbers prime the one to the thy, 
. A, B, are the leaſt of all une 
E- - - that have the ſame proportion wit 


them. 
If it E let C and D be leſs than A and} 
and in the ſame proportion ; qa) therefore C meaſure 
equally as D meaſures B, ſuppoſe by the lime number E. 
and ſo C ſhall be (5) as often in A as 1 is in E, (c) liks 
wiſe alternately, E as often in A as 1 in C. By tk 
like reaſoning as many times as 1 is in D, ſo many tina 
ſhall E be in B. Therefore E meaſures both A and; 
which conſequently are not prime the one to the ode 


contrary to the hypotheſis. 


P R O P. . XXIV. 


A, 9. B, 4. Numbers A, B, Being the leaf 1 
Da all that have the ſame proportion with 
D---E-- them, are prime the one to the other 


| If it be poſſible, let A and B hart 
common meaſure C; and let the ſame meaſure A by 
and B by E; (a) therefore CDA, (5) and CE=B.(i 
ore A: B:: D: E. But D and E are leſſer ti 
Aud B, as being but parts of them. Therefore 
and B are not the leaft in their proportion, again # 


PROP. XXV. 


A,g. B, If two numbers A, B, are print 
C, 4 4 | one to _ Os the _— C angirl 
& one of them A, Hall be prime i 


For if you affirm any other D to meaſure the nun 
B and C, (a) then D meaſuring C does alſo meaſure 
and conſ uently A and B arè not rime the one to » 
other. Which is againſt the Hypotheſis. 


P RO! 


Evert D E. Elements. 


PROP. XXVI. 


If two numbers A, B, are prime A, 5. C, 8. 
any number C, the number alſo B, 0 0 
aduced of them AB, ſhall be prime Is. E 
the ſame C. | | | 


A 


efore 


Lit be poſſible, let the number E be a common meaſure 


> AB, and C; and ler = be =Þ ; (a) thence AB 


EF ; (5) wherefore alſo F: A: : B: E, But becauſe A 
prime to C, which E. meaſures, (c) therefore E and A 
e prime to one another, (d) and ſo leaſt in their own 


and}, roportion, (e and conſequently oy muſt meaſure B and 
ures | ; namely F ſhall meaſure B, and A ſhall meaſure F. 
er Ei herefore ſeeing E meaſures both B and C, they ſhall 
* ot be prime to one another: Contrary to the Hypotheſis. 
* PROP. XXVII. 

other, * 


If two numbers A, B, are prime to A, 4. B, 5. 
e another, that alſo which is produced, Aq. 16. 
YO CARLIN Sv From. the D,4 

ber | 


Take DA; therefore both D, and A are prime to 


; (b) therefore AD or Aq is prime to B. Which was 
lf 1 e Fae ae | 
ber. PROP. XXVIII. 
have NT 
by Fu numbers A, B, are prime A, 9 * 1 
1 (0 o 22 G 1 7 to either B, 4 D, 4 
er that oth, the numbers J wr AB, ic. CD, 8. 
fore hing them AB, C 1 | . 


me to one another. 

For becauſe A and B are prime to C, (a) therefore 
AB alſo be prime to the ſame. And for the ſame 

uon ſhall AB be 12 to D. (5b) Therefore AB is 

ume to CD. Which was to be demonſtrated. | 


PROP. XXIX. 


If two numbers A, B, are prime | A, 3. | B, 2. 

one another, and each multiply- Ag, 9. Bq, 4- 
ite, produces another number 
þ end Bq;) then the numbers pro- 


a 9. ax. 7. 


b 19. 7. 
e 25. 7. 
d 23. 7. 
e 21. 7. 


A 1. ax. 7. 


b 26. 7. 


a 26. 7. 
b 26. 7. 


a 12. ax. 7. 


a 11. df, 7. 


be prime to one another. 
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duced of them (Aq, Bq) fall be prime to one another, 4 
if the numbers gicven at firſt A, B, multiplying the ſail y 
duced numbers (Aq, Bq,) produce others (Ac, Bc,) th 
numbers alſo ll k prime to one another : And ſo an. 
For becauſe A is prime to B, (a) therefore Ag fhi 
be prime to B, and Aq being prime to B, (a) thereſn 
Aq ſhall be alſo prime to Bq. Again, becauſe A is as we 
prime to B and Bq, as Ad is to the ſaid B and By, ( 
therefore ſhall Ax Aq, that is, Ac, be prime to BY 
that is, to Bc: And fo forth of the reſt, V. V. D. 


PROP. XXX. e 
8 5 © D 1 {eve Shan | 
een UW 13. DVD „ Be prime the on 
the other ; then e 


ded together (AC) Hall be prime to either of them Al, 
And if both added together AC be 1's to any wy 
AB, the numbers alſo given,in the beginning AB, BC, | 
1. Hyp. Far if you would have AC, AB to be an 
poſed, let D be the common meaſure : (a) this ſhall na 
{ure the refidue BC: And therefore AB, BC, are 1 
prime to one another; ahi is againſt- the Hypotheſis, 
2. Hyp. AC, AB, heing token prime to one afiothe 
let D be the common meafare of AB, BC. (J) But ſerly 
that meaſures the whole AC, therefore AC, AB, att nl 
prime to one another; contrary to the Hypotheſis. = 


Coroll. 
Hence, a number, which being compaunded of . 
is prime to one of them, is alſo prime to the other. 


PROP: XXXI. 


, & B, 8. Emery ine number A 1s pyime io en 
25 | , wobith it meaſurtth not. 
For if any common meaſure doth” meaſure both, 3 
B, (a) then A will not be a prime number; contrary tf! 


Hypotheſis. | 

* 4 PR OP. XXXII. 

A. 4. D, 3. If tus numbers A, B, multiplying 

B, 4. E, 8. another var aa e K 

KB f prime er D, meaſure wo. 
11 „ them AB ; then u it i... © * 

zeaſure one of thoſe numbers, A, or B, vhich avere gro# 

the beginning. uppe 


EvcLriD is Elements. 
| Suppoſe the number D not to meaſure the number A, 
and let - * ber E, (a) then AB DE; (5) whence D: 


D 
:B : E. (c) But D is prime to A ; (4) therefore D and 
4 are the leaſt in their proportion ; (c) and conſequently 
D meaſures B as often as A meaſures E. The Propoſition 
therefore is evident. 


PROP. XXXIII. 


Every compoſed number A, is meaſured by 1. 
me prime number B. 1 
Let one or more numbers (a) meaſure A, of Which let 
the leaſt be B; that ſhall be a prime number : For if it 
be ſaid to be compoſed, then ſome (a) leſſer number 
ſhall meaſure it, (5) which ſhall alſo conſequently meaſure 
A. Wherefore B is not the leaſt of thoſe which meaſure 
A, contrary to the Hyp. 


P RO P. XXXIV. 


Every number A, is either a prime, or meaſured A, 9. 
by ſome prime number. 

For A is neceſſarily either a prime or a compoſed 

humber, If be a prime, 'tis that we affirm, If com- 

poſed, ( a) then ſome prime number meaſureth it. ¶ ich 

was to be demonſtrated. 


& ey > 5 Sean od Cid 
35 SAT > = ws OS. > 
- = = © = 


PROP. XXXV. 
of 1 p 
6. B, 0 C, 8. 
2 Ive. r 
E, z. F, 2. G, 4 E--- 


How many „ foever A, B, C, being given to find 
be 155 1 E, P, G, that heve the ſame: proporties 
th them, 

If A, B. C, be prime to one 4 (a) they ſhall 
de the leaſt 3 in their proportion. If be compoſed, 
let their greateſt on meaſure be D, which let 


ping Ge GE E. F. & Theſe are then the leaſt 
and | t the propo rtion A, B, C. 

— For D x E, F, G, (e) produceth A, B, C, (4) therefore 
e and thoſe are in the ſame proportion. But allow 


Wer numbers H, I, K, to be the leaſt in the ſame pro- 
portion 


111 

A . ax. 7. 
19. 7. 

C hyp. and 
31. 7. 


d 23. 7. 
e 21. 7. 


a 13. def. 7. 


bi I, ax. 7. 


337 


112 


e 21. 7. 
9. ax.7. 


Tas ax. * 


Ke, 
120. 7. 


A 


29 
5 
135 

d 23. Te 
E ZI. 7. 


f 17. 7. 


g 20. def. 7. 


h 35+ 7. 
k 19.7. 


1 7. ax. 7. 


m 9. ax. 7. 
n 19. 7. 

o conſtr. 

p 21 7. 
417. 7. 
1 20. def. 7. 
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portion; () which ſhall therefore equally meaſure A, J, 
C, namely by the number L, (J) therefore L X H, I, N. 
ſhall produce, A, B, C, (g) an conſequently ED = Az 
HL ; (4) from whenee E: H: : L: P. But ECV > 
H; (1) therefore I. C P, and ſo D is not the greateh 
common meaſure of A, B, C. Which is again the H 


bal. 
Caroll. 


Hence, The greateſt common 3 of how may 


numbers ſoever, meaſures: them by the numbers which J 

are leaſt of all that have the ſame proportion with then #7 

Whence is derived the vulgar pads of oY fra 105 

ons to their leaſt terms. 1 1 

PROP. xxxV1. = 

ſure 

abo * bong given, A, B, to find out 4. ſore 

number which they meaſure. E is 

4 B, 4. . Gap. If A and be prime the Hypo 
B, 20. to the other, AB is the number requ- 
D------ _ red. For it is manifeſt that A and 
E.. meaſure AB. If it be poſſible, let 

| and B meaſure ſome other number! 7 

AB, 2 by E, and F; (a) therefore AEB, C 

BP, (5) ſo 'B :: F: E. But becauſe A and | 


are prime one to the other, (4) and ſo leaſt in their pit 
rtion, A ſhall(e) equally meaſure F as B does E. 
EC): AB: AE (D.) C) Therefore AB ſhall 
meaſure D, which 1s leſs it ſelf. Which is ahi 


1 


A, 6. B, 45 F822 — - = Caſe. But if A 2 
C, 3. D, 2. G---H--- B be compoſed one 1 
AD, 12. nother, (+) let there | 
ie found C and D the ! 
in the ſame rtion. (H) Therefore AD BC;1 
AD or BC ſhall be the number ſought. 
For it is (Y) plain that B and A meaſure AD or 
Conceive 10 and iB to meaſure F AD, namely þ 
G, and Bb As H, () 33 05 = 
_— H: 0): ) and co 
y meaſures H as D "3s But D: 
AS 77 AG(F,) therefore AD (r) meaſures 7. 
— che leſs. 2 is aher. | 


Euci ip E' Elements. 
5 5, roll. 


* Hence, If two numbers multiply the leaſt that are in 
the ſame 8 the greater the leſs, and the leſs the 
preater, the number which they meaſure ſhall be 
produced. 


PROP. XXXVIL 


If two numbers A, B, meaſure A,2. B, 3. 
any number CD, the leaſt number E. a. . . 6. 
which they meaſure, E, Hall alfo . 
meaſure the ſame CD. "MES 

If you deny it, take E from CD as often as yon can, 
and leave FD E, therefore ſeeing A and B (a) meaſure 
E, (4) and E meaſures CF, (c) likewiſe A and B will mea- 
ſure CF. But (a) they meaſure the whole CD; (4) there- 
fore alſo they meaſure the reſidue FD ; and conſequent! 
E is not the leaſt which A and B meafure : Contrary to 1 


Hyppotheſis. 
PROP. XXXVIII 


Three numbers being given, A, Af, 3: N e, 6: 
B, C, to find out the leaſt which | D, 12. 
they meaſure: 7 . 5 | 

(a) Find D the leaſt that two of them A and B mea- 
ſure; which if the third C alſo meaſure,; it is manifeſt 
that D is the number ſought. But if C doth not 
meaſure D, let E be the leaſt that C and D meaſure, 
E ſhall be the number required. 


| | For it appears by the 11. ax: A. 2. . Cs 
* 7. that A, B, C, meaſure E; D, 6. b. 12. 7 
and it is eaſily ſhewn that they F 


meaſure no other F leſs than E. 1 
For if you affirm they do, (5) then D meaſures F, (l 
and conſequently E meaſures the ſame F, the greater the 

leſs. Which is abſurd: | 


2 cl. 
52 Hence it appears, that if three numbers meaſure any 


utnber, the leaſt alſo, which they meaſure, ſhall 
meaſure the ſame. 


H | PROP; 


113 


a hyp. 

b confir. 

C 11. aK. 7. 
d IZ. Aa- 7. 


b 37+ 7: 
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PROP. XXXIX. 


A, 12. F any number B, meaſures a number I, 
B, 4. C, 3. the number meaſured A, fall have a 
. | 7 denominated of the ale meaſuring 1. 
a by. 4 For becauſe. (a) = C, (5) therefore A — BC (c) and 
bo. ax. 7. 
e ; ax. . 8 Ws ws aa to he demonſtrated. 
PROP. XL. 
A, | 2 I a number A, has any part whatfu Wl © 


B,. 3. C, 5. B, the number Go from which the part 
B is denominated, hall meaſure the Janie, 


a by. & 9. For ſince BC (2) = A, (5) therefore 8 =. x nd 
*. 7+ : | 
b 7. axe 7% aaf to be demonſtrated. 
FRN. XLI. 
A * 12. 7. find out a miley G, the leaſt "we tion < 
? 8 | ' bave given parts, 7. 2 
„ 
2 33. 7. (a) Let G 5 found the leaſt which the denominmm tion v 


b 39.7. -2» 3» 4, meaſure; (6) it is evident that G has the par 
c 40. 7. T, J 2. If it be poſſible let H- G have the f 
parts; (c) therefore 2, 3, 4, meaſure H; and ſo G 
not the leaſt which 2, 3, 4, nicaſure: dh ainf the Japon 


« 


The End of the ſeventh Bů OK. 
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— 


ELEMENTS. 


jo PROP. 1 
Fe A, 8. B, 12, C, 18. D, 27. 
hid E. FG -H... 


F there be divers numbers how many foever in continual 
proportion, A, B, C, D, and their extremes A, D, 
prime to one another; then thoſe numbers A, B, C, D, 
are the leaſt of all numbers that have the ſame propor- 
tion with them. : ' 

For, if it be poſſible, let there be as many others E, 
F, G, H, leſs than A, B, C, D, and in the ſame propor- 
tion with them. (a) Therefore from equality A: D:: 
E: H, and ſo A and D, which are prime numbers, (3) 
md confequently the leaſt in their proportion, (c) equal- 
ly meaſure E and H, which are leſs than themſelves. 
Which is abſurd. | 


PROP. II. 
I 


A 8 B, "pa 
3 4. 71 6. Bq, 9. 
Ac, 8. Aab. 12. BqA, 18. Be, 27. 


To find out the laſt numbers continually proportional, as 
many as ſpall be reguired, in the proportion given of A to B. 
Let A and B be the leaſt in the proportion given ; 
Then Ag, AB, Bq, ſhall be the three leaſt in the ſame 

The wntmual proportion that A is to B. | . 
Wh For AA: AB (a): : A:B(#): : AB: BB. Likewiſe 
 {W>*cauſe A and Bare prime one to the other, (c) ſhall Aq, 
by, be alſo prime to one another, (d) and fo Aq, AB, Bq, 
Te the leaſt in the proportion of A to B. More- 

H 2 . 


E UC LI D Es 


a 14. 7. 
b 23 Te 
C 21. 7. 


2 17. 7. 
b 24. 7. 
e 29. 7. 
d 1, 8. 


e 17. 7. 
f 29. 7. 
g 1. 8. 


in the proportion of A to B. For Aq A: Aq (e): : 4; 
BBB (B.) Therefore ſince Ac, and Be, are (J) prime to 


ever ſo many, provided they are the leaſt in the fame 


2 A 


* 


The eighth Book of 
Moreover, I ſay Ac, AqB, BqA, BC, are the four leaſt 
B (e): : ABA (Aq.): ABB, /e) and A: B: : ABq4: 


one another, likewiſe (g) ſhall Ac, AqB, BqA, Be be the 
four leaſt = in the proportion of A to B. In the ſame 
manner may you find out as many proportional numben 
as you pleaſe. Which was to be done. 5 


Coroll. 


1. Hence, If three numbers, being the leaſt, are pro- 
portional, their extremes ſhall be ſquares; if four, cube: 

2. The extremes of any number of proportional 
found by this propoſition, if ſuch proportionals are the 
leaſt of all in a given ratio, are prime to one another, 

3- Two numbers, being the leaſt in a given ratio 
meaſure all the mean numbers of proportionals be they 


proportion; becauſe. they ariſe from the multiplicadgn 
of them into certain other numbers. , 

4. Hence it alſo appears by the conſtruction, that .the 
ſeries of numbers 1, A. Aq, Ac. ; 1, B, Bq, Bc ; Ac, Aqb, 
BqA, Be, conſiſt of an equal multitude of numbers; and 
conſequently, the extreme numbers of how many ſoever B 
the leaſt continually proportionals are the laſt of as mai and 
other continually proportionals from unity; thus the ex WW the! 


tremes Ac, Bc, of the continual proportionals Ac, Aqb il to 


BqA, Bc, are the laſt of as many proportionals from uu vhic 
ty 1, A, Aq, Ac, and 1, B, Bq, Bc. * 1 | 

5. 1, A, Aq, Ac; and B, BA, AqB;. and Bq, Bqa u ge: 
= in the ratio of 1 to A. AHoB, Bq, Be; and A, A Prov 
BqA ; and Aq, AqB are in the ratio of 1 to B. 


rr. 1 

A. 8. B. 18. C. 12. D,27. If there be motif ba 
continually proporti 5 

how many ſoc wer, A, B, C, D, being alſo the leaft of # - 
that have the ſame proportion with them ; thetr extremes 0 lic 


D. are prime to one another. | pO Wy 
For if there be (a) ſound as many numbers the leaſt 
the proportion of A to B, they fhall be no other tha 
BC D; therefore, by the ſecond Coroll. of thep 
cedent prop. the extremes A and D are prime to one and 
ther. Which auas to be demonſtrated, 7 8 


EucLid E' Elements. 


PROP. IV. 


Proportions how ma- A, 6; . .. Date 
y ſoe ver being given in the H, 4. F, 24. E, 20. G, 15 
haſt numbers (A, to B, I.-K--L--- 
and C to D) to find out the | | 
liaſt numbers continually proportional in the proportions given. 
(a) Find out E, the leaſt number which B and C mea- 
ſure ; and let B meaſure E (6) as often as A does another 
F, viz. by the ſame number H. (5) Alſo let C meaſure the 
ſaid E as often as D meaſures another G, then F, E, G, 
ſhall be the leaſt in the proportions given. For AH ( 
=P, and BH (c) = E; (4) therefore A: B:: AH: B 
[(e) : : F: E. In like manner C: D:: E: G; therefore 
F. E, G, are continually proportional in the proportions 
given. And they are moreover the leaſt in the ſaid pro- 
portions ; for conceive other numbers I, K, L, to be the 
leaſt; (/) then A and B muſt equally meaſure J and K, % 
and C and D likewiſe K 7 ; and fo B and C mea- 
ſure the ſame K. (g) Wherefore alſo E meaſures the ſame 
number K, which is leſs then it ſelf. Which is abſurd. 
en. Dy EK, 5. 7. 
eee. 2. 


and E to F; find out as before three numbers H, G, I, 
the leaſt continually in the proportions of A to B, and C 
to D. Then if E meaſures I, 6 take another number K, 
which may be equally meaſured by F; and thoſe four 
numbers H, G, I, K, ſhall be continually the leaſt in the 
given proportions; which we need go no other way to 
prove than we did in the firſt part. 


„ le 
H. ern 

M. 48. IL, 40. K, 30. N, 10s. 

If E doth not meaſure I, let K be the leaſt which E and 

I meaſure ; and as often as I meaſures K, let G as often 

meaſure L, and H alſo M, ſo likewiſe let F meaſure N 

as Often as E meaſures K. The four numbers M, L, K, 


which we may demonſtrate as before. 


H 3 or. 


But three proportions being given, A to B, C to D, 


N, ſhall be the leaſt continually in the given proportions ; 
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h 3 pop. 7. 
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P'ROP. u. 


C, 4+ E, 3» Plane numbers CD, BF, 

D, 6. .-F, 16. ED, 18. are in that tien to cn 

CD, 24. EF, 48, another which is compaſed 
8 " of their fides. ** 

a 17 7. For becauſe CD: PE (a:: C: E; (a) and ED: EF 

b 20 . 5. CD CD ED | 

C11, 5. : P; Fand EF 692 FD X* EF (0) then ſhall be the 


Which os to be demon, 


PROP. VI. 


A, 16, B, 24. C, 36. D, 54. E, 81 


If there be mm 
F, 4. G, 6. H, g. 


. bers continuallh pro- 
1 portional how man 
foever, A, B, C, D, E, and the fir A does not meaſure the 
food B, neither ſhall any of the other meaſure any one 'f 
the reſt. 

Ses A does not meaſure B, (a) neither ſhall any one 
meaſure that which next follows; Becauſe A: B: : BC 
:: C: D, &c. () Take three numbers, F, G, H, the lea 
in the proportion of A to B, therefore ſince A does not 
meaſure B, (a) neither ſhall F meaſure G, (c) therefore 
F is not unity. But F and H are prime one to another; 
therefore (4) ſince by equality A: C:: F: H, and F 
does not meaſure H, (a) neither ſhall A meaſure C; ad 
conſequently neither ſhall B meaſure D, nor C mealur 
E, Oc. becauſe A: C (e): : B: D (e)::C:E,& 
In like manner four or five numbers being taken the 
leaſt in the proportion of A to B, it may be ſhewn that 
A does not meaſuxe D and;E ; nor does B meaſure E and 
E, c. Wherefore,none-of them ſhall meaſure any other. 
Which was to be demomſtrated. | | 


a 20. def, 7. 
| b 35. 7. 

C 5. 7. 

d 3. 3+ 


e 13. 7 


P R O R. VII. 


A, 3. B,. , 12. D. , oh, 7:18 
If there be numbers continually proportional how many fi 
wer A, B, C, D, E, and the ff 


A. meaſures the laſt E, i 
Fall alſo meaſure the ſecond B. 


If you deny that A meaſures B, (a) then neither fhal 
it meaſure E; Which is contrary to the Hyp, 


a 6. 7. 


PROT 
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PROP, VIII. 


If betwween tao A, 24. C, 36. D, 54. B, 81. 
al 24 A, B, there G, 8. H, 18. 1, 18 Kk, 27. 
ofed fall mean numbers E, 32. L, 48. M. 72. FP, 108. 
in continual propor- 
EF {Win C, D; as many mean numbers in continual proportion 
as fall betaveen them, ſo many mean numbers alſo L, M, 
the i continual proportion, ſhall fall between two other numbers 


E, F, which have the ſame ob with them (L. M,) 

() Take G, H, I, K, the leaſt + in the proportion of a 35. 7. 
Ato C; (6) by equality it ſhall beG:K::A:B(c):: b 14. 7. 
E: F. But G, and K (4) are prime one to another. (e) c hyp. 


Wherefore G meaſures E as often as K does F. Let H d 3.8. 
meaſure L, and likewiſe M by the ſame number; (/) there- e 21. 7. 
rum fore E, L, M, F, are in ſuch proportion as G, H, I, K, f conſſr- 
7 that is, as A, B, C, D. WW 510 awas to be demonſtrated. 
man 
e the . I. 
> 

If two numbers A, 1. 
one B are prime to one ano-=  _ T3. Fo 3 
B:C ther, and mean num- G,4 H, 6. I, 9. 
lea bers in continual pro- A, 8. C, 12. D, 18. B, 27. 
net fortion C, D, fall between them; as many mean numbers 
efore WW in continual tion as fall between them, ſo many means 
ther; alſo in continual proportion (E, G; and F, I) fall fall be- 
nd F tween either of them and unity. | 
- and It is evident, that 1, E, G, A, and 1, F, I, B, are=, 
aur and as many as A, C. D, B, namely by the 4th Coroll. 
Gr WW 2.8. Which wwas to be demonſirated. 
PROP. X. 
If between tws num- A, 8. I, 12. K, 18. B, 27. 

bers A, B, and an unit, E, DF, 6. G, 9. 

numbers continually pro- 19 8 

portional (E, D, and I. 


F , G,. fall as many i 
= mean numbers in continnal proportion as fall betaveen either of 
WY and wnity, ſo many means alſo ſhall fall in continual 
E, it ah "xt between them, I, K. IS, 
: or E, DF, G, and A, DqF (1) DG (K) B are = 


r ſhall b 2. 8, therefore, c. 
60 H 4 PROP, 
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2 17. 7. 
b 10. def. 5. 


a 2. 8. 
b 10. ag. 5. 


a 2. 8. 
b 14 71 
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PROP, XI. 


A, 2. B, z. Betaveen two ſuare mm 

Aq, 4. AB, 6. Bq,g. bers Aq, Bq, there is un 
mean proporti onal number AB 

22 gl to Bq, is in duplicate preportion of the ſide A to th 


(a) It is manifeſt that Ad, AB, Bq, are = ; (6) anl 
conſequently alſo 55 = 5 twice. Which aba to & 
demenſirated. Sox 


PROP. XII. 


Ac, 27. AqB, 36. BqA,48. Bc, 64, Petaueen tou 

A „4. numbers, Ac, ge 

Aq, 9. AB, 12. Byg, 16. ere are two mea 

| Perc portional nun 

bers AqB, BqA ; and the cube Ac is to the cube Be in Tri 
plicate ratio of the fide A to the ſide B. 

(a) For Ac, AqB. BqA, Bc, are = in the proportia 


A A 
of A to B; (5) and therefore = = B thrice, VH 
aua, to be demonſtrated, 


PROF. XIII, 


A, 2. B, 4. C, 8. 
Aq, 4. AB, 8. Bq, 16. BC, 32. Cq, 64. 
AC, 8. AqB, 26. BA, 32. Be, 64. ByC,i 28. CqB, 2 56. Ce, zu. 


If there be number; in continual proportion how many fart 
A, B, C; and every of them multiplying itſelf produceth aer 
tain numbers; the numbers produced of them Aq, Bq, & 
ſhall be proportional : And if the numbers firſt given A, B. (, 
multipling their product. Aq, Bq, Cq, produce other mani 
Ac, Bc, Cc, they alſo ſhall be proportional ; and this f 
ever happen to the extremes. | 

For Aq, AB, Bq, BC, Cq (a) are =; (6) therefore 
equality Aq: Bq: : Bq : Cq. Which was to be demon 

(a) Alſo Ac, AqB, BqA, Be, BqC, CqB, Cc, are =: 0 


therefore again by equality Ac: Bc: : Be: Cc. V 
va to be demonſtrated, 


PROP 


E. uc LT DoE“ Elements, 121 
PROP. XIV. 


If a ſquare number Ad mea- Aq. 4. AB, 12. Bq, 36. 

4 7 number Bq, the ſiae A, 2. B, 6. 
alſo of the one (A ſhall meaſure 

the fide of the other (B): and i, the fide of one ſquare A, 
meaſure the fide of another B, the ſguare Aq ſhall likewiſe 
raſure the ſquare Bq. _ 

1. Hyp. For Aq : AB (a) : : AB : Bq, therefore ſeeingby _ fl 1.8 
xe hypotheſis Aq meaſures Bq, (5) it ſhall meaſure alſo | 
AB. But Aq: AB: : A: B, (c) therefore alſo A meaſures 23 475 
B. Which was to be demonſtrated. * 
2. Hyp. A meaſures B; (c) therefore Aq ſhall as well 
eaſure AB, (c) as AB meaſures Bq ; (4) conſequently Aq © 11. ax. 7. 
meaſures Bq. Which was to be demonſirated. 


vo cult 
, Be PROP, XV. 
7 mea 
„75 Fa cube number A, 2. 3. 
"HC meaſures a cube Ac, 8. AqB, 24. ABq, 72. Bc, 216. 
nber BC, then the 


ortich 


%% the one (A) all meaſure the fide of the other (B.) 
Whiid 


nd if the fide A of one cube Ac meaſure the fide B of the 
ther Be, alfo the cube Ac ſpall meafure the cube Bc. | 

1. Hyp For Ac, Aq, BqA, Bc (a) are =; therefore a 2.65 12.8 
Ac, (5) meaſuring the extreme Bc, ſhall alſo (c) meaſure the b p. 
econd AqB. . Bur Ac: AqB: : A: B, (4) therefore A c 7. 7. 
mall alſo meaſure B. Which was to be dem. d 20. daf. 
2. Hyp. A meaſures B; (4) therefore Ac meaſures e II. ax. 7. 
aB, which alſo meaſures BqA, and this Bc ; (e) there- 
ore Ac ſhall meaſure Bc. Which was to be dem. 


>C, 51% 
y ſure P R OP. XVI. 
eth ctr 
l „ 
3; 0 


NA. 
is 


fore h 
demon. 
20 


IF a ſquare number Aq do not med- A, 4 B, wh 
we a ſquare number Bq, neither Gall Aq, 16 Bq, 8 1 
le fide of the one A 7 the fide | 
F the other B: And if A the fide of the one ſquare AM do not 
aſure B the fide ' of the other Bq, neither ſhall the ſquare 
ig meaſure the ſquare Bq. 
1. Hyp. For if you affirm that A meaſures B, then 
q alſo ſhall meaſure Bq. Againſt the Hypothefis. 
, 2 Hyp. If you maintain Aq to meaſure Bq ; (a) then a 14. 8. 
" ws tle A ſhall meaſure B. Contrary to the PR 57 
R 0 1 P R P 07 
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PROP. XVII. 


4. 2: N. Fa cube number Ac does ci 

Ac, 8. Bc, 27. fire a cube number Be, neither foul 
the fide of oue A meaſure the fide of 
the other B: And if A the fide of one cube AC does nat mu: 
fare B the fide of the-other Bc, neither all the. cube Ac me. 
ſure the cube BC. 
2 15. 8. 1. Hyp. Let A mere B; (s) then Ac ſhall meaſure 
Bc. Againſt the Hypotheſis 
2. Hyp. Let Ac meaſure - Bc ; then A ſhall meaſure; 

22 is aljo againſt the Hypotheſes 


PROP. XVIII. 


G& 143. Between two like plane am. 
CD, 12, bers CD and F there is one m if be 
E, 9. F, 3 DE, 18. proportional number DE : . ther 
EF. 27. the plane C D is to the plane EI 


in duplicate proportion of tha 
which the fide C hath to the homele ous fide E. 
® 21. df. 7, For“ by the Hypothefis C: D: : F ; therefore h C te 
® 17. 7. permutation, © :E : D: F. But C: E (a): 2 CD :DE; 
b 11. 5. (a) and D: F: : DE: EF; (5 therefore CD : DE: 
C 10. 4% ef. 5. DE: EF. (c) Wherefore the proportion of CD to EY 
duplicate to that of CD to DE, that is, to the propor: 
tion of C to E, or D to F. Which xwas to be dim 


rated. 
call. 


Hence it is apparent, That between two kke plane 
numbers there falls one mean proportional in the pit 
portion of the homologous ſides. 


PROP. XIX. 


CDE, 3o. DEF, 60. FGE, 1 FGH, 240. 
CD, 6. DF, 12. FG, 24 
C, — D, 3+ E, 5. F, + G, 6. K * 
Beteusen tao like ſolid numbers CDE, FGH , there gret® 
mean e numbers DF E, FGE. And ile les 
ODE is t the ſolid FGH, in triplicats proportian S 
wabich the bumalogous (ids Chas ip thy ben, fee , 


EucLii1iD ts Elements. 


Whereas by the * hyp. C: D:: F: G, and D: E:: 
H; therefore (a) by permutation, ſhall C: F:: D: 
: (a) E: H. But CD: DF (65) : C: F, and DF : FG 
): : D: G; (c) wherefore CD: DF : : DF :FG: E: 


hal BI: /) therefore CDE: DFE : : DFE : FGE: E. H 

rk: FGH. Therefore between CDE, FGH, fall 

ne: e mean proportionals DFE, FGE. (e) And ſo it is 
meg- 


ain that the proportion of CDE to FGH is triplicate to 
at of CDE to DHE, or C to F. Which awas to be dem. 

| roll. 
Hereby it is manifeſt, that between two like ſolid 


umbers there fall two mean proportionals in the pro- 
jortion of the homologous ſides. 


PROP. XX. 


Tear If between 7550 numbers A, A,12.'C,1& B, 27. 
Al WS, there fallt one mean prepor- D, 2. E, z. F,6. G, 9. 
E onal number C; thoſe num- | 


1 A, B, are like plane numbers. | 
(a) Take D and E the leaſt in the proportion of A to C, 


are H © to B, then D meaſures A equally as E does C; ſup- 
Dee by the ſame number F; (5) alſo D equally meaſures 
E: 5 E does B, ſuppoſe by the ſame number G. (c) 'There- 
EF ve DF =A, and EGB; (4) and conſequently A and B 


e plane numbers. But becauſe EF (c) = C (c) = DG; 
therefore D: E:: EF: G, and alternately D: F:: 

:G. (F) Therefore the plane numbers A and fare al- 
d like. M Hicb vat to be dem. 


. plane PROP. XXL. 


If between tauo numbers A, 16, C, 24. D, 36. B, 54. 
B, there fall two mean E, 4. F, 6. G, 9. 
oportional numbers C, D; H, 2. P, 2. M, 4. K, z. L, 3. N, 6. 
boſe numbers A, B, are 
51 numbers. 

2) Take E, F, G, the leaſt g. in the proportion of A 
dC, (5)then D and G are like plane numbers: let the 
5 of this be H and P, and of that K and L; (e) there- 
re H: K :: P. L:: () E: F But E, F, G, (e) equally 
1 A, C, D, ſuppoſe by the ſame number M, and 

iſe the ſaid numbers E, F, G, equally meaiure 

© numbers C, D, B, ſuppoſe by the ſame number, N. 
Therefore AEM-HEM, Hand } —GN=—=K1.N; 
(g) and 
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* 21.defe7 
A13. 7. 

b 17. 7. 
C 11. 5. 
d 17. 7. 

e 10.4%. 5. 


435. 7 


b 21. 7. 

c . ax. 7. 
d 16.47. 
e 19. 7. 
f 21.4.7. 


22.8. 

b 10. 8. 
c 21. 4. 7. 
d cor. 18.8. 
E Zi. 7. 


f 9. Ax. 7. 
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17. af. 7, (g)andſo A and B are ſolid numbers. But becauſe C 
k 17. 7. == FM, and D 2 == FN, therefore M: N (4) : : N For 
K N 5. FN (GH) :: CC: (Y E: F:: H: K: :P: L356 
I conft. therefore A and B are like ſolid numbers. Which wa; J= 
m 21. def. 7. be demonſtrated. 
IEG Lemma. 
AE, BF, CG, DH, If proportional numbers A, ther 
A, B, ak D, a. D, meaſure proportional mn 
. H. bers AE, BF, CG, DH, 5% But | 
numbers E, F, G, H, theſe nn ; 
bers (E, F, G, H,) Hall be proportional. r D is 
: 19. 7. For 3 ABDE 63 == BFCG, (a) and AD. 
. ax. 7. H 4 ; 
c 3 (5) ſhall 9 1 (c) that is, EH 
(a) Therefore E: F:: G: H. Which avas to be dm 
| Coroll. 
Bqg B B FF F: 
& < — — —. Th . quan 
d 15. def. 7 Henee Fe 4 * 4 (%) For 1 : B.:: B: By, (4) 3 
B / 
e lem. prec. 1:A: : A: Aq, (ad) therefore 1: —: e then 1 
B B B A 5 —— Be wumber 
_—=—X —_ 1 —» 7 be de 
fore 3 N In like manner 1 va p be den 
and ſo of the reſt. 
F 
P'R O'PL;- Al. 0 
| ſha 
Aq, B, C. If three numbers Aq, B, C, are cm D Fo 
4, 8, 16, ally proportional, and the firſt Aq af ,. P. 
the third C fall alſo be a ſquare. bare 7 
a 20. 7. For becauſe AqC (a) =Bg, (4) thence is c= ) Ir 
b 7. ax. 7. B B | 
ee = ( 0 = Q& + But it is plain that N is a number, ( 
2 3 cauſe a or C is a number. Therefore if three, C 7 '*: 
14. 8. Da 


PROP. XXIII. 


Ac, B, C, D, If four numbers A, B, C, D, an 
8, 12, 18, 27. tinually proportional, and the fe 
them Ac a cube,] the faurth all 
all be à cube. | 


proporti 
be a c 
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FW For becauſe Ac D (a) = BC, (5) therefore D = BC 


| Ac 
15 (n | | 
wn = XC; that is, (becauſe Ac C= (4) Bq, and 
Ap. LMG 
)thence Com )D== . (090 kt ( FC,- 
But it is evident (e) that I is a number, becauſe —— 
Ac Acc 


D is ſuppoſed a number. Therefore if four numbers, 


Fe. 


PROP. XXIV. 


If two numbers A, B, arein the ſame A, 16.- 24. B, 36. 
ertiom one to another, that a ſquare C, 4. 6. PD, . 
unber C ts to a ſquare er D, 

nd the firſt A be à ſquare number, the, ſecond alſo B ſhall be 
1 ſquare number. ST 51 | 
Between C and D the ſquare numbers, and ſo be- 
een A and B having the ſame proportion, (a) falls one 
nean proportional. Therefore (6) ſince A is a ſquare 
umber, (c) B alſo ſhall be a ſquare number. Which was 
be demonſirated, | | | = 
Carell. 


1. Hence, if there be two like numbers AB, CD, (A: 
: C: D) and the firſt AB be a ſquare, the ſecond alſo 
'D ſhall be a ſquare. | 

For AB: CD : Aq: Cq. = 

2. From hence it appears, That the proportion of any 
quare number to any other not iquare, cannot poſſibly 
te reſolved into two ſquare numbers. Whence it cannot 


e WQ: 1: 2, nor 1:5: : Q Q c. 
PROP. XXV. 


If tavo numbers A, B, are C, 64. 96. 144. D, 216. 
in the Jame proportion one to A, 8. 12. 18. B, 27. 
mother, that à cube number 
is to a cube number. D, the fir of them A. being à cub 
unber; the ſecond B ſhall likewiſe be a cube number. 

(a) Between the cube numbers C and D, (5) and ſo be- 
een A and B having the ſame proportion, fall two mean 
proportionals ; therefore (c) becauſe A is a cube, (4) ſhall 
be a cube alſo. Which æuas ts be demonſtrated. ey 
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A 19- 7 
b 7. ax 7. 


c cor. of the 
Prec. 40 


40, . 


e 15.8, 


99. . 
. 
b A5. 

e. . 


® 11 and 
19. 8. 


* ö 
* 
a4 


* 12. an 
19. 8. 


a 19. 8. 
b 2. 8. 


c 14+ 7. 


See Clavius. 
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Coroll. 


1. F If "UM be two numbers ABC, DEF, 14: 
B: : D:E, andB:C::E:F;) and the firſt ABC i 
A cube, the ſecond DEP hall be a cube alf. 

* For ABC: PFF: Ac: Dc. f 

2. Hence it is evident, Phat r of an ö 
cube number to any other number not à cube cannot E 
found in two cube numbers. ä 


K O P. XXVI. 


A, 20. C, 30. B, 45. Like plane numbers A, l 
D, 4. E, 6. F. „9. are in the ſame proportion on 

to another, that a Auare un. 
ber is in to 4 ae number. 

Between A and B (a) falls one mean proportional mn 
ber C; (6) take three numbers D, E, P, the leaſt = 
the proportion of A to C, the extremes D. E, 9 ſhal 
be ſquare numbers. But by equality A: B(a) : : Dr 
. A: Ba": Q Q. W hte, as to be deep 


PROP. XXVIE. 


A, 16. VT, 24. D, 36. B, 54. Like ſolid uu 
E, 8. F,12. G, 18. H, 27. A, B, are in i 
ue t10x 
to another, that a cube number is to 2 cube 2 
() Between A and B fall two mean proportional nun- 
bers, namely, C and _ % Take four numbers E, E, G, 
H, the leaſt in roportion FA to C, (2). 
extremes E, H, "oF cube numbers, But A: 'B (5) :: 
E: H:: C: C. Which was W 


Sebol. 


1. From hence is inferred, that no I in 15 
portion ſuperparticular, or ſuperbipartitent, or double, 
or any other manifold proportion not denominated from 
à ſquàre number, are like" plant numbers. 

2. Likewiſe, that neither any two prime nuthiben 


nor any two numbers prime one to another, not . 
a can be like bene 


d 


The ann the apt Bog. nn 
1 Hr 
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C be © BD. 
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ELEMENTS 


— —_  ——— : 1 


fox >. 


A, 6. B, 54. 
Ag. 36. 108. AB, 324. 


F two like pia nuttibers A, Bj multiplying one another, 
produce a number AB, the — N A B Sali 
be a ſquare number. 


ForA: :B {a): Aq: AB; Wbefsfobe fince one Wlan pro- 
portional (9) falls between A and B, (c) likewiſe one mean 
8 number ſhall fall between Aq and AB: 


| erefore ſince the firſt Aq is a ſquare number, (4) the 
third AB {tall be a Jquare number alſo, Whith Was fo 
pM 4 trat 

Or thus, Let 4 cd, be Bike : —2 fumtbets ; nam a 
F, G Y, a: 6: 1224 6 therefore ac and ſo lien 
* or abe, O0 = = adad = Q: ad 


PROP. II. 
if two. bn A, B, 7 2 A, 6. 5, $6- 


ny one another, produte. a Aq, 36. AB, 3a. 
fron er AB, thoje . | 
V we like plane numbers. 
we , For A = n (: A : AB; 3 mes berwoen 
being. — (Ithere falls one mean proportion 


0 likewiſe one mean ſhall. AA 11 5: 
1 and Bart like planen. hieb vu ts 
rate 


r ROP. 


= _ 


I 23 


2 17. 7. 
b KJ. 


e 8. 8. 
d 23. 8. 


217.7. 
b 12.8. 
c 8. 8. 

d 23. 8. 


The ninth Brot of 


NOF. Ain. E IF 
F. 
A, 2. Ac, 8. Acc, 64. If a cube number Ac ml E 20 
tiplying it ſelf ner a nn po 
ber Acc, the number produced Acc ball a cube number. A 
For, 1:A(a): : A: Aq (5): : Aq: Ac, therefore ., 4, 
tween 1 and Ac fall two mean proportionals. But 1: K 
(a) :: Ac: Acc; c) therefore between Ac and Acc, fi 
alſo two mean proportionals ; ; and fo by conſequenc, 
fince Ac 1s a cube (4) Acc ſhall be a cane. allo If 
Which was to be demonſtrated. thi 
Or thus; aaa (Ac) multiplied into it ſelf make « aaa n 
(Acc ;) this is a cube, whoſe fide is ad. AB 
| Si 
D m 
PROP. IV. N ( w 
be dei 
Ac, 8. Br, 27. I cube mend a 
Acc, 64. AcBc, 216.  tiplying a cube number Bens 
Ae 2 umber Ache, the pr 
duced number AcBc al be a cube. l 
For Ac: Be (a): : Acc; AcBc. Bat between Acai If 
Bc (5) two mean proportional numbers fall; Ce) therefor vw 
there fall as many between Acc and AcBc. So that whe 
as Acc is a cube number, (4) AcBc ſhall be ſuch alk lavi 
Which was to be demonſtrated, fac 
Or thus. AcBc = aaa bbb N C: ab, a 2 
N ( 
betau 
| Fe 
PROP. V. 1 
th 2, 
Acc, Ty AcB, bo . .a number B prod 3. 
2 cube number AcB, then Or 
ber multiplied B hall alſo be a cube. . hall 
For Acc: Ach (a): : Ac: B. But between Ace n Bird 
A 7E two mean proportionals, (5) therefore abr at, 6: 
fall between Ac and B, whence Ac being a , /, 
Faber, (4) B ſhall be a cube number alſo. / vr name 
to be demonſirated. ly as 


PRO! 


EuCcCL1dD E's Elements. 


PROP. VI. 


If a number A multiplying A. 8. Aq, 64. Ac, 512. 

wt ſelf produce Aꝗ a cube, that | 

unber A it ſelf is a cube. 

For becauſe Aq (a) is a cube, and AgA (Ac) (5) alſo a 
cube; therefore (c) ſhall A be a cube. Which «vas to 
be demonſtrated. | 


PROP. VII. 
If a compoſed number A mul- A, 6. B, 11. AB, 66. 
tiplying any number B, produce a . $- 


number AB, the number produced 
AB hall be a ſolid number. 

Since A is a compoſed number, (a) ſome other number 
D meaſures it, conceive by E, (6) therefore A — DE: 
( whence DEB —AB is a ſolid number, Which was to 
be demonſtrated. | 


PROP. VIII. 


1. a, 3. a*, g. al, 27. a*, 81. a*, 242. a, 729. 

If from unity there are numbers continually proportional 
bow many ſoever (1, a, a, 4, 4, Sc.) the third number from 
unity a* is @ ſquare number; and ſo are all forward, 
leving one between (4, as, as, Tc.) But the fourth as 
is a cube number; and jo are all forward, leaving two be- 
tween (ad, as, Wc.) The ſeventh alſo a* is both a cube 
number and a ſquare ;' and ſo are all forward, leaving five 
between (az, 4 8, Fe.) 

For 1. 2 : a, and a = aaaa — Q: aa, and 45 
aaaaaa = Q: aaa, Cc. : 

2. a — aaa C. a, and a® = aaaaaa— C: an, and 
aaaaaaa = C: aaa, Cc. 

3. 4 =aaaana C: aa Q: aaa, therefore, Cc. 

Or according to Euclide; Becauſe 1: 4 (a): : a: 238 
ſhall a* : a, therefore ſeeing @*, a, a“, are e) the 
third a+ be a ſquare number; and ſo likewife 46, 
4, Cc. Alſo becauſe 1: 4 (a): : a® : a?, therefore ſhall 
4, (b)=a* X a = C: a, (d) therefore the fourth from 48, 


ly as is both a cube and a ſquare number, &c. 


R Of 1 PROP, 


namely 4“, ſhall be likewiſe a cube, &c. and conſequent- 
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a13- 4% 
bg. d&. 7y 
C17. def, 
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ROF. K. 
1. 2, 4. a?, 16. 4, 64. 4, 256, Kc. F from iy 
1. a, 8. a*, 64. ad, 512. at, 4096. there are number 
how many forun, 


continually proportional (1. aa, as, c.) and the number fil. 
lowing unity, (a) be a ſquare ; then all the reſt, a*, a 4 
&c. ſhall he ſquares alſo. But if the number next uni 
(a) be a cube, * all the following numbers a*, a), 44, K 
ſhall be cube numbers. | 

1. Hyp. For a*, a, a5, c. are ſquare numbers by 
the preceding prop. alſo ſince à is taken to be a ſquare 
(a) therefore the third a3 ſhall be a ſquare, and likeyik 
a, a, Cc. and ſo all. 

2: Hyp. ais put a cube, (6) therefore at, a, a'®, ar 
cubes ; but by the prec. a, as, a?, Cc. are cube; 
laſtly, becauſe 1 : a: : a: aa, (c) therefore ſhall a 
but a cube multiplied into it ſelf (4) produces a cube 
therefore a* is a cube, (e) and conſequently the fourth 
from it a ; and in like manner a8, a, Tc. are cubes 
therefore all, &c.. Which was to be demonſtrated. 

More clearly thus. Let & be the fide of the ſqum 
number a, and ſo the ſeries a, a, a, , Se wil 
be otherwiſe expreſſed, thus, bb, b*, 6, 58, Ce. | 
is evident that all theſe numbers are I and may 
be thus expreſſed, Q: 6, Q: bb: Q. bbb, Q.: 6606, &. 

In like manner, if & be in the fide of the cube a, tit 
ſeries may be expreſſed thus, 63, 66, 59, ˙ , Cc. orC: 
3. C:6*, C: 3, C:, Oe. 


PROP. X. 


1, a, a*, a, a, a7, as 


If from unity, there an 
I, 2, 4, 8, 16, 32, 64. 


numbers how many ſaever ci 
' tinually onal 1. 4, 4 
a, Cc.) and the number next the unit (a) be not a fut 
number; then is none of the reſt following a ſquare nul 
ber excepting a* the third from unity, and fo all furwarh 
leaving one between (a, aS, ad, Oc.) Dur F that (a 
avhich is next after the unit, be not a cube number, ntiiberi 


any other of the following numbers a cube, ſaving a* , the fur 
from the unit, and ſo all forwgrd, leaving two eu, ©'s 


a, a'*, &fc. 


1. Hy 


EU ftp ' Elements. 
1. Hyp. For if it be poſſible, let af be a ſquare num- 


ber; therefore becauſe a: @® (a) : : a* : ai, and by inver- 


fion, a? : af: ia? : a; and alfo ai and a*(5) ſquare 


numbers, and the firſt * a ſquare, (c) therefore @ ſhall 


be likewiſe a ſquare ; contrary to the Pp. 

2. Hyp. If it may be, let a+ be a cube; ſince (4) by 
equality a: a® : :@ 3 a, and inverſely 25: :: 4 : 43 
and alſo ſince as and a+* are cubes, and the firſt a* 4 
cube, (e) therefore @ ſhall be a cube alſo; againft the 


rng. 
4 PROP. XI. 
If there are numbers Boa 


1. a, a7, a, , as, 45, 
many foever in continual I, 3, 9, 27, 81, 243, 729. 
proportion from unity (1, a, | | 
a*, a*, Oc.) the bes meaſureth the greater by ſome one of 
them that are among ft the proportional numbers. 


Becauſe 1: 43: : 4: aa (a) therefore — _——— Alſo 


becauſe 1: aa(b): : a: aaa, therefore 2. = 


24 32 


8 | 
"i ==, e. Laſtly becauſe 1247 :: 20 a :; a}, therefore 


aa=a 


Coroll. 


Hence, If a number that meaſeres any one of pro- 
portional numbers, be not one of the ſaid numbers, 
neither ſhall the number by which it meaſures the ſaid: 


PROP. XII. 


I, 4, as, a3, ab If there are numbers how many 

1,0, 36, 216, 1296. foever in continual proportion from 

B, 3. unity (1, a, a8, al, a)] whatfeever 

me number B, meafure the laſt 

, the ſame (B) ſhall alſo meaſure the number (a) which 
follow next after unity. 

If you ſay Bdoes not meaſure a, (a)then B is prime to a 

(5) and therefore B is prime to @* ; (e) and ſo conſequently 


tos, which it is ſu poſed to meaſure, Which is abſurd. 
4 g | * R Cal 
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a . 
b. ſbeſ & 
. 9. 

c 24. 8. 


d 14. 7s 


e 25. 8. 


a 5. ax. 7. 
&20.def<7. 


b 14. 7. 


4 31. 7. 
b 27. 2 
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Coroll. 


1. Therefore every prime number that meaſures the 
laſt, does alſo meaſure all thoſe other numbers that pr. 
cede the laft. | 

2. If any number not meaſuring that next to uniy, 
does yet meaſure the laſt, it is a compoſed number. 
3. If the number next to the unit be a prime, 1 
ether prime number ſhall meaſure the laſt. 


a - — 


PROP. XIII. 


I, a, an, as, a“ If from unity there are nunkn 
1, 5, 25, 125, 625. in continual proportion, how may 
H --G--FP--E-- foever (1, a, a*, @?, &Cc.) and thi 
afier unity (a) a prime; then ful 
no other meaſure the greateſt uumber, but thoſe which a 
among} the ſaid proportional numbers. 
If it be poſlible, let ſome other E meaſure a+, ws. 
a cor. 12. 9, F, (a) then F ſhall be ſome other different from 4, 4 
a. But becauſe E meaſuring a*, does not meaſure 6 
b 2. cor. 12. (9) therefore E ſhall be a compoſed number, (c) therefon 
9. ome prime number meaſures it, (4) which does cou 
C 33. 7. quently meaſure 40, (e) and ſo is no other than a, there 
d 11. ax. 7. fore a meaſures E. After the ſame manner alſo ny 
e 3. cor. 12. F be ſhewn to be a compoſed number, meaſuring « 
& 9. and fo that a meaſures F. Therefore ſeeing EF (Fs 
f g. ax. 7. =24aXa'), (git will bea:E: : F: a, Conte 
19.7. Whereas, à meaſures E, (+4) likewiſe F ſhall equallyme 
k 20. def: 7, ſure a3, wiz. by the ſame number G. (4) Nor ſhall GN 
Kk cor. 11 9. 2, or a, therefore, as before, G is a compoſed numbe 
and a meaſures it. Wherefore ſince FG () = a3) 
a(g)thereforea: F:: G: 45, and ſo becauſe A meaſur 
F, () G ſhall equally meaſure a*,.wiz. by the ſame nut 

ber H, (I) which is not 2. Therefore ſince GH 4 
120. 7. aa (I) thence H: a: : a: G, and becauſe à meaſures v 
m 20. def. 7. (as before (m) H alſo ſhall meaſure a, which is a pris 
number. Which is impaſible. 


N 


EvucLiip rs Elements. 


PROP. XIV. 
es the / certain prime numbers B, A, 30. 
at pre- C, D, meaſure the leaft B, 2: "Sz 3- D,  Ai$ 


5 11 no other prime num- "32> Bo 
unity, e E fall meaſure the ſame 
befides thoſe that meaſured it at firſt. 

If it is poſſible, let = be Fa) then A= EF, (5) 
therefore each of the prime numbers B, C, D, meaſures 
one of thoſe E, F. Not E, which is taken to be a prime; 
therefore F, which! is leſs than A it Tur; contrary to the 
hyutheji. 


= P R O p. XV. 


F three numbers "continually A, 9. B, 12. C, 16. 
proportional A, B, C, are the D, 3. E, 4. 
leaft of all that have the ſame 
proportion with them; any two of them added together ſball 
be à prime to the third. 

(a) Take D and E the on po portion of Ago B; (6) 
then A Dq, and (5) C = Hand B = DE, 'But 
decauſe D (c) is —— to E, Eq. therefore ſhall e ſhall DE be 


prime to both D and E, - therefore DX NE (e) =Dq 
+DE (AB) HY is prime to E, and ſoto C or Eq. 
Which was te be demonſtrated. 

0 In like manner DE + Eq (Br) is prime to D 
* rr to A = I's Which was to be demon 

ate | 

Laſtly, becauſe B 5 is prime to D E, it ſhall 
r to the ſquare o it (4) Dq +2 DE- Eq 

Bi (1) wherefore the ſaid B ſhall be prime 

94. B (J and fo likewiſe to A + C. Which 
Was to be Canfrate,. 


PROP. XVI. 


If two numbers A, B. avs A, 3, B, 5. 0 —— 
8 to one another, itſball not 


other C. 


be as the oft A, to the ſecond B. ſo" is the ſecond B to any 


I 3 If 
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a . 
b 7. 


224 7+ 
d 30. 7. 
9. 
e 3. 2» 
f as before 


& 7.7. 


h 26. 7. 
k 4. 2. 
1 30. 7. 
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a 23. 7. 
b 21. 7. 
C G. ax. 7: 


 23- 7. 
b 21. 7. 
3 af. 7. 
d 11. ax. 7+ 


Aa 9. AX» 7. 
b 20. 7. 


againſt the hypotheſis. | / 

PROP. XVII 

A. 8. B;12z. C,18. D. 2. E--- If therem 
numbers boy 


© 7+ ax. 7. 


2 9. ax. 7: 
b ax. 19. 7 


The ninth Beok of 


you affirm A: B:: B: C, then whereas A and} 

Q 3 * leaſt in their proportion, A (5) ſhall meaſur 
As many e as B does O; but A (c meaſures itſelf 
alſo ; thexpiage A and B arg pot pris to one another, 


many ſoever in continual proportion A, B, C, D, and th 
extremes of them A, D, be prime one to anther, the 7 
ſhall not be to the ſecond B, as the laft D to any - 
Suppoſe A: B:: D: E, then alternately 
B: E, therefore ſeeing A and B are (a) the + in ad 
proportion, A (5) ſhall meaſure B, (c) her B likewiſe C, 
and C the ſelloolug number D; (d) 2 ſo A ſhall mes. 
ſure the ſaid number D. Wherefore A D are 10 
prime to one another; contrary to the hypotheſis. 


"PROP. XVI, x 


A, 4. B, 6. C, 9, Alen ber; bein 1 
By, 36. B. 10 eie if there may 
third number C found proportional to them. 
If A mealures;Bq by any number C, (a) then AC | 
from whence (4 5 2 manifeſt that A: H:: 


Which was to be 
But if A does not meakurs h 
A, 6. Boe Ba, 16. there will not be any third pu. 
portional. For ſuppoſe A= 


37 CG; or then AC=Pq, (c ap d conſequently 3= =( 
namely A a Bq. nich 1 A the rus 


I 

4 are 

PROP, XIX, wh} 

As. LS 18. D, 15 Three numbers bein * 
BC, 216. ven A, B, O, ta colt then 
eee add 


tional ta them D be fe 
If A A e oy 2 by y any NEE D, * Whi 
bes A wh 


BC; (5) therefore it appears that A: B: 


was required. 


EucLli1dD E's Elements, 


But if A does not meaſure BC, then there can no fourth 
roportional be found; which may be ſhewn as in the 
alt prop. 


Mere prime numbers may be gi- pF 2. B, z. C, 5. 
en than any multitude uh. D, 30. . 
ver of prime numbers A, B, C, 


repounded . 
a) Let D be the leaſt which A, B. & meaſure; If D 
1 be a;prime, the caſe is plain: if compoſed, (5) then 

ome prime number, ſuppoſe G, meaſures D + 1, which 
none of the three A, B, C; For if it be, ſeeing it (c) 

neaſures the whole D-þ 1, (4) and the part taken away D, 

c it ſhall alſo meaſure the remaining unit. Which is ab- 

rd. Therefore the propounded number of — num- 


ers is increaſed by D + 1, or at leaſt by 
PROP. XXI. 


| 2 2 
8 I „., G,, a. 
F even numbers, how many foever AB, BC, CD, are 
aud together the whole AD ball be even. | | 

a) Take EB = AB, and FC= 2 RC, and GD 
D; (5) it is plain that EB FC+GD= F AD, (e 
herefore A D is an even number. bich was to be de- 
unſtrated. 


PROP. XXII. 


I I I I 

A. „. . TC HD L. E 23. 
If odd aber fo many fever, AB, BC, CD, DE, 
are added together, and the multitude of them be even, the 
whole alſo AE hail be open. 

Unity being taken from each odd number, there will 
(a) remain KF, BG, CH, DL, even numbers, (5) and 
thence the number compounded of them will be even, 


units, and the (4) whole AE will thereby be even. 
Which was to be demenſtrated. F 


I 4 P ROP. 


add to them the (c) even number made of the remaining 


a 38. 7. 
b 33. 7. 


c ſuppoſe 
2 


E12. AX. To 


2 6. 46. 7. 
b 12. 7. 
e 6 def. 7. 


a 5. af. 7. 
b 21. 9. 


c hyp. 
d 21. 3. 
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PROP. XXIII. 


7 8. I If odd numbers h 

A. . . B. . . C. . . E. DI. ma foever, AB, N 

3 | CD, are added tage. 

ther, and the multitah 

of them Le odd, the whole AD foall be odd. | | 

For CO, one of the odd numbers. being taken away 

a 22.9, the aggregate of the others AC (a) is even. Wheren 

b 21.9, add C — 1, (5) the whole AE is alſo even; wherefae 

c 7. def. 7. the unit being reſtored the whole AD (c) will be. odd 
Which was to be demonſtrated. 


PROP. XXIV. 


\ n Fan even number AB | 
A....B.....D.Cio. taken away from an evi 
6 number AC, that which n. 

mains BC fall be even, 

For if BD BC—1) be odd, (a) BC (BD i) will k 
even. Which awas to be demonſtrated But if you ſay BU 
—_ becauſe A C (5) is even, (c) thence AD will d 
2 ie conſequently AC {AD+1) will be odd, at 

way F 2 therefore BC is even. Which wait 


PROP. XXV. | 
6 1 If from an even number AB 
1 D. C. B 10. an odd number A C be tain 
7 a . the remaining 
CB all be odd 


4 7. f. 7. For AC—1 (AD) (a) is even (5) therefore DB is eren 
b ok f (<) nd coneuenty OB (DB is odd, a 
c 7 A. 7. demonſtrated. 5 


PROP, XXVI, 


683 * „ 
1 A. C. , D. B 11. Be taken away an odd nun 
T CB, chat which remind 


For 


EucL1DeE's Elements. 


For AB— 1 (AD) and CB 1 (CD) (a) are even ; 
J therefore ABCD (Ac) is even. Which was to be 
emonſirated. $I NY 


buy 
N PROP. XXVII. 
toge. | | 3 
i If from an odd number 14 6 

| AB be taken away an even r 11. 
way, uber CB, abe reſidue AC . 1 20 7 
ret ol! be 04d. | | > ; 
efor For AB—1 (DB) (a) is even, and CB is ſuppoſed to be 


even : (5) therefore the reſidue CD is even: (c) therefore 
Dr (CA) is odd, Which was to be demonſtrated. 


PROP, XXVIIL 


If an odd number A, multiplying an even A, 3 
number B, produces a number AB, the number B, 4 
raduced Ah all be even. | AB, 12. 


For AB (a) is compounded of the odd number A taken 
23 many times as an unit is contained in B, an even 


number. (5) Therefore AB is an even number. V. M. D. 
Schel. 8532 


In e manner, if A be an even number, AB mall be 
an even number alſo. 


PROP. XXIX. 


If an odd number A mmtip hing an odd num- A, 3. 
er B, a number AB, the number produ- B, 5 
4 AB, - all be odd. AB, te. 
For AB (a) is compounded of the odd number B taken 
a Often as an unit is included in A, likewiſe an odd num- 
der. (5) Therefore AB is an odd number. Which was to 
e demonſtrated. | 


Scbol. 


, % ate ? F B. 12. (C, 
a 2 77 * 


For if C be affirmed to be odd, then becauſe (a) B== 
AC, (5) therefore B ſhall be odd; againf the Hy. * 
| 2: 
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b 24. 9. 


a 28. 9. 


a 28. 9. 


—ͤ— — — 


ve. an even number, againſt the Hypotheſis. 


The ninth Book of 


3, 15. (C, 5. 2. An odd number A menſuring an iii 
4 


number B, | meaſures the ſame by 
odd number C. 

For if C be ſaid to be even, (a) then AC, or B will b 
even, contrary to the Hypotheſis, 
B, 1 15. (e. 5. 3. Every number (A and C) tha 
A. 3. 3. 9 meaſures an odd number B, is it elf 

an odd 3 

For if either A or C be affrmed to be even, B (aj ful 


P RO P. xxx. 
B,. 24. (C8 . D. 12 12. E, 4. 
A, LE . A, . 3 
IF an odd number A 8 an even number B, it ſpl 
alſo meafure the half of it D. | 


et = — be=C, (5) then C is an even — 
Therefbrs et B'be =} & den B (He (d) =2 BA 
(A =2 D, (f) therefore EA=2D ; (g) and conſequent? 
E. Which was to be demonſtrated. 


PROP. XXXI. * 


A, 5. B, 8. C, 16. D --- IF an odd nanber A 
fit th atty number B, it ſpa 

alſo be prime to the double thereof To 
If it be poſſible, let ſome number D meaſure A and C 
8 chen D mieaſuring the odd number A ſhall be odd 
» (5) and fo ſhall meaſure B, the half of the eveit nun. 
Fen „ therefore A and B are not prime one to another 


W | again the Deb. 151 
Corell, 
It follows from hence, that an odd number which 


is prime to any number of a double progreſſion, is a0 
prime to we he rr of chat progreffion. 


r R OP, 


Roc Lf b K* c Elements. 


PROP. XXXII. 
All numbers A, B, Sy 1. NX, 3. . CC; 8. D, 16. 
c. in double þ 88 
zum tæwo, are even * even — 
[t is evident that all theſe numbers A, B, C, D, (a) are 
ren, and (5) , namely in a double propertione (c) and 
every leſs meaſures the greater by ſome gne of them, 
/) Wherefore all are _ even. But becauſe A ts a 
rime number, (e) no number beſides theſe ſhall meaſure 


ny of them. Therefore they are "7 even only. 
Phich was to be  demonſirated. 


PROP. XXXIII. 


If of a numb A, the B be A B, b 
3. onmnber Aut buf _ 5 5 


Since an odd number B (a) meaſures A by 2 an 


4 firm it to be evenly even, (c) then ſome. even number 
dy» PP meaſures it by an even number E, whence 2 B (4) 
188 (4) = DE ; (2) cherefore 2: E:: D: B, and there- 


ore as 2 (f} meaſures the even number. E, 0 D an 
en number meaſures B an odd. Which is impoſſible, 


PROP. XXXIV. 


If an egen humber. A be neither doubled from A., 24- 
„ nor have it's 4 aud, it is both even- 


h even and evenly odd, 
Aj is evenly even, Wen e the half 


It i is evident that 
df it is not odd. But becauſe, * A be divided into two 
qual parts, and the half of it be again divided into two 
qual parts, and if this be always done, we ſhall at length 
fall upon ſome (a) odd number, (for we cannot fall upon 
tte number two, becauſe A is not ſuppoſed to be doubled 
upward from two) which ſhall meaſure A by an even 
* for (5) otherwiſe A it ſelf ſhould be K 

Therefore A is * odd, Which cu to 


ms; rated 


61 PIT PROP; 


ren number, (5) therefore B is evenly odd. If yon 


a 6. def. 7. 
bzo. def. 7. 


C 11. 9. 


d 8. def. 7. 


e 13. 9. 
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heref 

PR OP. XXXV. B- 

; ran wer b 

„A, 

nba hy 021494 : neaſu 

B... 3 ad F 

5 O58 —j——öBͤ:⁊... <> F 2 
nl 6 AK 8 | 
5. . 2 H. . . L. . . X — „N xt} ures 


* 


there are numbers in continual proportion 7 
A A, BG, C, DN, and the number FG, equal to the 
A, be taken from the ſecond, and KN, alfo * to the 5 
om the laſt ; it be as the ch of the ſecond BF #h 
theft A, fois theenegh of the laſt DK to all the min 
that precede it, A,B 
From DN take NL — BG, and NH = C. Becuk 
PN: C (HN) (a): HN: BG (LN) (a): : LN (BG): . 
fy (2) ww ——_ FH every where, it will 
K KN; ; (c) wherefore Dl: 
C+ 4.80 A 1 @ (BE) : XN * Which wu 
to rr ated. 


ene 00 by compounding, D DN +BG+C: A Fin 


PROP. XXXVI. 


by 


be taken how many mumbers ſorucr 1,4 

C, P, in 7c Ft e proportion continually, until the bole a 

together E be a 5 number ; and if this whole E nah 

Fly'd into the la . produce a number F, that which 
produced F, ſhall be a 707 & number. 

Take as many numbers E, G, H, L, likewiſe in doit 

n continually ; then 7 a) by equality 'A; ig 

; (5) therefore AL DE (c) D (4 whence | 


5. Wherefore E, G, H, L, F, are = in double pl 


portion. Let G — E be = M, and F— E =N; | 
then M: 14 N: ET GTH I. (/) But M= 


EVI IDE“ Elements. 
here fore re LGN. 1102 therefore F=1+ A h z. a. 1. 
C ＋ 


B ep ny L= E + N. More- k 7. ax. 7. 
wer becauſe NA E (F A* everyone, III. ax. 7. 
A, B, C, (n] meaſuring D, and () alſo E, G, H, L, m1. 9. 
neaſures F. And further, no other number meaſures the - 
aid A For if there does, let it be P, which let mea- 
ures ** ( 1 ) therefore PQ=F=DE ; 310 therefore n 9. ax. 7. 

, therefore ſeeing A a prime number, mea- © 19. 7. 
ures D, ( 4) 


and ſo no other P meaſures the ſame, () con- p 13. 9. 
Re, E does not meaſure Q. Wherefore fince E is q 20.4.7. 
* ve LW number, (TS Ig Qu (/) 1.7. 
nay — and Q are the leaſt in their proportion; (f) ſ 23. 7. 


d ſo E meaſures P as many times as Q does D : (a) there- t 21. 7. 
oe Qs one of them A, B, C. Lede de B. ſeeing then u 13. 9. 

y equality B: D:: E: H, (x) ) and fo BH=DE==F= x 19. 7. 
Q ( x) and ſo alſo Q B:: H: P. (5) therefore H= y 14. 5. 

; therefore P * pk of them A, . Sc. Againſt 

be Hypotheſis, Therefore no other befide the fore aid 

umbers meaſure F, and (z) conſequently F is a perfect 2 22. 4 
umber. Which was to be demonſtrated - 


The End of the ninth Book. 


The 


Plate IV, 
Fig. 10. 


2; 


fures both A and B. Ao y 18 M. J 50, 


"OP 0427} 
The aN Book 18 
©. P 5 os 
FE. U C L I D Ei he 


ELEMENTS. . 


— — = 1 
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Definitions. 


J. Agnitudes are faid to be commenſurd 
| which one and the fame meaſure, meaſug 
them all. 


The note of commenſarability is N., a A eh 
that is, the line A of 8 foot is commenſurable to it 
line B of 13 foot ; becauſe D a ine Ae 


beca 
y 2 meaſures both / 18 andy} 50. For of '3 = 
g=3zandy/ '3=y/ 25 =5, woberyfore V 8:f 
92 23 
a II. | Art PN TRY magnitudes are ſueh, of vi 
no common meaſure can be - found.- 
Incommenſurability is denoted by this mark UH; | In 2x2 
6 M. 25 (5 5) that is, 2 6 is incommenſurable ui 
aumber 5, or to a magnitude defigned by that nun 
becauſe there is no common meaſure of them, as fd 
ear hereafter. 
III. Ripht links are commenſurable in power, via ,, . 
the ſame ſpace meaſures their ſq uares. 
The mark of this be it 7; N. & Al 
CD, i. &. the line A | of 6 foot is in peu , 


menſurable ta, the line C » which 4 Gee her by y 8 4 
20, becauſe E ihr ſpare of one foot e does as b (b. 
meaſure ABq (36) as the = . K ) to ewhich l. D pl 

Faris i 


2 of the fins CD(y 20 


is e Y (20) not 
Sometimes fignifies commenſus 17 7 L 


in power only. 


1 


E vGL1iDE's Elements. 


TV. Lines incommenſurable in power are ſuch, to whoſe 
ſquares no ſpace can be found to be a common meaſure. 

This incommenſurability is denoted thus 3 5 pv g. i. e. 
the numbers or lines 5, and wy 8 are incommenſurable in 
yower, becauſe their ſquares 25 and y 8 are incommen- 
able. | 
p rom which it is manifeſt, that to any right- 
line given, right- lines infinite in number are both 
commenſurable and incommenſurable; ſome in length 
and power, others in power only. The right-lige given 
is called a Rational-line. | 

The note , which ts ß. | 

VI. And lines commenſurable to this line, whether 
in length and power, or in power only, are alſo called 
Rational p. 

VII. But ſuch as are incommenſurable to it, are called 
Irrational, | 
And denoted thus p. | 
VIII. Alſo the ſquare which is made of the ſaid given 
icht-line is called Rational, fy. 
IX. And hkewiſe ſuch figures as are commenſurable 
d it, are Rational pa. 
X. But ſuch as are incommenſurable, Irrational 


* 
XI. And thoſe right-lines alſo, which eontain them 
power, are Irrational p'. 


Schol. Plate IV. Fig. 12. 


That the laſt ſeven definitions may be rendered more clear by 
In example, let there be a circle ADBP, whoſe ſemidiameter is 
g, inſcribe therein the ſides of the ordinate figures, as of a 
| 175 BP, of a triangle AP, , a er BD, of a Penta- 
ore FD. Therefore, if according to the 5. def the ſemidig- 
ter CB be the Rational line given, expreſſed by the number 
» to which the other lines BP, AP, BD, FD, are to be com- 
ared, then BP (a) = BC = 2, wherefore BP is p N. BC, 


1 A ccording to the 6. def. Alſo AP (b)=y/ 12 (for A 16 

ver 7 BPq 84 12) therefore AP is 5 DC. likewiſe Pa (ge 
{by b the ö. def. and APq (12) is fa bj the g. def. Moreover 
& WD (b)=\/DC Bas whence BD is NBC and 


Da pr. Lafth, ED = 10—- / 20(as. Hall appear by the 
[axis to be delivered at the 10. 13-) Hall be pa, according to 


* 10, def. and conſequently FDV: 10=\/20 is fl, ac- 
ding to the 11. del. a " 


A Paſtulato 


a cer. 15. 4 


b 47. 1, 


| OR 


- 
2 poſt. 10. 


HI, IB, be equal in multitude to the parts DF, FG, G 


Which was to be demonſtrated. 
| half AH be taken away, and again from the reſidue I 


; Duo unequal magnitudes being given ( AB; CD 


The tenth Book r 
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That any magnitude may be fo often multiplyed, i 
it exceed any magnitude whatſoever of the ſame king, | 


Axioms. . . 

1. A magnitude meaſuring how many magnitude 0 
ever, does alſo meaſure that which is compoſed of they, 
2. A magnitude meaſuring any irade whatſoem, 
nw Ii meaſure every magnitude which that nes 
3. A magnitude meaſuring a whole magnitude and 
part of it taken away, does alſo meaſure the reſidue, 


PROP, I. Plate IV. Fig. 14. 


b T une val ma nitudes AB, | ; given , if from ti 
greater AB there 4 taken away 2 half (AV) a 
from the refidue (HB) be again taken more than half (il 
and this be done continually, there ſhall at length be bf 
certain magnitude I B, leſs than the lefſer of the magni 


SQ >, Dre 


(a) Take C ſo often, till its multiple does ſomewhate 
ceed AB, and let DE = FG==GE==C. Take from 
more than half AH, and from the remainder-HB, at 
than half, viz. HI, and ſo continually, till the part A 


Now it is plain, that FE which is not leſs than I DB! 
greater than H B, which is leſs than AB 5 
nd in like manner GE, which is not leſs than ? FE, 
greater than IB -a Z HB, therefore C, or GE C 
The ſame may alſo be demonſtrated, if from AB! 
the half HI, and fo forward. 


PROP. II. Fig. 14. 
' terchangeable ſubtration, an the refdue do not meajiot! 
magnitude going before, then are t/ magnitudes go! 


« 
-, % 


boſs AB be continually taken from "ef 4 CD, 5 


Evert tv rs Elements. | 14g 


If it be poſſible, let ſome magnitude E be the common 
meaſure: Then becauſe AB taken from CD, as often 
as it can be, leaves a magnitude FD leſs than it ſelf, and 
FD taken from AB leaves GB, and fo forward (a) there- 


a 1. . 
fore at length ſome magnitude GB —> E ſhall be left, p bn.” 
therefore E (5) meaſuring AB, (+) and fo CF, (%) and ax. 10. 
the whole CD, (4) ſhall alſo meaſure the reſidue FD, (9 d 3 ax. 10. 
conſequetitly alſo AG; (4 wherefore it-ſhall likewiſe 


meaſure the remainder GB, leſs than it ſelf. Nich is ? 
abſurd, 5 | 


P R O P: III. Plate IV. Fig. 15. 


Tavo commenſitrable magnitudus being given AB, CD, 70 
find out their greateſt common meaſure FB. 

Take AB en CD, and the refidue ED from AB, 
and FB from ED, till FB IR ED (which will come 
to paſs at length, (a) becauſe by the Hyp. AB N. CD . 16, 
Ti ſhall be : of 22 required, . F | n 
For FB (4) meaſures ED, (e) and fo alſo AF; but b jp 
it meaſures it ſelf too, (4) therefore likewiſe AB, (c) 


| C2. 10. 
and conſequently CE, (4) and ſo the whole CD. Where- d. 3 = 
fore FB is the common meaſure of AB, CD. If you 
afirm G to be a common meaſure greater than that, 

then G meaſuring AB and CD, (e) meaſures alſo CE e 2. ax. 10. 
and (/) the remainder ED, (e) and fo AF; and () f 3. ax. 10. 


conſequently the remainder FB, the greater the leſs, 
Which is abſurd. . 


el 


Hence, a magnitude that meafures two magnitudes, 
docs alſo meaſure their greateſt common meaſure. 


"PROP. IV, Ez. 16. 


Three commenſurable Magn tudes bei ng given, A, B, O. 
to find dut their greateſt common meaſure. 

(a) Find out D the greateſt common meaſure of any two u 3. 10. 
A, B; (a) alſo E the greateſt common meaſure of D and 2 àx. 10. 
C therefore E is the magnitude ſought. ” 5 

(a) For it is clear, E meaſuring D and C, (4) mea- b conſtr, & 
ſures the three, A, B, C. Conceive another magnitude ; 

P greater than that to meaſure them z (c) then F mea- cor. 3. 10. 
ſures D, (c) and conſequently E the greateſt common mea- 
ure of B, and C, the gener the leſs. Which is abſurd. 


* 1 
Y 
* 
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Hence alſo it appears, chat if a 8 1 
three magnitudes, it ſhall likewiſe meaſure their greateſt 
common meaſure. 4 ö 


Rr. V. 
A — — D, 4. Commenſurable magni- 
& * F, 1. tudes A, B, have ſuch pro. 
B —— E, z. portion one to another az 
number hath to number. 
a 3. 10. (a) C being Sand the greateſt common meaſure of A, 


B; as often as C is contained in A and B, ſo often is 
b 20. def 7. 1 n in the numbers D and E; (6) therefore CA 
D; jy inverſely A: C:: D: 1, ( + 

e 22. 5 likewiſe C: B:: 1. E; (c) therefore by equality 
g Din; N N. Note, The letter N only lende 
aan in general, and refers not to any particular ſpace 
or magnitude as the other letters do, and is to be 
read, as A to B, ſo D to E, and fo number wma, 
* hich avas to be 06 RED 


PROP. VI. 

—— 1 If tuo nitudes A, 
A — — C, 4. B, have ſuch proportion 
B — - — "On 3. one 10 another, as the nun- 


ber C hath to the number 

D, thoſe 8 A, B. Hall be commenſurable. 

a /ch. 10. 6. What part 1 is of the number C, (a that let E be of 
confir. A. Therefore becauſe E: A 55 C, and A: 3 (0% 

c Hp. : C: D, (4) therefore by equality hall E: B. :1:D. 
d 22.5. Wherefore ſeeing 1 (e) meaſures the number D D. like- 
C Sg. ax. 72. wiſe Emeaſutes B; but it (g) alſo meaſures A, 60 _=_ 
f 20. aff. 7. A Which was to * 


conf? =»: 
bags "PROP. VI. Plate IV, ig u. 


— 


afilbkeheihl a magni rudes A, B, 8 not that ehen, 
one to another, aubich number hath to number. 
4 6. 10. If you affirm A: B:. N: +N, 65 then Aa. B, 7 
222 the Fypothifics | | 


. = 
k ww al * 2 ES ; 
oa y OY 
2 85 NOF. 
1 „ = * 8 =y + * << - 
— NE F R 


EU GLI DEO Elements; 


p RO P. VIII. Plate IV. Fig. 15: 


If tao magnitudes A,B, have not that proportion one td 
not ber, which number hath to number, thoſe magnitudes are 
incommenſurable. 


Conceive ANB, (a) then AB:; N: N. contrary a 5. 10s 
to the Hypotheſis. | 


. The ſquare „ Keks upon right 4 
\ lines 1 in length, have that B 
4 proportion one to another, that a ſquare E, 4. 


number hath to a ſquare number. And F, 3. 
ſquares, which © te proportion one to 
another, that a ſquare number hath to a fquare number, 
ſhall alſo have t ber Fl commenſurable in length. But 
fuch ſquares as are upon right- lines intommenſurable in 
hath have not that proportion one to another; which a ſquare 
number bath to a ſquare number. And ſquares which have 
not ſuch proportion one to another, as a ſquare number hath 
* a ſuare number, have not their Hades 1 in 
Us 
r. Hyp. Ao. B. I fay that A Q 
F. or (a) let A: K : number E: : numb N therefore 


Ag | 

10 esl Fee, 2 ( thereſore Ag: x ch. 23.5. 

Bq : : Eq: Fq: : Q Q. W. ORE... to be demonſtrated. d 11. 8. 
Fon Hyp. nl By :Eq:Fq: :Q: Q. Ifay Ada B. For © 11:5- 


F twice v5 "( g)= 0 ; twice, (therefore A: f 20. 6. 


B: : E: F: N, 0 Wu K- W Which was F 9p. 8. 

to be rey] i/ch. 23. 5 
3. Hyp. AN. B. I deny chat Ag: Bq: :Q: For f 6. 10. 

P N:: 2 then A H-B, as is ſhe wn be- "nn 

fore, again the * * 
4. Hyp. Not Aq : :Q: Q, I ſay that AB. 

For conceive A KI. B, * Aq : Bq : : Q Q, asabove, 

againſt the Hypotheſis. 


n &@ =o Sz, 


— 


Coroll. | 


nal. be Da. are alſo „but not on the contrary. And , 
Sense Lines . are alſo 8 


. 
- - 


+ Q@ — 


K 2 PROP; 


ol * 9 "aw 1 
, , _ n Pe 1 # * 3 7 1 
_ . —_ 7 * * * (BE) d 9 ** 
* . g N 
N N | 
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If four magnitudes are proportional (C: A: : B: D) 
* the firſt © be a Ik to the ſecond A, the. 
third B fall be commenſurable to the fourth D. And if 
the firſt C be incommenſurable to the ſecond A, alſo the 

| third B ſhall be incommenſurable to the fourth D. | 

2 5. 10. If C NA, (a) then C: A: : N: N, (3): : B: D, 

b 6. 10. (50 therefore B A. D. But if C N. A, (c) then ſhall 

C 7.10, not C: A:: N: N:: B: D, (e) wherefore B Ta. D. 
d 8. 10. Which was to be demonſtrated. 


, Lemma 1. 


To find out two plane numbers, not having the propor- 
tion which a ſquare. number hath to a ſquare. 
Any two plane numbers not like, will ſatisfy this 
——— as thoſe numbers which have ſuper-particular, 
perbipartient, or double proportion ; or any two prime 
numbers, See Schol. 27. 8. | 


Lemma 2. Fig. 19. f 


To find out à line HR, to which a rigbe- line given KM 
. i hath the þ ion of two numbers given B, C. 8 
a ſeh 10. 6G. (a) Divide KM into as many equal parts as there are 
1 units in the number B, and let as many of theſe, as there 
b 3. 1. are units in the number C, (5) make the right-line HR, 
1 it is manifeſt that KM: HR:: B: C. | 


| Lemma 3. | 
To find out a line D, to the ſquare of which the ſquare of 
4 * given KM hath the proportion of two numbers 
K given ; C. COS 
2 2. Am. 10. Make B :C (a): : KM: HR, and between KM and 
10. HR, (4) find a mean proportional D. Therefore KMg: 
b 13. 6. Dq (c): : KM: HR (4): : B: C. | | 
C 20. 6. | w ; 
d conftr. | PRO p. XI. Fig. 40. 


a l. lem. 10. To find tauo right-lines incommenſur able to a rigbt line 
10. given A, one D in length only, the other E in power alſo. 
Þ 3. lm. 10. 1. Take the numbers B, C, (a) 8 it be — 5 
10. :: Q Q, () and let B: C:: Aq: Dq, (o) it is plain that 
9. 10. AND. But Aq ( Ta. Dq. Whichwasto 75 
10. | 2 2. f 


EvcyilDeE's Elements. 


2. (% Make A: E: : E: D. I ſay Aq Eq. For 
A:D/e): : Aq : Eq, therefore fince AN. D, as before; 
(/) therefore Aq Ta. Eq. Which was to be done. 


PROP, XII. Plate IV. Py, 20. 


Magnitudes (A, B) commenſurable to the ſame magnitude C, 
are alſo commenſurable one to the other. 


Becauſe Aa. C, and C A. B, (a) let A: C: : MN 


D.8. E, 8 ü De N:: 
7 7 G N F: G, (5) take three numbers H, 
H I. 1 K. 6 I. K. the leaſt = in the proportion 
11, 5% +09 of D to E, and F to G. Now becauſe 
A: C :: D: EC ):: H: I, and C: B(c) :: F: G 
: I: K, (4) therefore by equality, A: B:: H: K:: 


M : N, (e) therefore A N. B. Which was to be de- 
monſirated. 


$chot. 


Hence, every right-line commenſurable to a rational 
line is alſo it ſelf ; rational. And all ratiogal right-lines 
are commenſurable to one another, at leaſt in power. 
Alſo every ſpace commenſurable to a rational ſpace is 
rational too: And all rational ſpaces are commenſurable 
one to another, But magnitudes whereof one is rati- 


onal, the other irrational, are incommenſurable amongſt 
themſelves. F A 


PROP. XIII. Fig. 21. 


If there are two magnitudes A, B, and one of them 
A, commenſurable to a third C, but the other B incom- 
menſurable, thoſe magnitudes AB, are incommenſurable. 

Conceive B N. A, then ſince C (a) Ta. A, (6) there- 
fore CN B, againſt the Hyyothefis. 


PROP. XIV. Fig. 20, 


If there are tayo magnitudes commenſurable A, B, and one 
of them A incommenſurable to any other magnitude C, the 
other alſo B Gall be incommenſurable to the ſame C. 

Imagine B Tx. C, then for that A (a) N. B, (5) there- 
fore A N. C, againſt the Hyp, 


K 3 PROP. 


. 149 
d 13, 6. 


e 20. 6. 
f 0. 10. 


b 12. 10. 


a Mp. 


b 12. 10. 


| 150 


© cor. 4+ Jo 
f 22. 5. 
· 10. 10. 


— 


a 3. 10. 
b I. ar. 10. 
E 1. 4. 10. 


e 3. ax. 10. 


t be aobole 
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PROP. XV. PlateIV. Fig. 22. 


If 1 right-lines are proportional (A: £ :Þ) 


firſt A be in prower more than the ſecond? B by the 


75 of a right-line commenſurable to it ſelf in length, then 


 alfo the third v de. Shall be more in power than the Fourth D 


by the „ RY a right-line commenſurable to it ſelf in 
the firſt A be more in power 4b 


e ſquare of a right-line incommenſurable to it 


el s in 2 then fall the third C be more in power than 


the fourth D by the ſquare of a right-line incommenſurable 
to it ſelf in length. 


For ale; A:B(a): D, (3) therefore A Bq 
: Cq: bg, (c) . 8 diviſion A — BY 5 

Ca—Da Dq; (4) wherefore / Ag - Be 

Cq—Dq : D, 2, (e) and fo inverſely B: 1 


D: (4 q, (f) therefore by equality A : * : 
Aa- 10 : v Cq-Dq. conſequently if A N, or 


. 4 ' Ag — Bd, (g) then likewiſe CN, or r * 
Cq=Lg. Which was to be demonſirated. ö 


P R 0 P. XVI. Fig. 23. 


IF tao commenſurable magnitudes AB, BC, are compoſed, 
magnitude AC hail be commenſurable to each of the 
parts AB, BC. And if the whole AC be com- 


menſurable to either oF the parts AB, or BC, theſe tæuo mag- 
W #55 at 5 D. C, Hall be commenſurable. 


D be the common meaſure of AP, 
BC: '@ a ors D meafures AC, and therefore AC N. 
AB, and BC. Which was to be demonſtrated. 


2. Hyp. (a) Let D be the common meaſure of AC, AB, 
(d) — D meaſures AC — AB (BC) and co 


* AB Tx. BC. Which as to be demonfirated. 
Coroll. 


Hence it follows, if a whole magnitude compoſed 
bf two, be commenſurable to any one of them, the ſame 
hal be commenſurable to the other alſo, 


7 


„ 


) 
he 
: 
1 
it 
an 
ble 
. 
/ 
1 
of 
* 


P, 


Euc LI R's Elements. 
PROP. XVII Plate IV. Fig. 23. 


If tawo incommenſurable magnitudes AB, BC, are compoſed, 
the avhole magnitude alſo AC ſhall be incommenſurable to 
either of the tauo parts AB, BC. And if whole magnitude 


AC be incommenſurable to one of them AB, the magnitudes 


iven AB, BC, Hall be incommenſurable. 
e If it can be, let D be the common meaſure 


of AC, AB, (a) therefore D meaſures AC- AB (BC) (3) 


and therefore alſo AB N. BC, againſt the hypotheſis. 


2. Hyp. Conceive AB Ta. BC, (c) therefore AC N. 
AB, againſt the hypotheſis. | 


Coroll; 


Hence alſo, if one magnitude, compoſed of two, be 
incommenſurable to any one of them, the ſame alſo ſhall 
be incommenſurable to the other. 


PROP. XVIII. Eg. 24. 


If there are two unequal ri ght-lines AB, GK, and upon 
the greater AB a parallelagram A D B equal to the 
fourth part of. a re made of the leſs line GK, and 
deficient in figure * a ſquare, be applied, and divides the 
ſaid AB into parts commenſurable in length A D, DB; then 
Call the greater line A B be more in power than the Ieſs GK 
by the ſquare of a right-line FD commenſurable in length ta 
the greater. And if the greater AB be in power more than the 
ljs GK, by the ſquare of the right-line FED commenſurable 
in length to it ſelf, and a parallelegram ADB equal to the 
fourth part of the ſquare made of the leſs lint G K, and 
deficient in figure by a ſquare, be applied to the greater AB, 
then ſhall it divide the ſame into parts A D, D B, com- 
menſurable in length. | 

(a) Divide GR equally in H, and (v) make the rectan- 
gle ADB=GHq. Cut off AF=DB, then is ABq {c)= 
4 ADB (4) (4 GHq or GKq) + FDq. Now inthe firſt 
place, if AD Tx DB, then ſhall AB (e) M. BD (eh. 
2 DB V (AF-+DB, or AB — FD) (g) therefore ABN. 
FD. Which was to be dem. But ſecondly, if AB Tx. FD, 
(4) then ſhall AB oa. AB — FD (z DB) (4) therefore 


AB N DB, () wherefore AD N. DB. Which was to 


be demonſtrated, 
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C 3. ax. 10. 
bi. 4%. 10, 


c 16. 10. 


4 10. 1. 
b 28. 6. 
e 8. 2. 
d conſtr. & 
4. 2. a 
e 16 10. 
f confty. 
gcor. 16. 10. 
h car. 16. 10. 


k 12. 10. 
] 16. 10. 
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& 17. 10. 

b 13. 10. 

C cor. 17. 

10. 

d 13. 10. 
E 17. 10. 
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PROP. XIX. Plate IV. Fig. 24. 


If there are two right-lines unequal AB, GK, and tothe 
greater AB, a paralleligram ADB equal to the fourth part 
of a ſquare made upon the leſs GK, and defictent in figure 
; a ſquare be applied, and divides the ſaid AB, into parts 
AD, DB „ incom:menſurab/e in — 1 the greater line AB 
be in power more than the 75 GK by the ſquare of the 
right-line FD incommenſurable to the greater in 7 1 And 
if the greater line AB be more in power than the leſs GR 
the ſquare of a right-line FD incommenſurable to it in length, 
and if alſo upon tho 12 AB be applied a parallelggran 
ADB equal to the fourth part of the ſquare of the bi 
GK, and deficient in figure a ſquare, 
it divide the ſaid greater line A B, into parts incommen- 
ſurable in length AD, D B. 
Suppoſe all the ſame that was done and faid inthe 
ec. pro Therefore firſt, If AD M. D B, (a) then 
Mall B DB. (6) Wherefore AB N 2D B(AB— 
FD) (c) therefore A B a. FD, I bith was to be dt 
monſtrated. 
condly, If AB N. F D, them AB N. AB—FD 
( 2 DB ) (4) wherefore AB MN DB, (e) and conſequent» 
ly AD Tx. DB, Which was to be demorfirated, 


P R O — XX. Fig. 257 


A refanghe BD comprehended under right-lines BC, CD, 
rational pu.” „ in length * to one of 
the foreſaid ways, is rational, 1 
Let A be given 5, and (a) the ſquare BE deſcribed up- 
on BC, Becauſe DC: CE (BC) (0: ; BD; BE, and DC 
(c) Tx BC, (4) therefore ſhall the rectangle B D be N. 
ſquare B E, wherefore ſeeing the ſquare B E (e) N. A. 
ſhall alſo 7) BD be N. Aq, and ſo the rectangle py BD+ 
Which cuas to be demonſtrated. 

Note, There are three binds of rational-lines commen- 
furahle one to another, For either of two rational-lints 
eommenfurable in length one to the other, one is equal to tht 
rational-line propounded, or either of them is equal.to ity 
notevithRanding both of them are commenſurable to it in 
kength ; or laſtly 92 of them are commenſurable to the 65 

line given only in pcauer. theſe arg the s which 
be preſent Theorem breaks 1 n | 


lo 


Evcri1De's Elements. 


numbers, let there be BC, / 8 (2 / 2) and CD 
8(3y 2) then hall the rectangle B D Y 144= 


PROP. XXI. Plate IV. Fig. 26. 


a rational rectangle D B be applied to a rational 


nſurable in - length to that line D C whereto DB is 


2d, | 

t G be propounded þ, and the ſquare DA deſcribed 
BC, becauſe BD ; DA: : (a) CA; and BD, 
| (5) are pz (c) and ſo Tax (4) therefore BC ACA 
CD (CA) is p. (e) therefore BC is p. Which was to 
demonſtrated. 

n numbers, let there be the rectangle D B, 12, and 
VS. — 18. but / 18 =34y 2. and 
3222 * 2. 


Lemma. 


lo find out two rational right=> A — 
Nt» commenſurable only in B —ů—— 
or, — — 
t A be proponnded p. (a) | 
eB Ke (a) and C Y. B, (6) it is clear that B 
| C are The lines required: | 


PROP. XXII. Fig. 26. 


p- ( r:2angle DB ebended under the rational right-lines 
DC , CB commenſurable in power only, is irrational : 

cl. right-liue H, which containeth that rectangle in power | 
Ao, rational, and called a Medial- line. | 


G be the propounded p, and the ſquare DA de- 
ded on DC, and let Hq=DB. Becauſe AC : CB (a) 


(Hg.) (a) but Gq N. DA; (2) ore Hq N. Gq 
Wherefore H is p. Which was to be dem. and let it 
called a Medial-line, becauſe AC: H: : H: CB. 

numbers, let there be DC, 3. and CB, / 6. then 
the rectangle be DB (Hq) / 54. wherefore H is 


7h 

ihe note of a medial-line is , of à medial - rectangle 
of both together wa. | _ 
g g chou. 


DC, it makes the breadth thereof CB rational, and 


DA : DB, (5) and AC N. CB, (2) hall be DA . 


2 1. 6. 


b . 
cſcb. 12. 10. 


d 10. 10. 


eſch.12.10s 


a 11. 10. 


b /ch. 12. 


10. 


A 1. 6. 
b 
c 10. to. 
d hyp. and 
9 def. 10, 
e 13. 10. 
f 11, 10. 


- 
- Ee eee 
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for / 24 =vy/ 576 N 6Xwy 96. 


a ſch. 22. 
10. 

b 1. ax. 1, 
C 14. 6. 


d 22. 6. 


3 


10. 
10. 10. 
feb. 12. 
10. 
k 1. 6. 
110. 10. 
m ſch. 12. 
10. 
n 13. 10. 
0 1. 6 
P 10. 10. 


4 11. 6. 
b hyp. 
C 23. 10. 
d 1. 6. 
e | 
f ro. 10. 


g rz. an 


13. 10. 
k 22. 10. 


Tbe tenth Book of 


_ Schol. 


Every W that can be contained under two ereby 
tional right-lines commenſurable only in power, is f al-ſps 
dial, although it be contained under two right-lines j 
rational: and every medial-reftangle may be contaity 
under two rational right-lines, commenſurable only | 
power; as for example, the / 24 is , becaule it is a 
tained under / 3, and y/ 8, which are p, TO althouy 
it may be contained under w 4/ 6, and v 90 urrationd 


find o 
þ and. 
| Let 
and 


PROP. XXIII. Plate IV. Fig. 27. 


If the reftangle BD made of a medial-line A, be q 
to a rational-line BC, it makes the breadth CD rain 
and incommenſurable in length to the line BC, whereuntil 
rectangle BD is applied. 

Becauſe A , (a) therefore ſhall Aq be equal to in 


rate 
rectangle (EG) contained under EF and FG p Ng. 8 
therefore BD EG, (c) whence BC: EF :: FG: C 
therefore BC: EFq : : FGq : CDq. But BCq and i 
(e) are pz ( and ſo N.. (g) Therefore FGq Tx U ** 
herefore fince FG is p, (4) therefore CD . ſhall & nme 
Moreover, becauſe EF: 5 G (4) : : EFq: EG (BD) t| 
ſince EF N FG, (e) ſhall EFq be . BD. Bu and 
( A CDq. () therefore the rectangle BD MMO: 
Whence ſince CDq : BD (e); : CD: BC. () ſhall ie ſq 
be N. BC. therefore, Oc. re 1a 
| jortior 
PROP. XXIV, Fig. 28: - By 
A right-line B commenſurable to @ medial-line A, i 
a medial-line. * | | 
Upon CD þ (a) make the rectangle CE Aq; (4)1 
the rectangle CF=Bq. Becauſe Aq (CE) is jy, (6) 1 
CD 6, (c therefore ſhall the latitude DE be p 
But — CE : CF(4): : ED.: DF and CE (H 
(f) therefore EDTQ- DF. (g) therefore DF is NA 
whence the rectangle CF (Bq) is uy, and fo g; UA. A 
Which was to be demonſtrated. -— "12:22 0 44 — 
Obſ. that the note . for the moſt part fignifies com (0): 
furable in power only, as in this and the pretedent a 49 © 
tions, &C. N w 03 LION k E 


EvucLivp rs Elements. 
Coroll. 


al · pace, is alſo medial. 


Lemma. Plate IV. Fig. 21. 


find out two medial right-lines A, B, commenſurable in 
hand alſo two A C — only in power. 


and 'tis evident the thing is is done. 
PROP. XXV. Fig. 29. 
angle DB contained under DC, CB medial right- 


. in length is medial. 
pon DC deſcribe the ſquare DA. Becauſe AC : 


bunt CB (a) : : DA: DB, and DC NH. CB; (6) ſhall 
N DB. (c) therefore DB is wy. Which was to be 

to rated. 

E 

4; PROP. XXVI. Fig. 30. 

n 

L Ul 


aangle AC comprebended under medial right-lines AB, 


mmenſurable only in is either . onfmedial. 
Di cke lines AB, C, (a) deſcribe the ſquitres AD, 
0 ad upon FG (%) make the — FH = 


| (5) and IR AC) — LM==CE. 

he ſquares AD, CE, that is, the rectangles FH, LM, 

re H and N. therefore GH, KM, having the ſame 
jortion (4) are 5, (e) and . (f) therefore GHx KM 
+ But becauſe AD, AC, CE, that is FH, IK, LM, 

we ; (4) and ſo GH, HK, KM alſo =; (4) thence 
q= GH x KM. ( therefore HK is þ,- Or "TL, or 
IH (GF ;) if Tx, () then the rectangle IK or AC 
but if Y. () then AC is ur. Which was to be dem. 


Lemma. Fig. 31. 


only, Then firſt, ſhall Aq, Tg, Aq 
» And ſecondly Aq, 71 


A and E are 


1 ko, A9 — 6 
e 4 AB and + AV For A:E(6):: 


1 Aq. 
s comm ih therefore ſecing A (c) MN. E, (4) 
2 . AE, 65 and 2 AE. Alſo Eq (4) N. AE, (e) 
Ak. wherefore becauſe A - Eq Ta Aq and Eq; 

7 Aq and Eq; J) —3 2 ſhall Aq 
{f) and Ag—Eq be TAE, and 2 AE. Hence 


rcby it is manifeſt that a ſpace commenſurable to a 


| Let A be any g, (5) take B N. A, and (c) * | 
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a lem. 21. 
10 and 13. 


b 2. lem. 
10. 10. 
c 3. lem 10. 
10. 

d conſl. ani 
24. 10. 
A 1. 6. 

b 10. 10. 


c 24. 10. 


2 46. 1. 

b cor. 16. . 

c hyp. & 
24. 10. 

d 23. 10. 

e 10. 10. 

f 20. 10. 


ps 22.6. 


k 17. 6. 

112. 10. 
m 20. 10. 
n 22. 10. 


a hyp. and 

16. 10. 

b 1. 2. 

„ your 

d 10. 10. 
e 14. 10. 

f 14. 10. 
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Hence alſo thirdly, A , E > Aq Eq, — Bi 
POD Nr I 
1 Ak. ) and Ag + Eq +2 AE N. A 

and 7. 10. (2 d ＋ HA 4TH 
h cor. 7. 2. AE. QA B.) 


PROP. XXVII. Plate IV. Fig. 32, 


A medial redtangle BY _ th not a medial reh B 

AC by a rational — r E. i. 

a cor. 16. 6. Upon EF þ, (a) make EG —AB, (a) and EHS ((= 
b Hp. The rectangles AB, AC, i. e. EG, EH, (56) are aw. 

C 3. 10. therefore FG and FH are p N. EF. Whence, if Wumbe 


gh f. er DB be fy, (e _ be NA. HK; 


8 HG Tz FH. (g) and — Fog 
7 13. 19. But FH is f. () 2. is FG þ. but BG 
g lem. 26. P ; be ore. Which is 12 


h /ch. 12, Scbol. Fig. 29, 33. 


1. 4 reftangle A E exceeds a rational i 
AD by a rational rectangle CE. 

For AE (a) *. AD, (5) therefore AE N (l 
d cor. 16. wherefore CE is py. Which was to be demonſtrated, 
os 2. Ayrational redtangle AD joined--wwith a ration 
C{ch. 12. 10. gt CB makes a rational rectangle AP. 1 a 
a /ch. 12.10. For AY (a) NA CF, (5) wherefore AF N AD 
b 16.10. CF; (e) and AF is pv. Which was ts be dm 


c /ch. 12. 10, 
PROP. XXVIII. Ef. 22. 


To find out medialrlines (C and D) which e 
rational refangle CD. 
2 lem. 21. 10. MW (5 make A: Ct 
b 13. 6. and A: B:: C: BI 5 the thing required f. 
C 12. 6. For AB (£9) (d) is ur, (a] whence C is jy. But! 
d 22. 10. A:B::C: D (7) therefore C g. D ; (g) and 
e confer. uently D is u ;, —_— by — A : e 
f 10. 10. 3 * 8 6. c: 4 T therefore Bq=V 
24- 7 * Bq is py ; 60 ah eng En is py. Which wa 
17. 
h ſcb. 12. 8 le & be y/ 2: nd BG therefore 
10. ry make / 2: /6::wy 12: D. or v4: 
: vy/12: D; then ſhall D be v 108 ; but v lt 
wm = wah oof 1296 =4/ 36 =6. therefore CD" 
lizxewiſeC:D::21t Mann 


PR 


E v c L I D E' Elements. 
| PROP. XXIX. Plate IV. Eg. 34. 


find out medial right-lines commenſurable in power only, 
E, containing a medial rectangle DE. 

Take A, B, C 5D. make A: D (3): : D;: B. (9) 
C:: D: E I ay the thing deſired is performed. 
AB (d) = Dq; and AB (e) is wy, therefore D is 


numbers, let A be 20, and B, / 200, and C. „ 80. 
fore D is . 8o000O0; and EU NY 12800. There- 
EV 1024000000 = / 32000. and D: E:: 
2. wherefore D > E. 


| Schol. 
{out tavo plane numbers, like A, 6. C12 


any four numbers pro- 
l A: B:: C: Dit is ma- 
dat AB and CD are like A, 6. C, 5. 
numbers. And vou may B, 4. D, 8. 
but as many unlike plane 
ts, as you pleaſe, 'by the 
Shel, 27.8. 


Lemma. Fig. 35- 


W out tava ſquare numbers (DEq and CDq) fo that 
Wer compoſed of them (CEq) be ſquare alſo. 


Ab, DB like plane numbers (of which let both 
| is WF", or both odd) wiz. AD, 24. and DB 6. The 
ut ber theſe (AB) is 30; the difference (FD) 18. Half 
ind Cl (CD)is 9. (a) Now the like plane numbers AD, 
A: cone mean number proportional, namely DE; 
q = ei is evident that every of thoſe numbers CE, 


JE, are rational, and by conſequence CEq (6) 
DEgq ) is the ſquare number required. 


eby it will be eaſy to find out two ſquare num- 
ve exceſs of which is a ſquare or not a ſquare 
namely by the ſame conſtruction (c) ſhall — — 


= DEq. 
4 But 


nd B (V a) whence D 75 E. (5) E is a. 


alemz l. 10, 


b 47. "9 


C 3. ax. 1. 


258 be tenth Book of 


1 if AD, DB be plane numbers unlike, the 
rtional line (DE) ſhall not be a rational nu 
ſo neither ſhall the exceſs (DEq) of the 


ind CDaq, be a ſquare number, 
r a . 


2. To find out two fuch ſquare nunibers B, C. 4 
mumber compounded of them D is not ſquare, || 
divide a ſquare number A into two numbers 


ſquares: 


LY 


w3 


. 3. B, 9. C, 36. D, 45. 


hs 1. Fake any ſquare number B, and let Chez 
. and D — B + I fay the thing is done, 
For Bis Q, by the conſtr. likewiſe becauſe B:( 
224.8, , 34::Q: Q; (a) therefore. C_alſo ſhalt de 
b cor. 24. 8. number. But becauſe BC D: G: 3 
Q: Q. (6) therefore ſhall. not D be a auen 
. Was to be done. 


4, 36. B, 24. 8 12. D, Jo b. 


2. Let A be fome ſquare number. Take 
53 numbers unlike, and let D be EAT 
: A: B. and D: F: A: C. I ſay tht 
required is done. | 
or becauſe D: EP: AB, and D= 
2 14. 5- F, (a) therefore ſhall A== BTC. Now ſuppd 


b 21. def. 7. be ſquare, (+) then A and B, (e) and conſequent] 
© 26. 8. E are like plane numbers. Which is contra) 


irs 
ſame abſurdity will follow if C be upp 
own number, Therefore, &c. 


PROP. XXX. Fig. . 


To find ba cut two rational rightshines AB, AF, L 

ACS only in power, ſo that the greater Ab 

in power, more than the leſs AF; 5 the To 
rigbi-lise BE, commenſurable to it ſelf in b. 
a 1. lem. 20. Let A B be p. (a) Take the ſquare numb 


10. CE, fo that CD — CE (ED) be not Q. (2) 5 

b 3. lem. 10. D ED: : ABq : Arq. In a circle ibel 
. the diameter AB (7) fit AF, and draw BF. Tn * 
Cl. 4. AP, AF, are the lines required. there! 


2 04 — 


Eucrip 's Elements. 


or ABq: AFq (4): : CD: ED; () therefore ABq 
AFq. But AB is p 1 0 *F therefore AF is alſo p. But 
mſe CD is Q; al ED not Q: (g) therefore ſhall 
be N AF. Moreover by reaſon LP the (5) right- 
le AFB, Is AB (4)= AF Ft BFq ; therefore ſeeing 
ka : AFq TY ED, by converſion of proportion 
ll ABq : BFq : : CD: ck: : Q. (/) Therefore 
br BF. WW. Nel dba to be Sine: 


be 
nun 
e | 


ED, 5. Make 9: 5: : 36: (Q: 6.) AFq. "Hen AFq 
|be 20 ; and EF TEAS y AF V/ 2c. Therefore BFq 
16 - 20==16. Wherefore BF is 4. 


PROP. XXXI. Plate IV. Eig. 36. 
To fnd out two rational lines AB, AF commenſurable 


the toſs AF by the ſquare of a right-line BF incom- 
wrable to it e i in length. 
et AB be 5. (a) Take the ſquare numbers CE, ED, fo 
tCD=C CE- ED be not Q, and in the reſt follow 
conſtruction 47 the preced. prop. I ſay then the thing 
red is done. 
For, as above, AB, AF, are 5 5 alſo AB : BFq 2: 
ED. therefore ſince CD is nor 2 AB, BF (6) Mall 
A. Which was to be done. 2 
In numbers, let there be AB, 5. CD, 855 CE = 36. 
g. Make 45: 9225 (Abs 92 5 (AFq); therefore 
Vz. conſequently BF PS 45 — 2520, Wherefore 
=\ 20. 
POP. XXXII. Fig. 37. 


0 find out to- medial lines C, D, commenſurable only in 

tr, comprehending. a rati onal rectangle CD, fo that the 
ater C be more in power than E Eer D 5 the ſquare 

a right-line commenſurable in length to the 

9 Take A and B5 NY; ſo 17 0 AO. 


AF, os make A: C:: C. B B. Kc) and A: 3 D. I ſay the 
A/ 15 y done. 2 
fue or becauſe A and 0 B are e) therefore 10 
gth- ve AB) be ll. (s (g) and ae fl CD) e- 
nber 5 likewiſe . Furthermore, whereas 25 B (4): 
þ and D; and by 1 A: C:: B: D: : C:B; 104 
bel 14 therefore ſhall CD (#) ( Bo) b be . u. be- 
The e Aq—Bq(d) N. A; (1) ſhall be N. 


therefore,” c. But if Ag — . 11 "= ſhall 


u numbers, let there be AB, 6; CD, 9; CE, 4; where 


| in power, ſo that the greater AB ſhall be in power more 


Cq — Dq be M C In 


199 


d conſtr. 
e 6. 10. 
f ch. 12. 
10. | 
g 9- 10. 
h 31. 3. 


k 47. 1. 
19. 10. 


b 9. 10. 


160 


2 30. 10. 
b een. 21. 
10. 
C 13. 6. 
d 12. 6. 
e confir. 
f ch. 12. 10. 
22. 10. 
10. 10. 
k 24. 10. 
122. 10. 
m 16. 6. 


n 15. 5. 


n 22. 10. 
0 24. 10. 
p./ch. 22. 6. 


(F)- therefore ſhall B be þ © fo. and x Du AB) (8) 121 7 


| —CDq AB; divide CD equally In G, (c) mil 
rectangle AEB=GCq. Upon, AB, the diameter, 


AFq ſhall be =. 
& Wi fo. Laſtly EFq ()=AEB (4) =CGq; (#) 


x AB ray is uy; (0) Therefore ABXED, EF, O) or 6 


The tenth Book of 
In numbers ; Jet there be A 8, B . las 


therefore CV AB=wy/ 3072. and D=w/, 
wherefore CDS wy 5$308416=y 2304. L. 
| PROP. XXXIII. Plate IV. Fig. 38. Hh 
Alſo 


To find out e e D, E, commenſurabl Bu 
power only, comprehending a medial rectangle DE, A: 
the greater D ſhall be more in power than the bj; 
the ſquare of a right-line commenſurable to the 8 

(a) Take A and C N, ſo that / A Fate). 
wy alſo B N. A an C, and make A: 
C: E then D, and E are the lines 909. Ra 

For becauſe A and C(e) are p, (e) and B N. Aal 


But becauſe A: D: therefore by | 
C::D:E. Where ing . fol — 11 . 
— 2 — therefore E is Furthermore, , (/) beg 5 
E. and BC is up ; alſo DE, to it, i 1 
dach 3 C: D: E ()) ſeeing Aq in th 
ham y Dq —E 2 D; 8 Ne. But Bu Fe 
CN A. then / — Eq N. | 
AE let there be A 8, 18. 8 „28. Ao 


Dv * 178 and Ev y/ 588. wherefore D rB: | 
V 3- A dah 1344. | 


PROP, XXXIV. 1. . 


75 4 — right-lines AF, 1 
poæuer, whoſe ſquares added together e 
and the 2 contained under them medial. 

a} Let there be found AB, CD, 5 - ſo that 


a ſemicircle AFB, erect the perpendicular EF, and @ 
AF; BF. Theſe are he * required. | 
For AR: BE ( (4) Ax AE: ABx BE. 
AR (e)=AFq ; an 112 BE=PBa. (V * 
EB : : AFq: FBq : therefore fince AE (g) A 
Bq. Moreover ABq (4) AFq +* 


„Therefore DE X AB==2 EFX AB. But 
FBis pp. Which was to be e 


"Evet1d t's Elements. 


The Explanation of the ſame by numbers, 


Let ABbe6, CDy 12; then c i N But 
E= 3 + y/ 6. and EB = 4, — v/ 6; 42 AF 
hall 4. 4 18 ＋ 1 216. an FB 9 4118 216. 
Alſo AFq + FBq i is 36, and AFXFB=y 108. 
a AE is found in this manner. Becauſe BA (6.) : 
: AF : AE. therefore 6 AE =AFq =AEq - iq + 3 
BF) therefore 6 AR — AEq = z. Put 3+ e=AE 
then 18 + 6e wg, — 68 — ee, that is, 9 — e =3. or 
b. wherefore e V 6. and fo AE = 3+ y/ 6. 


PROP. XXXV. Plate TV. Fig. 40. 


To fad * % right-line AE, EB, incommenſurable in 

rer, whoſe ſquares added together make a medial figure, | 

n the rect contained under them rational. Fate 
thr B and CF uy #4 N., fo that AB Xx CF be py, a 32. 10. 
ABꝗ -CF Tx AB, and let the reſt be done as Ei 

in the prec. prop. AE, EB are the 5 3 

For, as it is ſhewn there, AE q. alſo ABq | 

AEN -þ- EBq) ws and laſtly AB x ar On is py. (e) therefore b conf. 

alſo ABX DE, * hat is, AE * EB, is pp, therefore, c. c /ch. 12. 


10. 
7 R 0 P. XXXVI. Fig. 41. . d ſcb. 22,6. 
7 fnd out two right-line BA, AC, eat in 7 
jower, whoſe ſquares added together. make a medial figure, W. 
and the rectang alſo contai ths | under them medial, and in- 


11 2547 to the 775 7 — of the ſgnares. 

ake BC and BB Tos ſo that BOX EP be wy. a 33. to. 
Feu BY and ſo forward, as in the prec. WW 

BA, 10 fra TO the lines ſought for- | 

For {as above) 5 N ACq, alſo . ＋ A is uy 

md BA x AC ij is "Laſtly, BC (5) N. EF, _— (c) 1 

Bc A. EG ; ewiſe BC: EG d) : x BCq. 50 KK c 13. 10. 


BCx AD, or BAxX AC)(e) there are 104 T4 d 1.6. 
DBA x AC. n, He. * e 14. 10. 


e Fige . 


5 Outs out tyo medial-lines incommenſurabli both in re | 


1 W ba (3) 044 5-5 Do 


be tenth Bool 7 


a 36. 10. (a) Take BC u, and let BA „Abe ay, and NN 
b 13. 6. 8 ACq) (5) make BA: H:: H: FAC. then 1 
C 17. 6. H are u For BC is u. (a) and BAX AC(; 
d 14. 10. {oy is pay. wherefore H is alſo 2a. (4) Likewiſe BAx if 

"Tz BCq3 therefore Het BU. * wo 


Here begins the ſenaries of lines irratima] 


compoſition. 


PROP. XXXVII. Plate IV. 2 


If two rational lines AB, BC, commenſurable only in joun 
are added together, the whole lina AC 10 irrational, and | 


called a binomial-line, or of two names. 
For becauſe AB (a 8 0 (5) ſhall, 400 00 up 
N. ABq. But (a) i is * 9: nr gu „ ABq 


Which was to be demonſir | 
PROP. XVIII. 5 coil 


| If two medial-fines AB, BC, conmenſerable is, 
| ü only, are compounded;. and contain a rational ret | 
Or _ 2 AC T _ 77575 a firft N 1 
8 Pp« or uſe (A BE (5) ſhall A 
b lem. 26. * p. — No Waikato 
10. . | 1 lh » » 


eee. 45 Ws 


A n AC, contained mad rationale AB 
er an irrational-line BC, is irrational. 
a bp. ie AB % (9 rs bred BO fall be de 
; cauſe AB ls 5, 7 the war: BC ſhall 75 
the the. 


PROP. Xxx; "Fig . 


F two * AB, B ©, c— 
power, containing a medial rectangle, are compounded, 
<whole line AC ſhall be irrational, and is called * 
bimedial-line. 
a cor. 16.6, Upon the propounded line DE þ (a) n 
b 47. 1. & DF=ACq; (5) and DG=ABq+BCaq. 


11. 6. Becauſe ABq(c)-D. BCaq, (therefore Ang mo” dal 
c hyp. DG, N. ABq : but ABꝗ (e) is r, (e) therefore Gee re 
d 16, 10. But the rectangle ABC is taken ur, (e) and cone Ki 


. 
* 


e 24. 10. 


EvcLt1iD=s®'s Elments. 


2 ABC VHF) is vs. (g) therefore EG and 100 uy 
Alſo becauſe DG (4) xx HF; and DG: HF: 

GF; (therefore EG N. GF. (m) therefore the _ EF 
5 5 wherefore the reQtangle PF is py, (e) therefore / 


DF, 5-4 AC, as , e 
PROF. XL.” Plate IV. Fig. 42. 


If tw right-lines AB, BC, commenſurable 1 in poever's 
ns ke, AB] that which ts 2 F their 
huares rational, and Fg reftangle cont ained under them 


ſar-Iine. | 


Fer whereas ABq+ Wl: is py, and (5) N. 2 ABC 


u; and fo 405 ch (A Tl Cq＋ 2 2500 (e) A. 
Cina BC py. 2 therefore ſhall AC be p. Which 
| wat to be e 


pP RO P. XII. Fig, 45» 


If two-right-lines AC, CB, incommenfurable in 

re added together, hawing that which is made of their Ares 
* medial, and the nuctangle contained under them 
aional, the whole right-line AB Hall be irrational, and is 
fall a line containing in fowver & rational and a medial 


MGanple. 
r 2 retingles ACB'(a) ir, . N ACq + CBa (c) 


For 2 
46 (i) therefore 2 ACB (4) N ABq. wars Cl (e 
 þ, Which vas to en en 8 


1 
1 


AB 


"PR O P. XIII. Fig: 46. 


"4 two "ri ght-lines GH, HE, incommenſurable i in power, 
4 added t ether, Baving both that which is co * 4 
ler * A, rectangle contained 

tal, d incommenſurable to that which it compoſod of . 


en 


* 

4 ne containing in taboo medial f gurt. 

N Upon the . oundg i Hy. FB 2 the rectan 

ded, WF=GKq, and CF=G HKa. Becauſe G GH 

20 q (CF) (4) is wy, the 85 C {b) ſhall be ß. 
cauſe 2 reftangles es GHK (9 (AD) (a) is us, A 4 


Gian \C (5) ſhall be p. Moreover becauſe the rectangle AD 
oy N. CF, (4) and AD : CP: : AC: CB, (%) thence 


bien AC be 1 'CB. ( R wherefore A is (g) þ. therefore 
G0 ie rectangle AP. f. e. GKq is py; (5) — 
Jug & i is þ, Which was to be demonſtrated, 
ie L 2 PROP, 


pres the whole r AC irrational, and is called 


Fares, the whole right-ine' GK is irrational, and is called 


a hyp. 
b {ch 13. 
10. 

c hyp. and 
24. 10. 

d 4. 2. 

e 17. 10. 


eee 


164 The tenth Book of 
\ PROP. XLIII. Fig. 47. 


A line of tes names, or binominal, AB, can. at oy / 
point only D be divided into its names, AD, DB. * 
If it be poſſible, let the binominal-line AB be divided 
at the point E, into other names AE, EB. It is mani. 
feſt that the line AB is in both cafes divided unequally, 
_ ode —— 2 ADS. n (a) 0 
a 37. 10. the , a) are we ; (a and 
b U 27. each of ADq, DBq, AEq, EB is pe, ( ws AD 
_ DBq (5) and AEq-|EBq are alſo pa. (5) therefore ADq 
. 2 DBꝗ -: AEq-+ EBqꝗ (c) . e. 2 AEB — 2 ADB ispr.(4 
d cb. 12. therefore AEB — ADB is py. therefore Jy exceeds uy by 
10. Pr. ( Which ir abus. ö 


© 27. 10. * W e 
== PROF. XLIV. Fig. 47-0 
A pr bimedial-line AB is in one point only D divide ih 
its names AD, DB. ' 
Coated AB to be divided into a * —— 
8. whereupon every one ADq, DBq, EB q, wi (a) ua 
b 24.25 andthe reftangles ADB, AEB, and the doubles of ths 
Sat: fa 3 (5) therefore 2 AEB = 2 ADB. (c) i. . ADq ++ Db 
„a. AEq+ Eq bro ( Which is abfurd. 85 
Ve ROF. XLV. Fr. 4. 
"FA A ſecond bimedial-line AB; is divided into its aue AC 


CB, only at one point C. 
Suppoſe there were ather names AD, DB. Upon the 
propounded line EF þ make the reftangles EG == Ax 
and EH = ACq „as alſo EK = AD 1770 I 
la 


a 39. 10. Becauſe ACa, (a) are ua DL ; (65) A 
b 16. an (EHY hall "6g ( 7 . breadth FH isp. 
24. 10. oreover che rectangle ACB, (d) and ſo 2 ACH 
C 23. 10. is wy. (e) cherefore HG is alſo 3. And ſince EH s I, 
d 24. 10. A. 1G, (e) and EH: 1G: Ff HG. 5) therefore F, 
e rt s ſhall be A (HY therefore FG is a binomial, whole 
f lem. 26. 10 names are FH, HG. By the ſame reaſon FG is binoml- 
1.6. al, and the names of it FK, KG: contrary to the 4 l 


10. 10. Book, _ be 
Kk 37. 10. | ep ry * A 


| Gy 1 85 7 * 6 


EvucLi1vp r's Elements. 


PROP, XLVI. Plate IV. Fig. 47. 


' A major-line AB 7s at ont point only D divided into its 
names AD, DBB. | 

Imagine other names AE, EB, whereupon the rectan- 
gles ADB, AEB, (a) we. (4) and as well ADq + DBq, 
as AE + EBq are pz. (5) therefore ADq 4+ DBA: 
AEq + EBq, (c) i. e. 2 AEB 2 ADB is py, (4) hich 
i; impoſſible. | 5 | 

PROP. XLVIL Fig. 49. 


A line AB containing in power a rational, and a medial- 
17 is divided at one point only D into its names AD, 
5 wks [4134 HIT + 


Conceive other names AE, EB, then both AE + 


— and ADq + DBq are n. (a) and the rectangles 
AEB, 


aDq + Pha, 


EBq is jy (4) Which is abſurd. 
"PROP. XLVIIL. Fi, 486. 


A line AB containing in ! 

ore point only C divided into its names AC; CB. 
f you would have AB to-be divided into other names 
AD, DB, draw 7 the line compounded EF þ the 
Bq, and EH = ACq + CBq, and 


rectangles EG 2 
EH = - DBq. then becauſe A „name 
e EH. (4) is py, (5) the breadth FH ſhall be fl. Alſo be- 


cauſe 2 ACB, (c) that is, IG, is (a) wy, HG (5) ſhall be 
likewiſe p. Therefore, whereas EH - 2 AIG, and EH 
DM. :1G (4): : FH: HG, thence FH(e) ſhall be TA. HG, 
F 10 erefore FG is a binomial, and the names of it FH, 

. * In like manner FK, KG ſhall be the names of it, 
gainſt the 43. of this Book, | 


| | Second Definitions. 
A being propounded, and the binomial 
divided into its names, the of whoſe names 


u more in power than the leſs by the ſquare of a right- 
line commenſurable to the greater in length ; then 


L 3 J. If 


ADB are 5 ) therefore 2 AEB - 2 ADB; (c) 7. . 


power two medial-refang les, is at 
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A 42. 10. | 
b 23. 10. 
64. 2. 
d 1. 6. 
e IO. 10. 
f 37. 10. 


The tenth Book of + N 


I. If the greater name be commenſurable in length to 
the rational. line propounded, the whole line is ld 2 
binomial- line. 
II. But if the leſſer name be commenſurable in length 
to the rational- line propounded, the whole line is called 
ſecond binomial. 

III. If neither of the names be commenfurable ; in 
log) to the rational-line propounded, it is called a 
third binomial. 

2 Furthermore, if the greater name be more in 
than the leſs, by, the ſquare of a we] in. 
commenſurable to the greater in length, then 

IV. If che greater name be commenſurable to the 
N rational - line in length, it is called a fourth 


mial 
V. If che leſſer name be ſo, a fifth. 
VI. If neither, a ſurth. 


| PROP, XIIX. _ 
Avvo 40... 3B ' A out e firſt 2 


wb _ Take A B, AC, ſquar 
2 whoſe exceſs CB iy 


; et Dbe onde 
2 2 8 b E P D, 4“ SNN 2 
d — Fg. then EG ſhall be (a) binomial. 
e 6 tf. 10. Fer EF (ad) P. (e el () 1 
e.. ;(£) therefore FG is alſo p. e (d) becauſe 
{th — : AB: CB: : Q not ry therefore EE 
%. PG. Laſtly, betauſe by-converſion of proportion, Erg 
hg 40 EFq = PGq : t AB: AC; : Q: T thence EF (#) tha 
K 9. to be SE 4 FG. 0 therefore EG is a firſt bino- 
11 af 48 10 mial. Which wwas to be done. 
or et nnmbers thus ; let Go bo, EF 6. abs. 


5. wherefore becauſe 9 : 36 ; 20. therefore F 
* 20. and ety 2E 1s =» 6 + T4 20. 
a PROP. L. 
40. 53 2 a ſecond binomial 
D = — ln, 
1 — Take A B and-A'C fiir 
1 | MY > 4 the exceſs of which it 


C not Q. Pet che ne N be 
ee ar — þ take FG Tx D, and make CB : AB: 
the er. f EFꝗ· then EG will be the line deſired. Fat 


EvcLlii1iD E's Elements. 


For FN. D. wherefore FG is p. Alſo E * 7. 

wp EF is p. Likewiſe becauſe FGq : Raa 

B:: not MW thence FG is N. EF. Laſtly, * 

b: AB: Gq : EFq, and inverſely AB: CB: : EF 

oy derbe as in the foregoing Prop. EF NA. / AE 

742 (a a whereby EG is a ſecond binomial. Mbic 5; 
e 4 


In 2 let there be D'S, FG 10, AB 9, CB5; 
er n EF! is / 180, wherefore EG is 10 ＋ 180. 


| PRO p. . 
4 nd ont a thi binomial ; 2 
b. DP. 110 08 8 
15 Take AB, AC, ſquare G — 
pumbers, the excels of which | þ PEER E—F 


3 is not Q, and let L be H 
number not Q next greater 
11 — viz. by a unit or two. Let G be the line pro- 


p (6) __ L: AB: : DEq, (5) and AB: 
* 7 Phe ph DF mall a third binomial. 
Fr eee q (c) N Ga, (4) DE is f. alſo Gq : 


: not Q: Fa) e) t therefore G M. DE. 


4 
L: CB: : not Q : Q. (for )L and 408 5 not t like 
t plane numbers) (þ) _ all G be alſo a. EF. 


Laſtly, as in the prec. EFA Tx DE. (Y 
1 DF * Aud bi — Which was to be 


In numbers; let there be AB, 9. CB, 5. L, 6. G, 8. 
den ſhall be DE „/ 96, and EP 5 wherefore DE 


=\/ 96+ . 


PROP. LIL 
og Sod out a fourth binenio}-line . 
G@ Take any ſquare numberAB, D ——E——F 
and divide it into AC, CB not 
quares. Let G be the line pro- 
Paded = E N. G, (e) and make AB: CB 
n binomial. 
| L 4 For 
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Fea 


10. 


aſch. 19. 


10. 


b g em. 10 


10 


C conſtr. 6. 
10 


deb. 12. 
10. a 
- S i. 


ba 
9. 10 
* 34%. 48. 


aſch. 29. 
10. 


b 2. mt 
10. 


e 3 un. 10. 
10. 
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dg. 10. 
e 4 46.48. 
10. | 


> 


| th ſhall DF be a fifth binomial. 


29. 10, 


b 5. df. 48. 


10. 


a 3. lem. 10. 
10. 


b /eh. 27. 8. 
C9, 10. 
d 6 14 48. 
10. 


The tenth Beot of 


For, as in the 49 of this Book, DF may be ſhewn ty 
be a binomial, and alſo becauſe by conſtr. and converſing 
of propo rtion DEq : DEq .. EFq; ; AB: AC: 


not Q. (4) ſhall DF be K J DEG. EE there . 
DF i 1 a Q (4) urth binomial, EMH 1.) a ua 
In numbers, let G be 8. DE, 6. then EF ſhall hey 1 ar 
24+ * DF is 6+ y/ 24. + K : 
al 

PROP, Ltt. fr 

| | RS 

.3C.....6F., To fad out a fifth dium 11 
8 DF. the r 
D 3 KF Take any ſquare number MON 
| whoſe ſegments AC, CB are not right 


Let G be the li 
ed 5 take BF TA. G. ä AB: "Ric D 


For DF ſhall be a binomial as in the 50. of this Book 
and becauſe by conſtruction, and inverſion, DEq AN 
AB: CB, and ſo by converſion of n DEq; 


DEa — EFq: : AB: AC:: Q not Ca) therefor that 
ſhall. DE be . DEq—- Erg. (0 therefore DMH *M: 
fifth binomial. Witch was to 5:00 done. E 
4. 

PROP. LIV. * 

Wk 6. 

A. Tropa dP To find out l then 
1444 . 9 « ine. Ir . 
G Take A C, C B, prin be r 
D — E F | numbers, ſo that A C+C 7. 
1 (AB) be not Q. take alſo N there 
| — uare L. Let GE 
the line 1. L BE e L: AB: 1. MN 
DEq, an A 5 EFq. then DF ſhall be all Mp. 
binomial. 8. 

For DF may be demonſtrated binomial as in the 514 rent: 
of this Book, * alſo by reaſon that DE and EH for / 
Laſtly likewiſe becauſe b conſtr. and converſion of 700 7 
portion DEq: DE — EFq: : AB : AC : : not Q: Ul fb 


(For AB'is elm * AC, (65) and fo unlike to it) (e thew 


fore DE NA. DEq — weed 3 (4) therefore DF 1s f 
binomial- Which was required. 


In numbers, let there be G 6. DE / 48. then EF 
my 28, wherefore DF is * 48+ y 28. 


rf 


AY. 


* 


EvcLr1D z', Elements. 


Lemma. Plate V. Fig. 50. 


Le AD be a redctangle, and the fd theruf AC divided 
unequally in E; alk bt the leſſer 
þ divided in F. Upon the line 


ion EC be equa 
(a) make the refan 


AGE — EFq, and from the points G, E, P, (b) draw 65 
El, PK, paralhk/ to KA B. & Let the 


qual to the rectangle AH, and 


2 


LM be made 
produced the 


+ MN = GI, and bet the right-lines LOS, LT, 


RS, NPT, be 
Ifay 1. MS, MT, are rectangles. For by * of 


2 ed. 0 


the right- ang les of the ſquares MO, RMP, (2 


QMR be a abe ae 5) Therefore RMO, b. are are 
nicht- angles, wherefore the parallelograms MS, T, are 
zectangles, 

2. Hence it is plain that LS (c) = LT, a C'S, 


that LN is a ſquare. 


becauſe the — le AGE (d) = = EFq. 


AG: EE: 


NF: 


GE, A 


that is by conſtr, LM: 


M: : SM: MN; 3 therefore EK ON == SM a= FD 


10 MT. 


MN. 
MP. 


tr AG: GE: : 
ng P 


AH: GI: 


and FAR: E 


3. The retangles SM, MT, EK, ED, are e 


2 


*EK : MN. (g) but LMI: 


5 —— LN ( (m)= AD. 
— * EC is equally den P, ( tis plain tht 


6. TAR "EC, x and AE N. A — Eq. (0) 
ben ſhall AG/GE, AE. ben. allo ot AG: GE 


: LM: 


: AH : GI, (s) therefore ſhall AH, 1 e. LM, MN, 
fag Likewiſe 
7. OM YM. MP. For by the AE x EC 
3 EC 4. GE. () wherefore EF N. GE. but 
4 


EK: GI() . 8 EK GI char! is, SMxI. 
But SM: MN: 


8. If AE be ſn 
n GE, 


OM: MP. 090 therefore ON. 


8 AEq 
wat; Dole br 5 . 


„ it is a 


Theſe bei well con 
Fs "g 1 ans we fl alba u. 


PROF 


/. For 
ence ſhall 
: EK : GI, 


_ » The tenth Book of 
PROP. LV. Plate IV. Fig. 50. 


AD be contained under a rational- line AB, and 
a 4 namiaLline AC (AE + EC) the right-line Ob 
which containeth that ſpace in power is irrational, and calle 
4 binomial- Ine. 

All that being ſuppo ,ofed which is deſcribed and de. 
monſtrated in the foregoing Lemma, it is manifeſt that 
the right-line OP containeth in power the ſpace AD. % 

a 15 2 Likewiſe AG, GE, AE, are c. therefore feeing AB, 

10. (5) is * AB, (c) ſhall alſo AG and GE be ß AB. 

7) Therefore the N AH, GI, that is, the ſquare 

bag: 12. 10. MN, are. pa. therefore OM, MP „ 
d 20. ro. and conſeqent! y oP is a binomial. Which 

e lem. 54.10. dempnſirated. 

f 37. 10. In numbers, let there be AB AC4 + 12, where. 

fore the rectangle AD — 20 ＋ Zoo S to the ſquare 

LN. Therefore OP * fc namely a fad 


binomial. 
PROP. avs Fig. 50. 


If a ſpace AD be comprehended under a rational im All, 
and a ſecond binomial AC 8 +EC) the Hon os 
«which containeth that ſpace AD in Nu, is 
called a firſt medial- line. 

The foreſaid Lemma of the-g4 of this Book bay 
1 ſuppoſed, then ſhall OP be V AD-(a 

a byp. AG, GE, are TI. therefore Gnce AB (b) Bj 
— 1 AB, likewiſe AG, GE (c) ſhall be 3 K. 

2 angles AH, Ci, Old, p (0 are was (6) 
2 12. 10. Moreover over OM T. MP. Laſtly 


„EF tx EC, and ECON Is 
d 22. 10. a. AB. Wherefore EK, f. e. SM, or OMP, i 
r“ engen) OP is 2 firt himedial Which 
to Þ on 


„ In number let there be A f, and * +6. 
1 7% chan the rectangle AD = N: 1200 / 30 = OPq- pi 
38. 10. A a fn 


PROP. LVII. Ez. go. 


7 AD be contained under a rational - line AB, and 
RES 2 line AC (AE EC) the right-line OP avbicl 
eontaineth in power the ſpace AD, is irrational, and and called 

Jaa. binrdial- line. 
4 


EU II Elements. 


As above, OPq— AD. Alſo the rectangles AH, GT, 
ut is, OMq, MPq are 2 (a) Likewiſe EK, or OMP 
us. (5) Therefore OP is a ſecond bimedial. 
In numbers, let there be AB 5. AC / 32 + V 24. 
herefore AD is / 800 EV 600 = OPq. and ſo OP is 
4 450 + wy 50, that is, a ſecond bimedial. 


* PROP. LVIII. Plate IV. Fig. 50. 

, (a) I a ſpace AD be comprebended under a rational-line AB, 
ALB : fourth binomial AC (AE EC) the right-line OP 
e the ſpace AD in power, il that irrational-line 
177 wich is called a Major - line. | 


For again, OMq () N. MPq ; and the rectangle Al, 
„Mg L. MPq (4) is 5. (c) alſo EK or OMP is py. 
therefore OP (/ AD) is a Major line. Which was 
b be demonſtrated. | . 
In numbers, let there be AB 5. and ACA 8. 
ken the rectangle AD is 2o + 200. wherefore OP 
V: 20 V 200. 55 
PRO P. LIX. 


Fa hace AD be contained under a rational- line AB, and 
ith binomial AC, the right-line OP which containeth the 
kar AD in poxver, it that irrational-line, which is a line 
Intaining @ rational and a medial rectangle in power. 
Again OMP N. MPq. and the rectangle AT or OMq 
MPq is pay. (2) Likewiſe the rectangle EK or OMP is 
H therefore OP (V AD) contains in power py and wy. 
Wb was to be - demonſ/irated. © 

In numbers, let there be AB 5, and AC z y/ 8; then 
rettangle AD = 10 ＋ / zoo = OPq. Wherefore 


Mis} 104-y zoo. 
"PROP. IX. 


If a hace AD be contained under a rational-line AB and a 
th $:nomial AC (AE + EC) be line OP containing the 
ace AD in power is irrational, which ? in poxwer 
w medial-rezngles. T | 7 
As often before, OMq N. MPq- and OM  MPq 
*Þy. and alſo the rectangle (ER) OMP is ak there- 
we OP==\/ AD contains in power 2 wa. Which was 
be demonſtrated. 
In numbers, let there be AB "5, ACy/ 12 þy/ 8, 
derefore the rectangle AD or OPq is / 300 4 4/ 20a 

Tena 


ſo OP is J: 300 +y 200, 


171 


2a hyp. and 
22. 10. 


b 39. 10. 


6 42. 1% 


172 


a 4. 2. and 
» AX. I. 


7. 8. 
c 1. 6. 


d 16. 10. 
e lem. 26. 
10 


f 10. 10. 


110. 10. 
m 18. 10. 
n 19. 10. 


AGE (a) are p 
c 2 12. 10. ACq; (e) OK 


d 21. 10. 

e 22. and 
24. 10. 

F 23. 10. 
13. 10. 


10, 


11 


6. Butif ACqbe put . CB, (n) then ſhall DL, be 
4 DLq—LG9q. 


— 
4 . 


Type tenth Book wf + 3 


IA 4. plate IV. Fig. TH | 
Let a b es AB be unequally divided in C and | 


AC be the greater ſegment, and oy line DE 4 1 
the rectangles DE = ABq, and DH = ACq, and IK: 


CBq, and let LG, be divided equally in M, and a | 
drawn parallel to GE. | 
I fay, 1. The rectangle ACB is LN er Mp. 
For 2 ACB = LF. 


2. DL c- LG. for DK Ac 'Ba) (4) CO LF 
AB) therefore ſince DK, 105 are of equal altitude, 


B, (a) then ſhall the rectangle DK 
0 For 7 Cn 


. If AC 
2 ACq and 


4. e DL (e), pad 
i. e DK NA. LF, but DK: LF 05 L; LG, ,, 
therefore DL N. LG. 
5. Moreover DL N. D 6 For Ac 
(s) : : ACB : CBg. that is DH: LN : : IK. ( 
Wherefore DI. LM : : LM : II., () therefore DI 
LM 10079 Df 5 0065 q q, that is, DH. 
IK, and (%) ſo DI Wl (+) ſhall DL be -Q. „/ 51 G. an 
LGq. 22 woes ts be demonſtrated. 2 thi 


This Lana is preparatory to the fr Aba 


PROP. LXI. 


The ſquare 42 (AC4-CB) e 
21 E. makes the latitude DG 4 firſt bi 


2 
Thoſe things bein „eg, which are deleni 
and 1 = e preceding Lemma, becauſe 
e rectangle DK ſhall be 
bK is py 3 75 therefore DL . Db 
A 10 reftangle ACB, and fo 2 AY LL OY OE 


therefore the latitude LG is þ 1s, F 
fiyſt binon 


o DL A. LG alſo DL a. 81 = 
2 * (A) it follows that DG is a 
Which was to „ demnſirated, | 


Wt yg 


© \.4 
C44 » 


EveLtiDp z', Elements. 
P R O P. LXII. 
The ſquare of a firſt bimedial-line (AC+CB) being ap- 


ud to a rational-line DE, makes 720 latitude DG a Second 
momial-line. 


mole DK N. ACq ; (a) therefore DK is ; (I] there- 
we the latitude DL is þ N. DE. But becauſe the rec- 
ar ple ACB, and ſo Lf 

© be | ADE; (e) therefore DL, LG are x; 1 
b DL VJ DLq - LGq; (g from whence it is 
le 1 is a econd binomial. Which aua to be 
rated, 


PROP. LXIII. 


cond bimedial-line (A CCB) 7 applied 
: rational-line D ee the breadth DG at rd bino- 
ul-line. 


As in the prec. DL is [ VN. DE. Furthermore Fes 
i: reftangle. ACB, and fo LF (2 Foe (a) is wy 3 () z (6) 

fore ſhall LG be þ N. DE. (e) Moreover 

6. and alfo DLAN DLq —LGq ; (4) therefore DG 

: third binomial, * 100 WAS of —_—_ 


2 P R 0 P. LXIV. 
(th Major-line (A B 4 to v 
wir DE, 28 2.7 be 2 FG 


gain AC £2 1. e. DK (a) is py, (5) therefore 
plied . , 4 Alo ACB, and ſo LF( (2 ACB) (c) is 
os ) therefore LG is 5 N. DE, (e) and conſequen 1 
I'S LG. Laſtly, becauſe AC 85 (f) hall D D 
tn. DLq — LGq, (g) whence 
| * Was to be demonſtrated. 


PROP. LXV. 


The ſquare of a /e 


deſcnil 
uſe 
be 
2. Db 
DE: 


dere 


. 
N. 


The ſquare of a line containing in a rational and a 
uial reftangle (AC CB) applied to a rational-line DE 
ther the Jatituds DG a 5 inomial. 

Again, DK is uy ; (a) therefore DL is DR alſo 
is pv ; (5) therefore LG is þ Ta. DE ; (c) therefore 
VL". LG ; (4) likewiſe DL I. / DLq — 1697 (e) 
ud ſa by conſequence DG is a fifth binomial. 


PROP. 


'R OP ö! aemomſtrated. 


(2 AEB) () is py, (4) ſhall 


The aforeſaid Lemma being again ſuppoſed ; The rec- 


2 24. 10. 
b 23: 10. 
c hyp. and 
ſh. 22. 10. 
d 21. 10. 
e 13. 10. 


f lem. 60. 


10. 


82. HA. 


10. 


a Hp. and 
24. 10. 

b 23. 10. 
- Hu 60. 


43.4 48. 


10. 


a hyp. and 
(ch, Ia. 10. 
b 21. 10. 

C hyp. and 
24. 10. 

d 23. 10. 

e 13. 10. 

TO 60. 


34 df 48. 
10. 

a 23. 10. 
b 21. 10. 
C13. 10. 
d lem. 60. 
10. 


: 15. Vu. 
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0 
ere 


d 10. 10. 


E 22. 6. 
- LL 
RX A 


F 10. 10. 
g 10. 10. 
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PROP, IXVI. 


of a line containing in power taus Ne 
fangles The jure * * 2 lied ay 4 rational-line DE, 
the latitude D izomial-line. 

As before, Di. — LG are 1 But bec; 
ACq (DK) (a) K. ACB, 52 and ſo DK N 
(2 AC ad ale DK: LF (e) :: DL: LG. (4) then 
ſhall DL be N. LG. (e) Lafily DL N. — LG 
1 — it en DG is « ſixth binomial 


Lemma. 
— 8 B 


Let AB, DE be N. and make AB: DE: : AC; Dl 
I ſay 1. AC . n . 10. 10. alſo CB 


. 
"DE: FE. For AC: Pe: . 
CB: x; TE by permutation, AC: ; 


DF * FE. 
3. The Re#angle AC3 Dh. DFE. For ACq : ACB 
AC: CB(9): DF: EF : :DFq : DFE, ha 
3 ACq: DFq ; : ACE: DFE, therefore | 
* N. DFq, (4) ſhall ACS be Ta. DFE. 


AC * 7a. DFq + FEq, For because 
+ Ce . 4 5 Fre FE ace ore by compound 


: DFq+FEg 200 mee 
Cages CB ＋ Go de e ved 


(7) ſhall 
15 


Hence, If A 00 thn f 
DE be T3. « AC gr © 


PROP. LXVII. 


A line DE, commenſu- Am = C X 
rable in length to @ binomial A ———— 1 — 
fint (AC+CB) 5 it ſelf a | 
binomial-line, and of the ame order, 

Make AB : DE: : DF.; (a) then are AC 
"Ta (a) and CB, FE 2. ; whencefince AC and Cf 
are þ , (el thence, DF, FE þ H.; therefore D 
binomiäl. But becauſe AC: CB (a) : :DE : FE 
ACT. oo Ty ACq = BCq, (4) then in l ke 1 


-- 


E vc1l1Ddz's Elements. 


R N or N VDF ; alſo if AC N. or N. 
r ſe) then Mall DF be N. or propound- 
But if CB A. or "Ta. f. likewiſe FE os or TL 

7H AC, CB, Ia 5, ) then alſo both DF, FE, 
77 That i is, i binomial AB is, DE ſhatl 
of the ſame order. Which was to be demonſtrated. 


PROP. LXVIN. 


4 line DE 3 in length to a bimedial-line (AC 
CB) . alfa a bimedial-line, and of the ſame order. 


tial 
Ly N 


; and CBH.EF ; therefore Teein AC and CB (c) are 
7 alſo DF and PE ſhall — K. ; and becauſe AC (7 
e) therefore 2 AP therefore DE is 22. 
ore if the rectan Ale AC b; becauſe DFE 
N. ACB, (g T kei DFE is py 3 ** if that be wy, 
this wall he, too. (4) That 1 E whether AB be 1 
d, or 2 bimed, 4, DF be of the fame order, Which 


% be dem. 
e p RO P. IX. 
EW EE — B 


* Db 

= 

— 

o CB 
"FT 7 


x it 777 was v; 

ake AB: DE Ac Dp. Air AC( (a) 

(5) thence DF . alſo AC q IA FF 

6 becants DFq (5) I 2 + ( 
Fq + FEq is js ; 1 y, the xectangle ACB (a) is 

#7 therefore the rectangle DFE is 2 


is (6 ACB herefore D A 
1 —— 159 


PRO p. IXX. 


[ine DE + to a line containing an 1 
tal and a medial 
1 powver a rational and a medial-re 
ain make AB: DE:: AC: DE. * AC (a 


CB, (6) alſo DF N. FE; likewiſe becauſe ace 
005 is ay (c) therefore DFq + FEq ſhall be 


e AC the reftangle ACB (a) is py, (4) alſo FE 
ad Therefore DE contains in ps * 
a DF Wt be . | 


Make AB: DE:: AC: DF; (5) therefore AC Ta. 


ba Major-line (AC -j- 3 1 


(becauſe 


+ AC -{- CB) is las contain: | 


PROP. 


5 I . 
10. 


c 24. to. 
d cb. 1.10 


The tenth Book of 
PRO p. "LXXI, 
D ones E 4 en, 75 medial. rer. 
| tangles in power ( . 
40% a lint containing in reer. _ medial rectangles. gl ; 
a hyp. Divide DE, as in the Becauſe ACq (a) a Che, 
b lem. 66. (B) thence ſhall DFq be * Faq ; allo becauſe AC - 
10. CBq (a) is wv, (c) ſhall DFq 1 Bea be alſo uy, All 
C 24. 10. Hke manner becauſe ACB a) 1 Vr, (4) alſo DFE is w, 
d 24. 10. Laſtly, becauſe ACq + CBq NH ACB, (e) ſhall DFN. 


e 14. 10. FEq a ==. DEE. / From whence it follows that Db 
1 42+ 10. contains 3 In power 2 . Which Was to be * 


"PROP. LXXIL. Plate v. Fig. 


If a rational-reAangle A ad a nul B, Bok ec 
four irrational-lines will be made; either à binomial, © « 
firft bimebial or 4 Majer, or ae corral in power « 

0 rational and a 8 le. 
or .15% 7 Namely, If Hq = AAB, chen H ſhall be one of the 
ee four lines which the 1 heorem mentions, For upot 
A cor. «266. Ob che propounded 5, (a) make the rectangle CE=4, 
d 2. ax. 1. and FI=B(5) and fo Cl=Hq: - Whereas then is A f 
C 21. 10. ewe, CE is pr. (c) therefore the latitude CP is j u 
d 23. is. CD, and becauſe B is , alſo FI ſhall be hy; (n ther: 
233. 10. fore FK is Tx CD, (e) therefore CF, FK are i u, 
4 37. 10. and ſo the whole CK Is binom. wherefore i is AC 
1. 6. i. v. CR cg. FI, (g) then CP c FK. therefore if CP u 
1. . 48. / CFq —PFKa; 3 (b likewiſe CK ſhall be a 1 bin. ad 
3 +22 9 nently+ CI(#) is a bin. If CF be ſuppoſe 
k 55. 10. Fg —FKq , then ſhall CK be a f bin. whete 
1 4. def. 48. fore H ( 1 (571 is a major-line, But if A 5. 
10. then CF be 2 EK. conſequently if PK & YF 
m 58. 10. —CF I'm then ſhall CK be a 2. bin. () wherefore 
n 2. 4%. 48. - iv'a Laſtly if FK „ EK -c () in 
10. CK ſhall be a fifth Binom.) (9) whence HT ſhall contin 
© 56. 10. Power pr and wy. Which aus ts be dee. 
. de 


PROP, LXXII, Pig-1- Fa 


If e cage A, B, — i 
ie are compoſed, +a remaining irrational - lines 
made, either a ſecond bimedial, or a line containing it 
rave medial rectangles 

1 


Plate IV. Fang Rag 176. 15 


E 


22. 


— 


"oY 


= * 
1 4 


Cee 


De 


+ wo bo „%41„/„.fr;hQh0 c 
* - . - — 


Va — 


CES % „„ 


3 << — 1 ww 00.» 0 


EvcLltpt's Elements. 


As H containing in power A B is one of the ſaid 
'Fo or upon CD propounded p make the 
retangle CE = A, and FI =B whence Hq — CI. 
Therefore becauſe CE and FI (a) are &, (5) the latitudes. 
CF, FK, ſhall be N. CD. Alfo becauſe CE (a) . 


irrational lines. 


17 


1 No ro. 


FI, and CE: FI (e): ; CF: FK, (4) therefore CF c 11 6. 
PK, 0 therefore CK is a bin. namely, if CF NV d 10. 10. 
Ca- FKq, na or” ſhall be 2 f. But if e 3. 4½ 48. 
er. CF „(g then CK ſhall be a 6 binom. 10 
(5) and conſequently HY contains in power 2 wud. Which F 7. 10. 
was to be — g6 4%. 48. 
| 10. 
Here begins the Sengires of lines irrational by h 60. 10. 
SubiraZion. 5 
PRO p. LxXIV. TT 
If from a rational lihe"D F 42 Do —— 21 f 
ratonal-line D E, Ae, FR * 
in power only to the who taken away, the reſidue 
EF is irrational, and is called an Apotome or refidual-line, P 
For EF q (a) DE; (5) but DEC is ** (e) there - a len. 26. 
fore EF. i is p. Which:avas to be demon 10. 1 
In numbers; let there be DF, 2 DE, ; then EP b hy. 
ſtall be 2==y/ 3. 1011. 
def. 10, 
PR OP. LXX V. 
i from a medial-line DF a D — E — 
nedal-line DE commenſurable on- 
h in power 0 the whole DF, and comprehending wth the 
whole DF à rational rectangle, be taken , the remain- 
&r > is irrational, and is called a firft . of a 
75 EFq (a) = to the rectan gle FDE.. therefore ſce- . 2 ſeb. 26. 
a FDE 994 is py. (e) EF ſhall be p- Which was to be de- 9555 
unrated. . 
n numbers, let DF be v 54, 4nd DE = 24, there- c 20. and | 
ke EP nw 5-4. IId. 10. 


P R O p. LXXVI. 

If from a medial-line DF, a D © En 
dial. line DE be 5. 6 , 
"iy commeyferable only in power to the c DF, and com- 
prehending 


b 16. 10. 


d cor. 7. 2. 
& 27. i. 


| | EF v 18 —wy/ 8. ; 


bl. 12, 10. 


d MF : 
- ai ies. then BC A 0 — % b 


W 4” 
N 108 
- < % 

, . 


« yp. du 
Jeb. 13. 10. 


bt. 12, 0. 


ba. 10. 
<< l Nr 
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ng together with the whole line DF a medial recite. 
gle, the 1 EF it ee and is called @ ſecond 
refidual of a; medial-line. 
Becanh DFq and. DEq (a) ar8, @ 2 N., ( Ny therefore 
ſhall D Fa L Eg be NA. DE * wherefore DFq 4. 
DEq is wv, Alfo * rectangle DE, and ſo 2 FDF, (a) 
is , th 175 q + DEq—2 8 
fy. wherefqre EF is p. I bich vas to be demenſirated. 
In numbers, let F be w4/ 18. and DE bs 8, the 


PROP. LXXVIL. 


Annan Bean CC m a riebt-line AC 1 l. 
PEP tr hy? ri Kd f being in- 
commenſurable in power tothe whole line AC, and making with 
the whole AC that which is compoſtd of their Squares rational, 
and the rectangle contained under them medial, the remain- 
ee ABC and is called a Mitor-line. A $0 
For ACHE A4.ABq (a) it þ AG LAB le ACB(a)is 
34 e 2 4 
Cg.) C therefore 58 705 ee 
BC us þ, | Which was to be 


In 1 — let AC n bt 18- wr] 108; AB 2 


— 2 J 


PROP: LXXVIIL. 


en "ih a ri 55.405 DB 
incommenſurable in 10 tbe whole line DF, and with 


oe dra DF making that which is compoſed of thei ui 
medial, and the rectangle contained under the 2 lines ratit- 
nal, the line remaining E F is irrational, and is called a 
line maki a *whole ſpace medial with a rational ſpace." 

For 2 FDE () 1s fr, (0 and PF -＋ DEq is pr (0 
therefore 2 FDE . DFq + DEq (a) (2 FDE-F 270 
(e) therefore EE 15 Which «vas to be demonſi 

In numbers, * F be /+.216+þy/ 723: 537206 


7. therefore ry ** Ts ads 216/73 


, 
. . IQ ul * g 


; | ' / L 1 A A N 
6 een * 
r R OP. 


„ 


Everio Elms. | 
rn Or. LAXIX. 


Donn mm 77 from a s- DF be 
calls away a right-line DE, 
incommen able i in 


Is ther the make; that which is 
| ſquares medial, and the refangle — under them alſo 
* mia! and incommenſurable to . which is compoſed of their 
ſquares, the remainder is irrational,” and is called a line mak- 
ing a whole e medial with a medial ſpace. 

"For: 2 FDE wy FDq+DEq (a) are js e therefore 
Bea (e) DFA — 4 2 F DE) is p. (a) and ſo conſe- 
quently EF is f. wwas to be rated: WES 
In numbers; let DF. be / 180 4 . 60: DE. + 
80 — 60, then EF ſhall ou as > 2a, 2 
1 in ?& Soft 


7 ” Cs * þ , x . ” 
„ ID # T7. FI | > -& h = tt 


w -| Þ . * 
—— — 
42 


If there be the ſame exceſs beteoeen the | 
BG and. the ſecond C (MG). as is betaueen thi 
tude DF and the 

ſhall be 'betwren the firſt magnitude BG and the third 
DF, between the fond © and the K Bi 

For becauſe that (a) to the vals BM, DE, are added 
the equals MG, EF, that is, „H; che exceſs. of the 
holes BG, DP, 0 ſhall be — to the exceſs of the 
. en 1 


934 


3 1 7 8 0 18118 - 
' 
, 


va V 


third magni- 


3 Ha ma es Arithmeticall proportional, 
Arme alſo 23 proportional, f 
7 R 0 P. LIAX. 


line AB one 1 4 TE 329 1 Wi 
rn og >» being commenſurable in power only t 


© 4 
LE + TT 1 P 
- 


oe AB, 5 congruent, or can be j, 


2 8 , 


OP, LL WU 4 


___ tc 


to the whole DF, and 7 ubich toge- 
compoſed of their _ 


ft magnitade | 
fourth H (EF z) then alternately, the ſame 


' ! ” - 64 '. » 17 | 
Ss . h 14. 2 # 54 % ” . 4 30 * i „. 3 4 £4 * 
p . ” - , - 7 * 4 © 
four Abe or rea Fr 1 
| a 5 . - 


a hy & 
24. 10. 
b 27 10. 
C cor. 7. 2 


P11 Jef. 10 


_ 


big. ax. 1; 


$63 | 
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as If it be poſſible let ſome other line BD-be-atded t 
a 22. 10. itz; (a) then the rectangles ACB, ADB, (5) and fo wool 
b * 1 5 Wr — 1 8 5 z wherefore ſeeing 
» C —2 A 2 c) be — 
475.75 10 ADB, therefore, r 5 -BCq i= 00 
3 4 and 27. * (d)=2 ACB = 2 ADB ut 10. +. BCq + 
775 . . (e) it 7 U e 405 2 * . 


g 27. 10. 
P R 0 v. I. 
BY 4 42 2—— ee 1 
os Kay A. --& 2 = by one morn 
51 7 0 fs — r to the whole 
1.2 2 with the wy E eee 


een be cel... 
Conceive BD to be fuch a line as may be, Joynel 
to it; then becauſe ACq and BCq, as nll as and 
2 by. BDq (a) are u N.; (5) alſo AC BCq, and A 
b 16. and 24. BDq ſhall be 4 (c) but the reflancten A B, 1 
10. and ſo a ACB and 2 ADB are 323 ( () therefore 2A 
c byp, = 2 ADB that is, ACq + BCq ming 
d /ch. 12. 10. fr. (g) A rb en 
e ſcb. 27. 10 . * 
f 7.2. and len, RO. LXXXIL "Plat v. r. 5 


79. 10. 5 | 
8 27. 10. he a gte medial. tine An b . ea 
Be right-line BC, "comments r 

Wie 27 dvillb it-rontaining a 1 can be j 

Il, it be poffible, let Senne css 
tit; and upon EF þ make the rectangle EG = Al 
] BCq ; us ' alſo the EL = ADq + 

likewiſe EI = ABq. Now 2 ACB-+ ABq = = AC 


24. 2. and 3. ve Tegbitch therefore ſeeing EI = ABa, () alſo 


an I, be = 2 ACB, moreover ACq and ate, (9 

b Hp. A (o) therefore EG pe”; up BGq 1 hen 

C 24. 10. the breadth-BH is þ . EF. (c) Farr, 2 

d 23. 10. ACB V and fo 2 Ac (KG a 4) therefore 

e hyp. alſo j N. EF. Laſtly, becau 1565 (EG) = 

f 24. 10. ACB(KG) and nd EG : KG : ; (4) therefor 
lem. 26.10. HK3- therefore BI is 1 . 2 where 
1. 6. I” 1s congruent, the ſame reaſon alſo ſhall KM be 

Kk 10. 10. congruent co the ſai AE. -Which' is repugnant" to ile do. 

| 74- 10. Prop. of this Book: i e A 


PROP 


W 15 aer : . 
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{ 

1 PROP. LXXXIII. 

— | | 

+ To a Major-line AB only A——B—D——C 


E the aneh, ind mah 
jeyned being incommenſurable in power to the whole, and ma 

—— with the whole line that which is compoſed of their 
ſquares rationaf, and the rectangle which is contained under | 
them medial. | 6-0 | | 
Conceive r BD to be con _ Dy it , Theres p 
fore whereas ACq. + BCq, and ADq-+BDgq (a) are pz, a 1. hyp. | 
their exceſs (2 (5) ACB <2 ADB) (c) is py. Which is b lem. y. | 
abjurd; becauſe ACB and ADB are pa by the Hyp. 10. 


. 1 
PROP. LXXXIV. 


27. 10. 

Unta a line (AB) making A—B——D—-—C 
with a rational pace a whole _ | 
ſpace medial only one right-line BC can be joined, being in- 
cmmenſurablt in poaber to the whole, and making together with 
the whole that which is compoſed of apts thee: medial, and 
the rectangle which is contained under them rational. 

Suppoſe ſome other BD be congruent alſo to- it ; 1 
then 5 rectangles ACB, ADB, (5) and ſo 2 ACB and 2 
10 B05 ff 2 7 25 No | 

q * = ADq+BDaq (4) is py. ch is abſurd; 
fnee ACq-+ 50d, 5. are js by che 
yp e | 


PROP. LXXXV, Plate V. Fig. 3. 


To a line AB, which wwith a medial-ſpace makes @ whole 

ſpace medial, can be joined only one right-line BC, incom- 

nenſurable in power. to the whole, and making with the 

whole both that which is compoſed of their ſquares me- 

dial, and the redtangle which is contained under then: 

ang: medial and incommenſurable to that which is compoſed of 
Þ their ſquare = | 


Thoſe things being ſuppoſed which are done and 
dars bern n NL chat EH 
"Mb KH re F. Beſides, ſince, ACq A 5 


that is, the rectangle EG, (a) is A ACB, (2): 
D.2ACB(KG;)andEG: KG (c): :EH: KH, ſhall EH b 14. 10. 
8 de Nl KH ; therefore EH is a reſidual-line, and the C 1. 6, 
line congruent to it i KH. In like manner may KM 
ot © bew to be 1 - ug to the reſidal EK, again 
1 | . Boo . 
aa M 3 Third 


2 
we - 


ſarable unto it in 4 


It is called a third ual-line. 


ee in ee to the 9 ra 


1 then ſhall 6 — „ 20 be a firſt reſidual. 


The tenth Book of 


, 


Third Definitions. 


the whole be more in 


Pal. and x reſidual being pro rr if 
A: * 
e reſidual, by ro ſquare ofa right line comme 


I. If the whole commenſurable i in length. to. the 
— propounded, it is called a red 


II. But if the line adjoined be commenſurable in length 


to the rational Ane propounded, it is called a ſecond te: 
ſidual-line. 


III. If neither the whole nor che line adjoined be 
commenſurable in length to the rational · line — 


Moreover, if che whole be more in power than the 
line adjoined by the ſquare of a right-line incon- 
menſurable to it in length ; then 

IV. If the whole be commenſurable i in length to the 

ay propounded, it is called a fourth relidul 

V. But if the line adjJoined be commenſurable in length 

to the rational · line propounded, it is a fifth reſidual. 

VI. If neither the whole nor the line adjoined be 


It is termed a fixth 


9 © 1 


P 'R 0 p. LXXXVI, 7.8 88, ws BN 


ſecond, thirk, 


* ** _ C.. . B To out a 
8 | 3 fourt 172. 27 of jen . 
E —— F Reſi al n are found out h) 
E ie | ſubduRing the leſs 1 


Ex: gr. Lee6 + y/ 20 ea hd 


It ĩs not neceſſa to at more concernin Frum 
of them ont, © * * 218 or 


A” oy 


EucL1DE's Elements, 


kenns. Plate V. Fr. 4, 3. 


Let AC be a reftangle contained under the right- lines 
AB, AD. Let AD bo bats foreh to E, ard DE equally 
divided in F; and let the rectangle AGE bz = FEq, and 
the rectan __ AI, DK, FH, asel, Then let — — 
LM = AH be. made, nd the ſcare NO.== GI ; "alt the 
lines NSR, OST, produced. 

I fay, 1. The rectangle AI = LM + NO = TOq + 
$0q, which - y the conſtr. 

2. The reflangle DK LO. For becauſe the reftan- 
gle AGE (a) = FEq (5) thence are AG, FE, GE (c) 
"nd. fo AR, FI, GI: =». (a) that is, LM, FI, NO C.; but 
LM, LO, NO ( are =; therefore FI =(e) LO 77 
= DK = (g) N 

3. Hence, AC = AI — — DK — FI=LM -+ NO 
+4 It is manifeft that DF, FE, DE, are... 

If AE N. DE, and AE Tu DET 
1 Bat AG, GE, AE. be Tx. x Ne 05 

6. Alſo, becauſe AE (Da DE, (m) thence ſhall AE, FE, 

e and ſo Al, FI, that is, LM + NO and LO 


5 euer (n) Gall AH, GI, that is, LM, 


8. But Becauſe AE (1) N DE, (0) therefore ſhall EE, GE 
e e 
there- 
fore ball 1486 ve .. : 10 
AE be "Al DEaq, then fall AG, 
GE. 1 * 2 


ic. ( Wherefore the reQangles AH, Gl, that is, TOq, 
80 2 * N. 


a TF F Ka 758. 8 7=as 


N 


PROP. XCII Fig. + 5: 


nding Sþ A lin AD (AE — DE) the _right-line 


— —— the fpace AC in power, us à re- 


J M 4 Uſe 


'P2- 6. 


C Be contained under a rational-line AB, 


2 


— 
ad 
ww 


d ſch. 22.6. 


89. 
36. 1. 


115. I. 
16. iS, 
$ 18, and 

. 10. 
1 
m13. 10. 
n 1.6. and 
10. 10. 
* before. 
o 14. 10. 


q 10, 10, 

T 19. 10. 
12, 1... * 
ſ1. 6. and. 
10. 10. 


4 


f 20. 10. 
8 75+ 1% 


a Þyp. 
5 -4 Bs 


c 24. 10. 
4 76. 10. 


a lem. 91, 10. 
b Hp. 


c 20. 10. 
d 77.10, 


2 1500 Likewiſe TO, 80, are 5 Y. le) an 


* ace AC be ande Spb a rational line AB, 
ſecond 


4 third refidual AD (AE—DE) the right-line T'S containin 
in power the AC is a ſecond medial r. fidual- line. 


\ The tenth Book of 


Uſe the foregoing Lemma for a preparation to the de. 
monſtration of this prop. Therefore TS — y/ AC. 
Alſo AG, GE, AE, are N; therefore ſince AE Nl. (a) 
AB ;, (5) alſo AG andi E ſhall be . AB, (c) therefore 
the rectangles AH and Gl, that is, Toy and SOq are 


e 
is 2 refidual-live, Whieh was to be demonſtrated. 


PROP. XIII. Plate v. Fig. 4+ 5+ 


refidual AD (AE=DE) the rigbe-line TS, 
2 the ſpace AC ing power, is a fit medial refids 
* ne. 

Again, by the forego A AG, GE, AE ze 
N; therefore (a) \ fince A "Da. AB, (6) alſo AG, 
GE, ſhall be þ a. AB, (c) *. the rectangles — 
Gl, that i is, TO , SOq are ue; (4) likewiſe TG 
Laſtly, becauſe Ee) AB 6, (F) the Hye 
and the half thereof DK or LO, that is, TOS 1 


py; (E N follows that TS ( AC) is a ful 
refidual. Which was to be domonſirated. 


prop. XCIV. Fig. 4, 5. 


a ſpace. AC be contained under a rational-line AB a 


As in the former, TO and SO are u. Therefore be- 
cauſe DE (a) is gp tx. AB, (6) the rectangle DI, (e) and 0 
DK, or TOS, ſhall be wy ; therefore 18 Act: 
ſecond medial reſidual, "Which was to be demonſiratd, 


PROP, XCV. Fig. 4» 5: 


a ſpace AC be contained under a Jr Ws AB 2 2 
2 re ny yo AD (AE—DE) the right-line TS contant- 
ing t in power, is a Minor-line. 
9 e. 1 TO fa) A SO. Therefore becauſe AE 
(Blob Ab AC all AI (TOq ) be #y, but, 3 
ore, the rectangle TOS is uy ; (4) therefore 75 S= 1 
ACi is 2 Ld line. Which Wes to be ra 


\ Mabe * 


8 
75 p RO. 


Evel1p xs "Elements. 


1 PROP. XCVI. Plate V. Fig. 4. 5: 

. ſpace AC be contained under a rational-line AB and 
ore . fifth Ky AD (AE -DE) the right-line TS contain- 
arc ing in oy the ſpace AC, is a line which maketh with a 


rational ſpace the Gb — medial. : 
7 n TO O. Therefore ſince AE (a) is 5 
(% alſo XI, that is, TOq ＋ 80 ſhall be f. 
2 1 in 93. the einge TOS is py ; (c) whence TS 
/ AC is a line which with py makes a whole vp. 
Which ves to be demonſtrated. 


PROP, XCVII. Hg. 4, 5. 


If a fpace ſpace AB contained under a rational-line AB, and a 
1 refdual ADD ( AE—DE} the right-line T'S containing 
in power the ſpace AC is a line making with a medial rectan- 
tl, a whole ſpace medial. 

Ne often above TO H. SO. Alſo, as in 96. TO + 


ay 0q is yy, but the rectangle TOS is py, as in 94. (a) Laſtly, 

| -SOq T-TOS (4) therefore, IS VAC is a line 
9 8 with ur makes a whole uy. Which Was to be dem: 

ys ' Lak Fig, 6. 

* Uton a rigbt- line DE * apply the reftangles DF = ABq q. 

| ard Bee, and IK BCꝗ. and let GL be biſected in 

» be- M, and the line MM drawn parallel to GF. 

nd (0 Then 1, The rectangle DK is = ACq + BCq. as he 

is 4 urflruttion mani feſts. 


* The rectangle ACB=GN or MK. For DK (a) = 
BCg (b) = = 2 Act; ABq ; but ABq (a) = DF. 
he ore a1 (-)= 2 ACB ; and conſequently GN or 
| MK = ACB. 
3- The refangle DIL = MLq. For becauſe A 
ml ACB (2): : ACB : BCa, N * DH: MK: : M 
IK. Eich thence is DI : : ML : IL ( therefore DIL 
ſe AE ML 
ut, u , AC be talen 
=y Bo ACq-+BCq (DKJ (gs) MAN. 


(4) therefore / — Tz DL. 

dy 40% DL ag For AC 47.880 . % ACS. 
Fo hat is, DK M. GK; () 8 DL Ia GL. 2 
7. But 


BC, then DK Jl be a. Ac 


N Likewiſe DLAN. V DLq — GLyq. For becauſe 
D 405 25 IK (BCq) (4) thence DI be X IL. : 


.».. The tenth, Book of - 
7. Butif A be taker BC, ther aid 
Alc * 


PROP. XCVIIL Plate v. Fig. 6 


byp. 
b lem. y. The ſquare of a refidual-line AB (AC—BC) apphlyed 151 
10. , rational-line DE, _ the breadth DG 4 firſt refidual-lin, 
c {ch. 12. cauſe AG, BC. (0) ref ., (8) Alſo DRE Then 
10. , becauſe AC, BC, (a) are p g.; (6) alſo. DR (ACoþ 
d 21. 10. BCq) ſhall. be N. AC 87 Therefore DK ig py; (4 
e 22. ans Whereſore DL is 5 51 e) Likewiſe the retuung 
24. 10. GK (2 ACB) is 7 therefore GL is f N. DE, (jg) 
f 23. 10. and conſequent! DL . GL. (+) But. NA Gly, 
g 13. 10. (&) therefore DG is a reſidual, (/) and that of the fil 

ſeh. 12. order (becauſe (x) AC . BC, and therefore DL * 


A % V DLq—=GL4,) Which as to be demonſtrated te! 
11470. 85.10. | 5 5 
* r ROF. XCIX. Eg. 6. 0 
nlp. ., hee f a fit madialrifiual-ine ABA 0810 oe I 


b lem. 97. applied to a rational-line DE, makes the breadth 
. reſidual- line. 
1 ( 1155 871880 . 
a) are , (5) thence 1 0 
E H. and ATq; 0% Mentor DK is uy; creſore Dl. isþD. 
22 12. 10. DE; DE; (cal alſo GK (2 ACB) is 5 1 72 therefore GL i 
f2r. 10. AD wherefore DL A (5) But via 
44 10. Glq; ore DG is a reſidual- line. And be 
ok 1 DG in (m) therefore ſhall "T 


10. 
k 74. 10. & Ron LO. W 


1 lem. 97. ' 
PROP. . Fig. By 


a 23. 1 The fruare of a ſee lie AB AC-B 
S532 Th fre of end mails A r 

10. reſidual- line. 

c 1. 6. end _ Again DK is yy. (a) wherefore DL is 50. DB zall 
10. 10. GK ig ur, (a) whence GL is þ N DE (O. Kew 
e c) wherefore DL *$x-GL. (4) bot He | 
© 74. 10. 5 7 ore DG is a reſidual- line, and t 
17.4%. 85. of order, (x) becauſe DL av 5 
5 * Which avas to be Fs 
* 9 1101 


EvcL1p * Elements.  "_ 


"PROP. Cl. Plate V. Fig. 6. 


a Miner-lin AB (AC—BC) gt | 
2 E, makes the breadth DG a fe refidual, 6 
As before, I bs. bu that is DK, T7 (a) there- a.21. 10. 
tip E re B, and ſo %. 
* 7. (6b wherefore is 8 N. DE. (e) b 23. 10. 
29. 8.84. 4) but DLq ho and be- <c 13. 10. 
cuſe AC N 50g, 3 4 ſhall DL be a. / db. 12. 
DLa — GLꝗ. V therefore DG has the conditions re- 10, 
quired to a fourth reſidual. Which was to be demon- e lem. 97. 
rated. 10. 


PROP. CII. Eg. 6 *. 
The ſquare of a line AB (AC—BC) which makes with 
a — — ' ſpace the whole ſpace medial, applied to a rational. 
I DE, makes the breadth DG a fifth refidual-line. 1 

For, as above, DK. is wy. (a) wherefore DL is b 2 

DE alſo GK is py, (5) whence GL is þ N DE. 105 "ng |: hog Up - 
fre DL Ta. GL. (4) but DLq * GLq. Moreover 4 Pp | 
N DLa- Lg. wherefore DG (/) is a fifth 7 12. 
rlidual, Which was to be demonſtrated, 


PRO p. III. Fig, 6. A5 


The ſquare of a line AB (AC — with a 
ia pace the whole ſpace medial, ed to à rational- 
* makes the breadth DG a fixth refidual-line. 


As above, DK and GK are wa; (a) wherefore DL 
ud GL are þ N. DE. alſo DK ©) * GK. (e) whence 22 
W 2 therefore DG is a refidual. (4) And 3. Lo. 


b Hp. and 
Whereas AC and ſo A D ** 1 
() therefore b G hel be a fach Which ws 51 1a. 
fobe demonſtrated, 10. 10. 


PROP. * e6. . 85. 


45 i ebe-lins DE 2 A 1 
15 length to a reſidual 
48-8 is it elf alſo a D——_ — 
dual, and * the. ame order, E 
\ 7 ; 


Le AB: DB 5 DF, and AB N. DE, 


a 12. 6. 

b Jem. 103. 
10. 

c 68. 10. 
d 75. and 
75. 10. 


22 103. 


a 78. 10. 


>. 


: 
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I fay ABC xx DF + EF. For AC: BC 

DF : EF. therefore by compounding AC BC: 20 0 
DF +EF : BE. therefore by permutation AC N 
DF EE: : EF. (a) but BC MN. EF; (6): ther 
fore AC Bc — DE4-EF, Which was to-be dem. 
(a) Make AB: DE:: AC: DF, * therefore AC 
BC xx DF-+ EF. therefore ſeeing AC ＋ C00 
binomial, DE 4- EF ſhall be a bine too, and q 
the ſame order. (e) wherefore DF EF is a reſidual « 
the ſame order with AC—BU. Which awas to. be d 
monſtrated. : 


Nor. CY. 


* * A rigbi-line DE commenſurl| 
- | ——— „ 4 medial refidual-line AB (A 
— | —— — BC) is it ſelf a medial ia 
R F and of the ſame order. 
Agzin(a) make AB: DE: : AC: DF : (5) whenceA( 
TEA F- EF. (0 therefore DF Tle a bin 
dial of the ' ſame order with 'AC-Þ+ BC, (4) and cou 
2 y DF — EF ſhall be a medial dual of f 
order with AC - BC. Which au, to be din. 


PROP. CVL 
A B C 4 right-lim DE cons 
— 1 — Ii % 4 Mew il 
. — — AC — 2 fs it elf ali 
D | inor-line. 


Make AB: DE : FAC: DF. () then is Ac N 
AA. DF - EF. but AC-BC (b) is a Major line; (c 
therefore DF-+ EF is allo a Major line; (4) and ot 
quently DF — EF is a Minor line. Which POLL 


PR OP. cvn. 


A B C A right-line AG E Comme! 

— 1 0 4 line AB ( 3 8 

5 —, 2 with a (5 5, 72 
1 whoſe pace mediùl, I it 

line making with a rational ſpate the whole ar- medial. 

For, accordingly as in the former, we may 

DF + EP to contain in py and jy. (a) due 


DF=8B b. kng making. „ 4425 


A. 1 


Eu Ip ts Elements. 
NOT. CYL 


4 right-line DE commenſurable A 
„ line AB (AC—BC) which « 
»þ a medial e makes the Od fo: 
ole Pace medi , is it ſelf a line D E F 
ng with a medial ſpace the | wy 
whale ſpace medial. | 
For according to the preceding DF EF ſhall con- 
vir I 2 H. (a) therefore DF—EF ſhall be, as 
n the Pro | 


'B C 


| PROP- CIX. Plate v. Fig. 7. 


4 midial redangle B being taken from a rational rectan- 
B,. the rig . le Hz. awhich containeth in power the 
remaining fy is one of theſe two two irrational-lines, VIZ. 
a re line, or a Minor-line. 

1 CD 5 þ make the rectangles CI A + B, and 
SB. whence CE (a) = AzzHq. wherefore becauſe CI 
is jy. (e) therefore CK is þ N. CD; but becauſe FI (5) 
1, (4) ſhall EK be 5 . E. : e) whence CK N. FK; 
therefore CF is 4 refidual-line. Wherefore if CK 


N. / CKq — FKq. 65 then CF ſhall be a firſt 
dual ;- (5) Neretvre es 0 (H) is a reſidual-line. But 


ck c. CKq—FK (4) then CF ſhall be a fifth 
,, eee 
une. nnn 


4 rational. FUR B being taken away from a medial 
vangle AJ B, other two irrational-lines are made, name- 
I; either a firſt medial refidual-line, or a line making with 
rational n e medial. 
Upon | 8 5 make the rectangle CI 
A B, and nd FIB (a) whence CE = A = Hq. 
becauſe CI (5) is u; (e) ſhall CK be p Ta. CD. 
x becauſe FI ST > 7 is py (4) thence FK þ N. CD. ( 
tence CK XA. (f) 4 ALES LL is 4 reſidual, (g 
Achat a ſecond, If CK N. CKq —FKgq, (4) then 
iy CE) is a firſt medial reſidual. But ut if Kr. 
\q— FKq, (4) then ſhall CF be a fifth reſidual; and - 
)confeqeently + (y CE) ſhall be a line making ur 
bv. Which was to be demonſtrated. 


PROP. 


189 


a 79. 10. 


C 23. 10. 


b 74. 10. 


Er; d. 2 
10. 

d'37. 10. 
e 1. def. 48. 
10. 

f. 12, 10. 
1.5 16. 


14 


11 1 10. 
1 * 10. 


and let BF be © FD; (4) therefore BF, FD are \ 


25. tenth Book 4 


PROP. ext. Plate v. . 7% 


A medial pace B being takes 3 a * 
A+ B, which is inc urable to the. 2 dal 
the other two irrational. lines are made, viz. either a f 


V 
} 


medial refidual-line, line maki th daf A 57 
the e 7 medial 2 eee 7 | 
6 make reQangles cr | 2 

FI =} (a) — CEzA= Haq. B Arkh. 0 
fore CI is Ar. (5) thence CK is þ N CD. and in li 75 
manner FK p N CD. .Likewiſe WT CIO AI 35 
(4) therefore ck AFK (e) wherefore CF is a refid 8. 

* V namely à third, If CK NYC FRN, g) bene 9. , 
H (4+ CE) ſhall be a ſecond m eb, ' but WY 10. - 
_ CK y/ CKq—FRa: (4) then ſhall CF bea n 11. 
fidual ; (k wherefore 4 hall be A line Peg u. 


2 ue aua 5 To oo nora. 


7 
8 ro ex. ks. x. 
= nr ine A· is not the Jags with” a binomial 
Upon BC propounded þ make the rectangle CH 
Therefore ſeeing A is a refidual „ BD/ ſhallÞe 41 
reſrdual, to whith let DE be the line co tort 
may be adjoined ; ( wherefore BE, DE, are 19 
and BE N. BC. If you conceive A to be a binn 
then BD is a firſt binomial; whefe names let be BF, FD 


and BF (#) Ix. BC. therefore fince' 6 TEL. 
ſhall” BE be A. BF. (g) and thence 'BE \=rx FE 
therefore FE is þ.' Likewiſe becauſe'BE N. DUE 1 
FE be NA. DE; (1) wherefore FD is a reſidi 15 
FED V 5. bot it was ſnewn 8. _ 
therefore A is falſely ' conceived o 
Which "FE to" be e 


P 7 * o * * 1 8 , , : ” " 
* * z 1 * * 1 3 * of 1 % , 1 i - 74 
. _ ; : . * . 


EvetL 0 Elements. 


4 
: 0 "yp £ 


one mw another, 


1. A Niedial-Iine. Lack. 
2. A binomial-line; of which there are 8 ee | 
my A firſt bimediad-Hne. | 
4s - ſecond bimedial. | | 
1 ©: | 
A rel ran rs. 
. cies, and a medial ſuperficies. £ 
7. 


Al line containing in power two medial ſuperfi- 
8. A 8 of which chere are alſo fx kinds. 
9. A firſt medial reſidual-line. = 


10. A ſecond medial d- line. 
11. A Minor-Iine. 


whole ſuperficies medial. 

ig. A Tine making wich a medial ſuperficies the 
. whole ſaperficies medial. 

hne the differtntts of " breadths argue 

lines, whoſe Squares are applied to fome, rational-line, 

it is demonſirated in the preced. Propoſitions that the 


* —2 * Nom applying of the ſquares of theſe 


Thich lotta 
PROP. Cx. "Plate V. * 


1 — . 
f ne BRL ONT and in the ſame proportion (EH: 


Rea e binomial. 


get BE, whence cp (b) : : FC: CE. there- 
y diviſion, BD: DC: PE Ec. "And whereas 
Ne) c= ; (4)thencePE ſhall be EC; Take EG 
EC, an make FG: GE: ; EC: CH. Then EH, 
"CH ſhall be che names of the reſidual HC, where- 
n W => is propo pounded, in the theorem. 

: GE 597 EH: CH. there 


| Wherefore . BD (8) - DC 05 „ — 


V names. 's the 1 3  irrational-lines aferin 2 


. A line making with. a A. rational ae the | 
Ae of 
"from another, it evident ade that 
4 e A applied ta a, binomial 
Fe) ae ped Sk a refidual-line, 
cable to the names BD, 


CH: DC;) 2 moreover, the refidual-line EC 
en DC the leſs pare a) make the. os DF a'cor 


undin 
bk 10 11 Cf * FE: EC V: BD. 
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10. 10. 


192 a\The kent Book of | | 


be * EH, 035 and FHq N. EHq. Therefore becauſe 
k cor 20 6. * 5 EHq (H FH* CH: 2)Sall FR be "50H 1 
m 21. * | ee) is — m) therefore FC i 48 iD. whence alſo & 
n eb. 12. is A. TI CD; (n) therefore EH, CH are g and . as be- 
10. fore; (o) therefore EC'1s a reſidual-line, — whi CH may 
0 74. 10. - 7 Furthermore EH: CH: 6 BD: DC, and 
p 10. 10. 4 permutation EH: BD: : C DC; whence be- 
q 15. 10. a CHN DC, () mall EH be I BD. du 
r 12. 10. ſuppoſe BD πν. 304 — vCLyz{g) then ſhall EH be 
ſ 1. df. 48. 1 Tio. — Hd. Alſo if BD N. 5 propounded 


10. then ſhall EH-be T. to the ſame þ. (/) that is; if Bh nx 
t 1. def. 85. a firſt binomial, (?) EC ſhall be a firſt reſidual.” In like en | 
yo! manner, if DC be to the "© propounded þ „Athen he 
u 2. def. 48. CH NA to the ſame (war's, is, if BC 4 ur. 
10. binomial, (x) EC od a ſecbnd refiduaP: And i Nie 
x 2. df. 85. this be a third binomial, then that ſhall Pe third is * 
Chen v BD q—DCq, 7 te hut 


= Sb mall EH DEAT tt. therefore K NR. 
4, F, or br EG ſhall be ee * 


reſidual. I bich was to be demonfirated. . | 
PROP. CXIV. Val 1 


e 0 6 rational A A ab „e refuduel in He 
BC 858 Tg makes the. breadth. BE a binomial; (wv conta 
names BE, GE 22 commenſurable to the XD BD, BC s 
the refidual-line BC, and in;the fame” proper tions; and mot 
| over, the Bindmial-line which is — (BE) + is I the jan 
2 cor. 16. 6. order with the refidual-line (BC.) 
b 12. 6. (a) Make the, rectangle DF Ag. and BP Fj of 
c 14. 6. EG: GE; whence bor that 9 q=CE, (c) thn BE, 1 
d 19. 5. fore BD : BC: : BE : BF. therefore W ve the pre 
e hyp. rtion BD : CD: 55,1 FE; EG; 58998 Let 
f 10. 10. t BD e 98 ) theref, ore Hoch 9e bein = ttined 
cor. 20. 6. becauſe : : BG: GE, {1h 7 BE 
10. 10. (Hand fo . moregver, B 18 Jig 5 of the 
Kk co. 16. 10. tangle DF 0 is fr. (O therefore BF is tne applie 
121. 20. therefore alſo BG is ß N. D. z) there 15 BG, G angle 
m 12. 10. atep 8 ) wherefore BE 11 pda Laffly,)i conſec 
n /cb; 12. 10. can - BD: BG: GE. and e e al en 
© 37. 10. CD: GE, and BD N. BG {(p) thence ſhall C hs being 
p 10. 10. GE. tharefore if CB be a firſt is nal, BE ſhall b. fore, 


| | binomial, &c. N therefore S. 


"pk oO! 


Evetipt's Elements. 


PR OP, /CXV. Plate V. Fig. 10. 


If a ſpace AB be contained under a reſidual-line AC 
(CE— AE) and à binomial CB, whoſe names CD, DB, 
are commenſurable to the names CE, AE, of the reſidual- 
line, and in the ſame proportion (CE : AE ; : CD: DB.) 


AB, is rational. | 
Let & be p. and make the reftangle CH=Gq z (a) 
then ſhall BH (HI—IB) be a refidual-line, and III a) 
A CD (6) A. CE. (a) and BI M DB. (a) and HI: 
M:: CD: DB (5): : CE: EA. therefore by permutation 
fl: CE: : BI: EA. (c) therefore BH : AC: : HI: CE 
: BI: EA. wherefore ſince (4) HI Tx. CE, (e) thence 
Hwa. AC. (/) therefore the rectangle HC N. BA. 
But HC (Gq) (5) is pp. (g) therefor BA (Fq) is 5. and 
unſequently F is p. Which was to be demonſtrated. 


Coroll. 


Hereb it appears that a rational ſuperficies may be 
contained under two irrational right- lines. . 


P R O P. CXVI. Fig. 11. 


Of a medial. line AB are produced infinite irrational-lines 
. EF, &c. auberegf none is of the ſame kind with any of 
the precedent. 

Let AC be propounded þ. and AD a rectangle con- 
ained under AC, AB; (a) therefore AD is fr. Take 
.= AD. 9) then BE is p, and the ſame with none 
of the former. For no ſquare of any of the former being 
applied to p, makes the breadth medial. Let the rec- 
angle DE af finiſhed, (a) then DE (hall be py, and (4) 
Onſequently EF (/ DE) ſhall be'p, and not the ſame 
with any of the former, for no ſquare of the former 
King 8 to p, makes the latitude BE; there- 
oe, Oe. | ; 


N PROP. 
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4 . 


a 113. 10, 
b hyp. 

e 19. 5. 
d 4 


e 10. 10. 
f 1. 6. and 
10. 10. 


— ſch. 12. 
10. 


a /em, 38. 


10. 
b 11. 10.4 


247.1. 
b cor. 24. 8. 
C 9. 10. 


loſophers; ſo that he who did not underſtand it 


We tenth Book of 


'P RO P. CXVIL Plate v. Fig.12; 


Let it be required to fhew that in ſquare figures BD, th 
th to the fide 


diameter AC is incommenſurable in AB, 

For ACq: ABq (:: 2: 1 (6): : not MN 
therefore AC N. AB. Which was to be demonſiratu 
This Theorem was of great note with the ancient Phi 
eſteemed by Plato undeſerving the name of a man, bi 
rather to be reckoned among brutes. 


The End of the Tenth Book. 


. 
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Definitions, 
Solid is that Which hath length, breadth 
and thickneſs. 
. The term, or extreme of à ſolid is a 


uperhcies. 

III. A right-line AB, Plate V. Fig. 13. is. perpendi- 
alar to a Plane CD, when it makes right-angles ABD, 
ABE, ABF, with all the right-lines BD, BE, BF, that 
5 1 _— in the ſaid Plane. * 

.AP rn e 
(D, when the äh lines EG, K, drawn in one Plane 
A8 to the line of common ſection of the two Planes 
IB, and making right- angles therewith, do alſo make 
nght-angles. with the other Plane CD. 

V. The inclination of a right-line AB, Fig. 15. to a 
Plane CD, is when a perpendicular AE is 3 from 
A the higheſt point of that line AB to the plane CD, 
and another line EB drawn from the point E, which 

the rpendicular AE makes in the plane CD, to the 
end B of the ſaid line AB which is in the ſame plane, 
whereby the angle ABE which is contained under the 
wiing-line AB, and the line drawn in the. plane EB 
acute, | | | 
VI. The inclination of a plane AB, Fig. 16. to a 
Plane CY, is an acute angle FGH contained under the 
loht-lines FH, GH which being drawn in either of the 
+ Wares AB, Cb to the ſame point H of the common 
ion BE, make right-angles FHB, GHB, with the 
eommon ſection BE. | ns 7 


H es ages, © 


The eleventh Book of 
VII. Planes are ſaid to be inclined to Other plar 
in the ſame manner, when the ' ſaid angles of incling 
tion are equal one to another. 
VIII. Parallel planes are thoſe which being pr 
ou_ never meet. 
Like ſolid fi are ſuch as ate contained 1 
der like planes Ted . 


X. Equal * like ſolid figures are ſuch. as re . 
tained under like planes equal both in multitude a 


itude. , 
"Ei. A ſolid angle is the Wb ws wi 
two right-lines which touch one another, and are n 
in the ſame ſuperficies. 


e 


Or thus ; 


A ſolid angle is that which is contained under m 
than two e, er werk 

_— all at one -poin 
* 


| id is a 1 ſolid figure compreh 
_ divers planes ſet upon one plane ck i b 


baſe of the Pyramid, and gathered err to 6 
int. 
XL A Priſm is a fold figure contained 
planes, whereof the two oppoſite are equal, like, 
parallel; but the others are parallelograms. 
XIV. A Sphere is a ſolid 6 figure made when the ' 
ameter of a ſemicircle abiding unmoved, the ſetu 
is turned round about, till it return to the _— 


from whence it began to be moved. XX 
under 

Coroll. XX 

under 

Hence, all the rays drawn from the center to e op 
ſuperficies of a ſphere, are equal amongft cent il x 
XV. 'The Axis of a ſphere, is that fixed) right figure, 
about which the ſemicircle is moved. compr 
XVI. The Center of a ſphere, js the ſame fi er in | 
with the center of the ſemicircle. XX. 
XVII. The Diameter of a ſphere, is a night! arcum 
drawn thro' the center, and terminated on either ges, « 
in the ſuperficies of the ſphere. duch 


XVIII. A Cone is a figure made, when one ſide 
a reftangled triangle (viz. one of thoſe that cont 
the right angle) remalning fixed, the triangle is 8 
ed round about till it returm to the place from whe! 


Evcr1iDeEt's Elements, 


+ firſt moved. And if the fixed right-line be equal to 
the other which containeth the ie ele then the 
Cone is a rectangled Cone: But if it be leſs, it is an 
obtuſe - angled Cone; if greater, an acute-angled Cone. 


which the triangle is moved. | 
XX. The Baſe of a Cone is the circle, which is de- 
 Wiccribed by the right-line moved about. 
; 01 XXI. A Cylinder is a figure made by the moving 
e around of a right-angled parallelogram, one of the 
ſdes thereof, (namely, which contain the right-angle) 
abiding fix d, till the. parallelogram be turned about 
re no to the ſame place, where it began to move. 
XXII. The Axis of a Cylinder is that quieſcent right- 
ine, about which the parallelogram is turned. | 
XXIII. And the Baſes of a Cylinder are the circles 
which are deſcribed by the two oppoſite ſides in their 
motion. 


pe Axes and Diameters of their Baſes are propor- 
tional, ; | | 
XXV. A Cube is a ſolid figure contained under fix 
equal ſquares, PEI SN * 
XXVI. A Tetraedron is a ſolid figure contained 
under four equal and equilateral triangles. 
XXVII. An Octaedron is a ſolid figure contained 
under eight equal and equilateral triangles. 
the M XXVIII, A Dodecaedron'is a ſold figure contain- 
ed under twelve equal, equilateral, and equiangular 


under twenty equal and equilateral triangles. 
XXX. A Parallelepipedon is a ſolid fi contained 
under fix quadrilateral figures, aa” thiſk which 
10 re 3 are parallel. 
ere XXXI. A ſolid figure is ſaid to be inſcribed in a ſolid 
MUS sure, when all. the angles of the figure inſcribed are 
„ omprehended either within the angles, or in the ſides, 
ein the planes of the figure wherein it is inſcribed. | 
II. Likewiſe a ſolid figure is then ſaid to be 
bu crcumſcribed about a ſolid figure, when either the an- 
her a des, or ſides, or planes of the circumſcribed figure 
wach all the angles of the figure which it contains. 


1s fa N 3 | PEO 


XIX. The Axis of a Cone is that fix'd line about - 


XXIV. Like Cones: and Cylinders, are thoſe both 


XXIX. An. Icoſaedron is a ſolid figure contained 
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a 10. ax. I. 


a IO. ax. 1. 


a 1. Pet. 1. 


b I4. ax. I, 


ſame plane. 
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PROPOSITION I. Plate V. N +, Ml BBY 


1 Ore part AC of a right-lint cannot be in a Plane fiptr. whe! 
Sicies, and another part of it CB abowe'the ſame. ſo ec 


| Produce AC in the plane diredy to F. If you con. Will The 
ceive CB to. be drawn ſtrait from AC, then two right. Wl © * 
lines AB, AF, have one common ſegment AC. () M be 
is impeſſible. | | * n e 


PROP. II. " Fig. 18. Fs the : 


I} tauo right-lines AB, CD, ct ene another, they art dray 
the ſame plane: And every triangle DEB is in one and th fore 


. 


For imagine EFG, part of the triangle DEB, to bein 
one plane, and the part FDGB to be in another, then 
EF part of the right-line ED is in a plane, and the'othe 
part elevated upwards. . (a) Which is abſurd. Therefore 
the triangle EDB is. in one and the ſame plane; and it 
alſo are the right-lines ED, EB; (a) wherefore the 
whole lines AB, DC, are in. one plane. Which we; h 
be demonſtrated, een 1 


"PROP. III. Ex. 19. 


If tæuo planes AB, CD. tht one >the other, their am ther 
ſection EF is a rigbi-lin agg gn 7 AG 
If EF the common ſeQtion be not a right. line, ( con 
then in the plane AB draw the -right-line ECF; (a an a. 
in the plane CD the right-line EHF. therefore two gi 
lines BGF, EHF include a ſuperſicies. (5) Mi 
abſurd. | po bak £119 ôανjð,)⅛ | 
P R O P. IV. Fig. 20. g — 
a right-line EF flands at right-anigles to them, it ſhall al m 
3 at right-angles to the plane ACBD dran thro the ſai ” 
Ze. | 
Jake EA, FC, EB, ED ual one to the other, al the 
join the right-lines AC, CB, BD, AD draw any Tight BG 
line GH thro” E, and join FA, FC, FD, FB, FG, VI (% 
Becauſe AE is (a) = EB, and DE (4, == EC, and d BL 
angle AED (6) = CEB (c) therefore AD is = CB, ( rig] 
lik-wiſe AC = DB ; (a) therefore AD is parallel to Ch the 


(4) and AC to BD. (e) wherefore the angle 6 


the ſame plane (/) wherein AB is. 
| N 


E v.c11dz's Elements; 


FBH, and the R But alſo AE. V 
= EB; (g) therefore GE = EH, (g) and AG IH. 
whence by reaſon of the right-angles,: by the hyp. and 
ſo equal, at E, (4) the baſes FA, FC, FB, FD, are equal. 
Therefore the triangles ADF, FBC, are equilateral one 
to another, (4) and thence the angle DAF = BCE. 
Therefore in the triangles AGF, FBH, the ſides FG, 
FH () are equal; and ſo by conſequence. the triangles 
FEG and FEH are mutually equilateral ; (zz) therefore 
the angles FEG, FEH are 8. and (2) o right- angles. 
In like manner, FE makes right-angles with all the lines 
drawn thro' E in the plane AD, BC, (e) and is there- 
ſore perpendicular to the ſaid plane. 


If a right-line AB be erected perpendi cular to three ri 251. 


lines AC, AD, AE, touching one the other at the common 
ſefion, thoſe three lines are in the ſame plane. 

For AU, AD, (a) are in one plane FC; (a] and AD, 
e b 
ſeveral planes, then let their interieign. (9) be the right- 
line A.; therefore becauſe BA by the Hyp. is perpen- 
dicular to the right-lines AC, AD, (c) and fo to the plane 
FC, (4) it is = to — right-line AG. 
therefore (ſince (a) that AB is in the ſame, plane with 
AG, AE) the angles BAG, BAE, i | 
conſequently equal, the part and the whole. 

' . 423... (P15 v #* :, 4 WW 


fur,” 


PROP. VI. Fig. 22. 


If two right-lines AB, DC, be erected perpendicular to 
ene and the ſame. plane EF, thoſe right-lines AB, DC, are 
parallel one ts. the other. _ = Y 
Draw AD, whereunto let DG=AB be perpendicular 
in the plane EF, and join BD, BG; AG. Becauſe in 
the triangles BAD, ADG, the angles DAB, ADG (a) are 
right-angles, and AB. (6) DG, and AD: is common, (o) 
therefore BD = AG. whence in the triangles AGB, 
BGD, equilateral one to the other, the — BAG is 
% BDG;; of which ſince BAG is a right-angle, 
BUG ſhall be ſo alſo, but the angle GDC is ſuppoſed 
right, therefore the right-line GD is perpendicular to 
the three lines DA, DB, CD, (e) which are therefore in 
Wherefore ſince AB 
4 and 


A 2. 11. 


b 3. 11. 


c 4. 11. 


d 3. def. 11. 


and 
©. 


200 We eleventh Book of 


BY. and CD are in the ſame plane, and the internal an 
828. 1. BAD, CDA, are right-angles, (g) AB and GA 
1:41 Parallels. Reh Was fo be demonſirated. | 


Te 

| P R 0 P. VII. Plate V. Fig. 23. "4 

5 mr 85 3 

» * Ff there are two parallel belles AB, CD. and ain 

Points E, F, be taken in both of them, 2 Let 

Joined at theſe & points, is in the N Plane, with the para and di 

els AB, C ne pa 

Let the plane i in which AB, CD, are, be cut by 200, nd eg 

ttzser plane at the points E, F; then if EF is not in nus: 

plane ABCD, it ſhall not be che common ſection. Then % Tb 

43•11. fore let EGF be the common ſection; which (a) then Mang! 

a right- line, therefore two right. lines EF, EGF, e an; 

b 14. ax. 1. clude a ſuperficies. (6) Which is el/urg. ne 
7 R OP. VIII. Fig. 26) 

* 


Fa there are two parallel eee AB, CD. . 


one AB, is cular to a plane EF, then ' the other CO 

Hall be cular to the ſame plane EF. In t 

| © The preparation and of the ſixth of i be po 

ay Book being transferr'd hither; the an 7 7 DE th 
2 4. 11. GDB are right-angles: (4) Thereſore e 85 is pe la FE 
b 7. 11. cular to the plane, ar $4 are AD, DB, 5 Gin — TD b 
or 


c 3. def. 11. alſo AB, CD, are.) (c) therefore GD is 

d 29. 1. Cb; but che angle CDA is alſs (4) a right · an auſe! 
e 4. 11. therefore C D is perpendicular to the plane EF, 

| Which was to be demonfirgted. * 


PROP, IX. Fig 25; 


Right-lines (AB, CD) which: are parallel to the fam 
 right-line EF, but not in the ſame plane with it, are aj 
parallel one to the other. | 
In the plane of the parallels AB, EF, an HG per / 2 
ndicular to EF; alſo in the e of the parallels EF, “ Pee 

D, draw IG perpendicular 0 HF. (a) Therefore EG Fro 
N to the plane wherein HG, Gl are; aud berpen 

| CI are perpendicular to the ſame plane, (c) there- a, E, 
a AH and CI are parallels.” Which was to be demon, app. 


EucLt1D ts Elements. 


PROP. X. PlateV. Fig. 26. 


| If exo right-lines AB, AC, touching one another be pa- 
alle] to two other right-lines ED, DF, touching one ano- 
ther, and not being in the ſame plane, thoſe rigbt- lines 
antain equal angles, BAC, EDF. en 

Let AB, AC, DE, DF, be equal one to the other, 
and draw AD, BC, EF, BE, CF. Since AB, DE, (a) 
xe parallels and equal, (6b) alſo BE, AD, are parallels 
and equal. In like manner CF, AD, are parallel and 

ual ; (c) therefore alſo BE, FC, are parallel and equal. 
* herefore BC, EF are equal. Wherefore ſince the 
tnangles BAC, EDF, are of equal ſides one to the other, 
the angles BAC, EDF (e) ſhall be equal. Which was to 
te demon/irated. 


P R O P. XI. Fig. 27. 


epedicular to a plane below BC. 

In the plane BC draw any line DE; to which from 
de point A (a) draw the perpendicular AF, to the ſame 
DE through F in the plane BC (4) draw rd xd tage 
la FH, — to FH (a) draw the dicular AI, this 
ſtall be perpendicular to the plane BC. 

For thro” I (c) let KIL be drawn parallel to DE. Be- 
uſe DE (4) is perpendicular to AF, and FH. (e) there- 
bre DE ſhall be perpendicular to the plane IFA; and ſo 
alo KL (/) is perpendicular to the ſame plane; (g) there- 
re the angle KIA is a right-angle, but the angle AIF 


Þ the plane BC. Which was to be done, 
PROP. XII. Fig. 28. 


In a plane given BC, at à point given therein A, to ere 
a perpendicular line AF. 4 
From ſome point D withqut the plane, (a) draw DE 
perpendicular to the ſaid plane BC, and joining the points 
a, E, by a line AE, (4) draw AF parallel to DE (c) it 
s apparent that AF is perpendicular to the plane BC. 
hich was to be done, | | 
This and the preceding problem are practically per- 
formed by applying two 3 to the point given; as 
Appears by 4. 11. N | | 
PR O. 


OP. 


From a point given on high A to draw a right-line AI 


b alſo (4) a right- angle; (/) therefore Al is perpendicular 


a hyp. dnd 
conſtr, 

b 33.1. 

e 3. r. 1. 
and 9. 11. 
d 33. i. 
e 8. 1. 


a 11. 11. 
b 31. 1. 
6E IF 


> p . er ß ̃ ˙·¹·¹ w 


2 6, 11. 


byp. and 
ade. 11. 


b 17. 1. 


A 11. Il, 

b 31, 1. 
C9. 11. 

d 3. df. 11. 
e 29. 1. 

f 4. 11. 

1 


14. 11. 


planes alſo ſuall meet. — the Hype. 
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PROP. XIII. Plate v. Fig 29. 


If 
At a point given Cina plane given AB, rab eln 4 
CD, CE, cannot be erected perpendicular to the ſaid 55 : Cl 
plane off the fame fide. © Let 
For both CD, and CE (4) ſhould then be K; 
lar to the plane AB, and conſequently parallel; ; whic md jj 
is e to the definition of Parallel-Iines. , ADB, 
| * arall 
"PROP: XIV. Eg. 30 eu: 
Planes CD, FE, to aohich the Jame right-line AB; i: þ 
pendicular, are parallel. | 
If you deny this; then let the planes CD, RP met If 
ſo that their common ſection be the right-line GH, it 50 
which take any point I, draw to it the right-lines I che 
1B, in the ſaid planes, whereby in the triangle TAB, Let 
angles IAB, IBA (a, are right- angles. (5) Which is an the ſe 
| where 
oof OE XV. Fig. gr EF ; ( 
| and f 
F 4% rig 355 nes AB, AC, e one the ad. lar to 
parallel to ＋ other righe-lines DE, DF, touching em w the 
other, and not being in the ſame plane with them, be bla planes 
BAC, W drawn by * 3 N = Which 
the. of 
From A (a) draw AG pe ndicular to the plane i 
21. and let GH, Gl be 99 00 & to DE, PF. (e cheſo i 
| Go parallel to A AC. "''Pherefore- fince-the ul / 
A, HGA, ( Are 7 -angles, alſo CAG, BAG fendicy 
91 ſhall be right-angles; 09 hcrefore GA is perpenall Ep / 
cular to the plane BC; the fame is Bec 
to the plane Ee „ (hb) thereſore the planes BC, EF, do the 
parallel. I bich was to be demo rated. point 
PROP: XVI: Fig. 32. and ti 
the ſa, 


If two parallel planes AB, CD, are cut by ſome alle 
plane HEIGF, their common ſections EH, GF are paral 


one to the other. 


For if they are ſaid to be not parallel, then, ſinge d 7 
are in the ſame cutting plane, they muſt meet jon angles 
where, ſuppoſe in I, wherefore fince the whole wel e, 
HEI, FGI (a) are in the planes AB, CD, produced, 5 --If x 


PRO 


+ GH, 1K 
CM: MD. 


EucLi1iDe's Elements. 


PROP: XVII. Plate v. Fig 33. 


If tuo right-in ALB; CMD, are cut by parallel planes 
they Shall be cut proportional; ly, (AL LB 


let the right-lines AC, BD, * drawn in the planes EF, 
IK; as alſo AD meeting the plane GH in the point N, 
nd join NL, NM, the planes of the triangles ADC, 
ADB, make the ſections BD, LN, and AC, NM, (s) 
parallels. Therefore AL : LB: : AN: ND on 
(M: MD. Which was to be demonſtrated. 


PROP. XVIII. Eg. 34; 


Fa right-line AB be perpendicular to ſome plane CD, all 
Rt Er g thro' that right-line AB Shall be per- 
jendicular to the ſame plane CD. 

Let there be ſome plane BF drawn thro' AB, making 
the ſection EG with the plane CD; from ſome point 


EF; (5) then ſhall HI be perpendicular to the plane CD, 
nd fo likewiſe any be per nes, that are perpendicu- 
hr to EG; (c) — the plane EF is perpendicular 
to the plane CD; and for the ſame reaſon any other 
planes drawn thro' AB ſhall be perpendicular to CD. 
Which was to be demonſtrated. 


PROP, XIX. Fig. 35. 


If tuo planes AB, CD, cutting one the other, art per- 
fendicular to ſome plane GH, their line of common ſection 
EF Hall be eee 70 the ſame plane (GH.) 

Becauſe the planes AB, CD, are taken perpendicular 
to the plane GH, it ap s by . def, 11.. that from the 
point F there may be drawn in both planes AB, CD, a 
39 pray 52s to the plane GH, which ſhall be (a) one 

the ſame line, and therefore the common ſection of 
the ſaid planes. J/hich auas to be demonſtrated, 


PROP. XX, Fig. 36. 


If a falid angle ABCD be contained under three plane 
72 AD, DAC, BAC, any two of them howſoever 
taken are greater than the third, 


If the three angles are equal, the aſſertion is evident; 


if unequal, then let the greateſt be BAC; from 3 


whereof H, (a) draw HI parallel to AB in the plane 


C“ 4. def. 11, 


a 16. 11 
b 2. 6. 


b 8. 11. 


213. 11. 


a 23. 1. 


b confly. 


C 4.1. 
d 20. 1. 
EC. ax. i. 


f 25. 1. 
g 4. ax, 1. 


a 37. 1. and whereof X T 4 right-angles (a) = Y + A, but 
ſeb. 31. 1. 
b 20. 11. 

C S. ax. 1. 


For let a plane any wiſe cutting the ſides of the 


Toe eleventh Book of 7 


take away, BAE== BAD; and make AD= AE; and 
alſo draw BEC, BD, DC. ; x 

+ Becauſe the fide BA is common, and AD (3) = AF; 
and the angle BAE () = BAD, (c) thence is BE = BD. 
but BD ＋ DC is 2 = BC ; therefore DC Ec. 
Wherefore ſince AD (5) = AE, and the fide AC is com- 
mon, and DC cg EC, / the angle CAD ſhall be c- 
EAC, (g) therefore the angle BAD g CAD = BAC, 
Which was to be demonſtrated. | 5 


PROP. XXI. Plate V. Fig. 35. 
Every folid angle A is contained under leſs angles tha 
© four plane right-angels. 


fold angle A make a many-fided figure BCDE, and 
as many triangles ABC, ACD, ADE, AEB. I denote 
all the angles of the polygone by X; and I term the 
ſum of the angels at the | baſes of the triangle r 
e 
that (of all the angles at B) (5) the angle ABE ＋ ABC 
is E CBE, and the ſame is true alſo of the angles 
at C, at D, and at E, (c) it is manifeſt that Y i 
X, and conſequently A ſhall be > 4 right - angle. 
Which was to be demonſirated. © b art 


PROP. XXII Fig. 38. 


F there are three plane angles A, B, HCI, <vhereef tw 
howſoever taken are greater than the third, and the right: 
lines which contain them are equal AD, AE, FB, &c. thi 
of the right-lines DE, FG, 'HI, connecting thoſe equal right 
lines together, it is poſſible to make a triangle. ; 

A triangle may be (a) made of them, if any two 4 a 
be greater than the third; but they are ſo. For ( #-"-- 
make the angle HCK = B, and CK = CH, and drav PRs 
HK, IK; (e) thence KH FG, and becauſe the angle hi 


KCI C4) = A; (0%) therefore KI t DE, but KI U ake: 
— HI - KH (FG ;) therefore DE D HI + FG. raſon 
By the like argument any other two may be proves 3 
greater than the third; and conſequently (a) it ir ele 
poſſible to make a triangle of them. Which was , 8 
* — E A Fo 

» 2 
| | | GHC 


EvcLtivDe's Elements. 


PROP. XXIII. Plate V. Fig. 39. 

To make a felid angle MHIK of three plane angles 
A, B, C, whererf two howſoever taken are greater than 
third. * But it is neceſſary that thoſe three angles be leſs 
than four right-angles. | 

Make AD, AE, BE, BF, CF, CG, equal one 
to the other; and of the ſubtended-lines DE, EF, 


FG (that is, of the equal lines GH, IK, KH) (a) make 


the triangle HKI ; about which (5) deſcribe the circle 
LHKT. “But becauſe AD is c HL, (c) let ADq be = 
HLq + LMq. (4) and let LM be perpendicular to the 
plane of the circle HKI'; and draw HM, KM, IM. 
Wherefore ſince the angle HLM (e) is a right-angle. ) 
thence is MHq = HLq + LMq (g) = ADq. therefore 
MH = AD. By the ſame way of reaſoning MK, MI, 
AD (that is AE, AB, &c.) are equal; therefore ſince 
HM=AD, and MI = AE, and DE (4)=HI, (4) the 
angle A ſhall be = HMI, (4) as likewiſe the angle IMK 
B, (4) and the angle HMK = C, wherefore a ſolid 
angle is made at M of the three given plane angles. 
Which ævas to be dene. AD is aſſumed to be cg HL. 
But this is manifeſt. For if AD be = or HL, then 
is the angle A (/) = (2) or © HLI. In like manner 
ſhall B be equal or C HLK, and C = or c KLI. 
where fore A -þ- B-+ C“ ſhall either equal or exceed 
four right-angles, contrary to the Hyp. therefore rather 
let AD be c HL. Which was to be demonſtrated. 


Fa. ſolid AB be contained under parallel planes, the of poſite 
planes thereof (AG, BD, &c.) are like and equal paralle!o- 
grams. | | 

The plane AC cutting the parallel planes AG, DB, (a) 
makes the ſections AH, DC, parallels, and for the ſane 
reaſon AD, HC are parallels. Therefore ADCH is a 

. By the like argument the other planes of the pa- 
allelepipedon are (5) pgrs. wherefore fince AF is paral- 
ll to HG, and AD to HC, (c) the angle FAD ſhall be 
=GHC, therefore becauſe AF (4\= HG, and AD (4) 
HC, and ſo AF: AD: : HG : HC, the triangles FAD, 
HC (g) are like and (+4) equal; and conſequently pgrs, 
AE, HB are like and (4) equal, and the ſame may be 
Iewn of the reſt of the oppoſite planes, therefore, Se 

| | PROP, 
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PROP. XXV. PlateV. Fig. 41. 


If a folid Parallelepipedon ABCD be cut by a plane BF 
parallel to the oppoſite planes AD, BC; then as the baſe AH 


the parallelepipedon AQ 

reaſon the parallelepipedon BP = BF; therefore the { 
lids IF, EP are as multiple of the ſolids AF, EC, a 
the baſes IH, KH, are of the baſes AH, BH. And it 
the baſe IH be , =, => KH, (4) likewiſe ſhall the 
ſolid IE be , =, EP; (e) conſequently AH : BY 
: :AF: EC. Which awas to be demonſtrated. 


The ſame may be accommodated to all forts of prijme 
_ whence. 


Coroll. 


If any priſm whatſoever be cut by a plane paralle 
to the oppoſite planes, the ſection ſhall be a figure eq 
and like to the oppoſite planes. 


PROP. XXVI. Fig. 42. 


Upon a right-line given AB, and at @ point given in 
A, to make a ſelid angle AHIL equal to a folid angle | 
ven CDEF. 

From ſome point F (a) draw FG perpendicular to th 
plane DCE, and draw the right-lines DF, FE, EG, GD 
CG. Make AH = CD, and the angle HAI = Dek 
and AI = CE ; and in the plane HAI make the ang 
HAK — DCG, and AK = (G, then erect KL per 
pendicular to the plane HAI, and let KL be 2H 
and draw AL. Then AHIL ſhall be a ſolid ang) 
equal to that given CDZF. For the conſtruction of f 
does. wholly reſemble the framing of that, as will e 
lily appear to any who examine it. | 


pR O! 


F vertDis's Elements. 


PROP. XXVII. Plate V. Fig. 43. 
Upon a righi-line given AB to deſcribe a parallelepipedon 


EP 
M, Le, and in lite manner fituate, with a ſolid parallele- 


qipedort given CD. | 

Of the plane angles, BAH, HAI, BAT, which are 
qual to FCE, ECG, FCG, (2 make the ſolid angle A 
qual to the ſolid angle C. Alſo (b) make FC: CE: : 
NM: AH (3) and CE: CG: : AH: AT (whence by 
aulity (c) FC: CG : : BA: AT) and finiſh-the paralle- 
kipedon AK, which ſhall be like to that which is 


| ſen. 

For by the conſtruction, the Pgr. (4) BH is like to FE, 
nd (d) HI to EG, and (4) BI to FG, and (e) ſo the 
woſites of theſe to the gene of them : Therefore 
be fix planes of the ſolid AK are like to the fix 
lanes of the ſolid CD; (57) and conſequently AK, 
), are like ſolids. Which was to be demonſtrated. 


PROP. XXVIII. Fig. 44. 


If a folid parallelepipedin A B be cut by. a plane 
CD drawn thro' the diagonal-lines DF, CG, of the 
yoite planes AE, HB, that folid AB ſhall be equally 
hieted by the plane 'EGCD. 

For becauſe DC, FG, are (a) equal and parallels, (5) 
de plane FGCD is a Pgr. and becauſe (a) the Pgrs. AE 
HB, are equal and like, (5) alſo the triangles AFD, 
GC, CSB, DFE are equal and like. But the Pgrs. 
AC, AG, are equal and like to FB and FD; there- 
re all the planes of the priſm FGCDAH are equal 
d like to all the planes of the priſm FGCDEB, 
nd (c; conſequently this priſm is equal to that, 
lich quas to L demonſtrated. 


L. 5 PROP. XXIX. Fig. 45. 
72 5 Solid parallelepipedons AGHEFBC D, AGHEMLKI, 


being conſtituted upon the ſame baſe AGHE, and * in'the 
ame height, 22 07 PP lines AF, AM, are placed in 
> 


| 1 Jame rigbt-lines AG, FL, are equal one to the 
LEH * 


R O! N For 
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4 10.42/11 For (a) if from the equal priſmes AFMEDI, GBLy. 
& 35. 1. CK, the common priſm NBM Cl be taken away, and 
b 3. and 2. the ſolid AGNEHP be added, the Parallelepipedon 
ar. i,  AGHEFBCD. ſhall be = AGHEMLEI: - Which wy 
* zo be demonſtrated. | 4%, 


PROP. XXX. Plate V. jg. 46. 


Solid parallelepipedons ADBCHEFG, ADCBIMLK 
ing conflituted upon the ſame baſe ADBC, and in the ſan 
height, whoſe infiſting lines AH, AI are net placed in ii 
rigbi- lines, are equal one to the other. | 
For produce the right-lines HEO; GFN, and LM, 
a 34.1. KIP; and draw AP, DO, BQ, CN; (a) then ſhall DC 
AB, HG; EF, PQ, ON be as well equal and parale 
b 29. 11. one to the other as AD, HE, GF, BC, KL, IM, 
I PO; (6) wherefore the parallelepipedon A DCBPON( 
c 1. ax. 1. fhall be equal to either parallelepipedon ADCBHEFG 
ADCBIMLK; and (c) conſequently theſe two are eq 
one to the other. Which was to be dem. 


PROP. XXXI, Plate VI Fg. i. 


® by height Solid parallelepipedms, ALEKGMBI, CPOHU 
underfiand zeing conflituted upon equal baſes ALEK, CP oO, a 
, the perpen- in the ſame height are equal, one to the other. | 
Firſt, let the parallelepipedons AB, CD, have f 
drawn from ſides perpendicular to. the baſes, and at the fide C 
the plane of being produced, (a) make the Pgr. PRTS equal 1 
the baſe to like to the pgr. KELA. (4) and ſo the parallelepiped 
the oppoſite PRTSQVYX equal and like to the par Appel Al 
| b 6 Produce O E, ND 4, PZ, DF, ERB, J V y, To, 
a 18. 6. YXF ; and draw E, By, ZF. © | 
b 27.118 The planes O e N, CRVH, Z TVE, (e) are paral 
10. 4% 11. one to the other; (4) and the yy ALEK, CP »\ 
c 3odef.11 PRTS, PRBZ are equal. Therefore ſince the para 
d Hp. and lepipedon CD: PV & (e) : : Pgr. C (PRBZ): > 
35+ 1- _ ; : parallelepipedon PRBZQV Y F: PV/@; tie? 
© 25-11. rallelepipedon CD (VJ) ſhall be = PRBZQV » F (2) 
fg. 5 PRVQSTYX (b) = AB. Which was. to bo dem. 
29, Il, But if the parallepipedons AB, CD, have fides © 
confir. Iique to the \ aſe, then on the ſame baſes and in 


lame height place parallelepipedons whoſe fides * 


F I 
tg. 4 
ou 0 5 
pa: 2. 2 2 3 
J. 
Sur. 6. 


Tar FEE ff 
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5 FS 


EveLtd #'s Elements. 
jendicular to the baſe. (4) They ſhall be equal to one 
hother, and to thoſe that are oblique, (/) whence alſo 


the oblique parallelepipedons AB, CD ate equal: Which 
was to be demionfirated. 


PROP. XXXII. Plate VI. Fig. 2: 


Solid parallele er ABCD, EFGL, of the ſame height, 
r one to the other, as their baſes, A, EF. 

Produce EHI, (a) and make the pgr. FI= AB, and 
(i) compleat the parallelepipedon FINM. Ir is clear that 
the parallelepipedon F INM: (c) CABCD) EFGL (4): 
fl (1B ): EF. Which was to be demonſtrated. 


ÞROP. XXXII. Eg. 4. 


Lite lid parallelepipedons, ABCD, EEGH, are td one 
wther in triplicate ratio of their homologous fides AT, EK. 
Produce the N AIL, DIO, BIN, and (a) make 
IL, IO, IN, 1 ual to EK, KH, KF, (3) and ſo the pa- 
lelepiped ipedon IXMT eq ual and like to the arallelepi- 
don FOH (c) Let he parallep 17 IXPB, 
+ finiſhed. (4) Then ſhall by. AL: II. (EK): 
I):: BI : IN (KF) (e) ; that is the pgrs 
DL: IX: : BO: IT. 7 E . the 8 p. ABCD 
. : DLQY Y ir” I : IXBP : MT. (s) 
GH) 5 Poo al the proportion of ABCD to EF oft 
tnplicate of the preportion of ABCD to DLQY, 
Jor of AI to EK. Which aas to be demonſtrated: 


Croll. 


Hence it appears that if four right-lines be continu- 
ly proportiohal, as rhe firſt is to the fourth, ſo is a 
rallelepipedon deſcribed on the firſt to a parallelepipe- 


DI: 10 
45 : DL 


in deſcribed on the ſecond, being like and in like man- 


deſeribed. 
PRO P. XXXIV. Fg. 4: 


ls equal ſolid f ADCB, EKHG F, thr ba/et 
EF AD : EH : EG. AC) 47 
d parallelepipedant, ADB, EHGF, «whoſe baſet and 
5 are reciprocal, are e 
* let the ſides CA, oa be 


8 to the 
5; then if the altitudes of the ſoli 


e equal, the 


8 alſo ſhall be equal, 2 8 "clear. __ 


DLYQ 
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the altitudes are unequal, from the greater EG (a) take 
EI= AC, and at I (5) draw the Ko e IK parallel to 
the baſe EH. Then 

1. Hyp. AD: EH (e) :: parallep pp. ADCB : EHIK (4 

parallepp. EHGF : EHIK (e) :: GL:IL(e 9 1 
IE Y F; 7 (AQ, 3 it is plain therefore (s) that A 
C. Which wwas to be demonſirated. 

E 2 ADCB : EHIK (4): : AD: EH (H:: 
EI): : GL: IL (): : parallepp. EHGF : Eik. 0 
wherefore the parallelepipedon ADCB == EHGFI 
Which was to be demonſirated. 

Moreover, let the ſides be oblique to the baſes, and 
erect right parallelepipedons upon the ſame baſes with d 
ſame altitude ; the oblique parallepps. ſhall be ul i 
them. Wherefore ſince by the firſt part, the baſes 
altitudes of thoſe are reciprocal, the baſes and . 
theſe alſo ſhall be reciprocal. Which was to be dium. 


Carell. 


All that hath been 7 Land of par * in 2 29, 30, 
, „ 3 * TOP. does 0 apree tot | 
2 LN as — . 0 Prop. . Thesen, 
. * Triangular priſms ar equal height with the 
baſes. 
2. If they have the ſame or equal baſes and the ſ 
altitude, they are equal. 
3. If they are like, their proportion is triplicate 
that of their homologous ſides. 
4. If they are equal, their baſes and altitudes are !t 
cigroal and if their baſes and altitudes are recipn 
they are alſo equal. 


PROP. XXXV, Plate VI. Fig. 5. 


If there ere two flane angles BAC, EDF, equal, 6 
af the point 14 thoſe angles two righ-lines AG, DH, 
elevated on high, contqining equal angles with the lines jt 

en, each 5 his corre ondent ang oy (the angle GA 
b, and GAC 2 HDF) endif in thoſe aue 
AG, DH, ome p cints be taken, G, H; — A 
pope ngicular hd, GI, HK, drawn to the 

F, in which the angles firſt „ given are, and 72 
DK, be drawn to the angles ff from on 
3 are . * inc AG, D 2 
ines wth tre at » 
— angles GAM, HDK. 


Eu clp x' Elements. 


Make DH, AL, equal; and GI, LM parallels, and 
MC to AC, MB to AB, KF to PF, KE to DE perpendi- 
uar; and draw the right-lines BC, LB, LC, and EF, 
Er, HE; (a) and I. * 71 7 to the plane 
AC; (5) wherefore the angles LMC, LMA, LMB z 
d for the ſame reaſon the angles HEF, HED, HKE, 
e right-angles. Therefore AL (c) = LMq + AM 
J= LMq + CMq *] ACq (c) = LCq ++ ACq; (0 
terefore the angle ACL is a right- angle. Again ALq (e) 

LMq + MAq 02 = LMq K BMq4 BAq (e) =BLq 
BAq ; (4) therefore the angle ABL 1s alſo a right- 
ple, By the like inference the angles DFH, DEH 
te right-angles ; (/) therefore ABz=DE, /) and BL 

EH, J and AC = DF, and CL = FH; (g) 
herefore alſo BC = EF; (g) and the angle ABC = 
IEF, (g) and the angle ACB = DFE ; (4; whence the 
er right-angles CBM, BCM, are equal to the other 
EK, EFK (A) therefore CM = FK, (/) and fo alſo 


ken away AMq = DKq, ( there remains LMq = 
Ia; wherefore the triangles LAM, HDK are equi- 
ral one to the other ; 7 therefore the angle LAM 
HDK. Which was to be demonſtrated. | 


Coroll. 


Therefore, if there be two plane angles equal, from 
loſe points equal right- ines are elevated on high con- 
ung equal angles with the lines firſt given, each to 
Im; perpendiculars drawn from the extreme points 
thoſe 5 lines to the planes of the angles firſt 
en, are equal one to the other, viz. LM = HK. 


PROP. XXXVI. Plate VI. Fig. 6. 


D If there are three _—_— DE, DG, DF proportional, 
eee. DH. made of them, js equal de the 


 parallelpp. IN made of the midule- line DG (IL) which 
allo — and equiangular to the ſaid parallelepi- 


tecauſe DE- IK (a) : : IL : DF, (5) the pgr. LK 
Wu de = HE, and by _—_ > of the 
i angles at D and I, of the lines GD, IM, 
I the altitudes of the parallelpps. are equal by the 
g Coroll. ( therefore the paralleips. are equal 

e other. Hhich was to be demonſtrated. 
O 2 PRO P. 
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PROP. XXXVII, Plate VI. Fig. 5. 
IF there are four rigbi- lines A, B, C, D, þroportional, | 


ſcribed from them, gal be e e And if the ſolid 
rallelpps. being like and in like fort deſcribed, be 55 
(A: J; 2 Ch 45. ) then thoſe rigbt- lines A, B, C, D, /al 
pro ortional.. 
or the proportions of the arallelepps. (a) are tri 
Fo Trl thoſe * therefore if A: B:: C: D, ü 
the parallelpp. A: parallelpp. B: allelpp. 
parallelp. D. and fo alſo — . 


PROP. XXXVIII. Fig. 8. 


Tf a plane AB be erpendicular to a plane AC, « 
perpendicular-line FL be drawn from a _ * in 
of the planes (AB) to the other 7 AC, 
Ar 4g EF Hall fall upon the common Len of * a 
AD. 
If it be poſlible, let F fall without the in 
AD, and in the plane AC, (a) draw FG perpendi 
to AD, and join EG. The angle FGE (5) us a right 
gle, and EFG is ſuppoſed to be ſuch alſo ; therefore! 
e are in the triangle EFG. (c) Which is af 


PROP. XXXIX. Fig. 9. 


IF the fides (AE, FC, AF, EC, and DH, GB, DG, 
of the oppoſite planes AC, DB, of a ſolid parallelepijedn t 
be divided into two equal parts, and planes ILQO, Pk 
be drawn thro" their ſections, the common ſedtion 
planes ST, and the diameter of, the ſolid parallelepi} 
AB fall! divide one the other into two equal parts 

Draw the right-lines SA, SC. TD, TB. Becaul 
the ſides DO, OT. are equal to the des B 09 
and the alternate angles TOD, 'TQB = 
baſes DT, TB, and the an gels 218 7 auen 
therefore DTB is a Nah ine, and ſo in 
ASC. Moreover (e) as well AD is parallel and 12 
FG (e) as FG to CB, and / thence NAD is para 
equal to CB; (g) and CES AC to D Ws — 
fore AB and ST are in the ſame plane * 
fore ſince the vertical angles AVS, BVT, and te 


Evuct1pt's Elements. 


e- angles ASV, BTV are equal (Y and AS BT; 
** ſhall AV be BV, {4) and SV = . Which 
py; to be dem. 


Coroll. 


Rence in every n all the diameters 
et one another in one point, V. 


PROP, XL. Plate VI. Fig. 10. 


If two priſms ABCFED, GHMLIK, be of equal alti- 
hereof one hath its baſe ABCF 2 paralllhogram, and 
ther GHM 2 triangle, and if the parallelogram ABCF 
hruble to the triangle GHM ; thoſe priſms ABCFED, 
HMLIK are equal. 

For if the parallelepipedons AN, GQ be compleated, 
I they ſhall be equal, becauſe of the yes 00 of the 
ks AC, GP, and (e of the altitudes ; (4) therefore alſo 
priſms (e) the halfs thereof ſhall 4 equal. Which 
to be dem. 


Schol. 


* the preceding demonſtrations, the demenfion of trian- 
nt, and quadrangular, or parallelepipedons, is learnt ; 

multiplying the altitude into the baſe. 

10 f the alike be 10 faot, and the baſe 100 ſquare 
the baſe may be meaſured by ch. 35. 1. or by 41.1.) 
| multiply 100 by 10, and 1000 cubic foot ſhall be 
Kuced for the ſolidity of the priſm given. 

for as a rectangle, ſo alſo is a right parallelepp. produ- 
from the altitude multiplied into oy baſe: There- 

every parallel n is u the altitude 
ltplied into the — et — by 31. of this Book, 
Moreover, ſince the whole parallelepipedan is uced 


51 the altitude — — to the — 2 thereof 
. 1 2, a triangu rum m the 
ch 1 tude drawn into half the e, namely the triangle. 
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An Advertiſement. 


Obſ. That of thoſe letters which denote a ſolid angle, th 
frft is always at the point in which the angle is; but of thi 
letters which denote a pyramid, the laſt is at the 22 
point thereof. | 
Ex. gr. the ſolid angle ABCD is at the point A; a 
the fupreme point of the pyramid BCDA is at the poin 
A, and the baſe is the triangle BCD. 
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PROPOSITION I. Plate VI. Hg. 11, 12. 


Li X E polyponous figures ABCDE, FGHIK inſcribed 
in circles ABD, FGI, are one to another, as the 


ſquares deferibed on the diameter of the circles AL, 
FM. 


Draw AC, BL, FH, GM. Becauſe (a) the angle 
ABC = FGH, (a) and AB: BC: : FG : GH (e) there- 
fore ſhall the angle ACB(5)(ALB) be=FHG ( c) (FMG.) 
but the angles ABL, FGM (4) are right and ſo equal; 
e) therefore the criangles ABL, FGM are equiangular. (J) 


wherefore AB : FG : : AL : FM. ) therefere — 
FGHIK : : ALꝗ: FN Iq. 


Coroll. 


Henee (becauſe AB: FG: : AL: FM: : BC: GH 
&c,) the ambits of like polygonous figures inſcribed in a 
circle are in the ſame (5) proportion as the diameters, 


PROP. It, Fig. 13, 14. 


Circles ABT, EFN, are in proportion one to FRI 
« the ſquares of their diameters AC, BG are. 


wg : FGq: : the circle ABT: I. I f£ 
den po q: : the circle AB ay 


ihe 800 the cirele 

EW poſſible, let I be lefs than the circle 
EN, and let bo ＋ the exceſs or difference. . 
the ſquare EFGH in the circle EFN, (a) it bein 

balf of a circumſcribed ſquare, and fo fas noch Nag 
the ſemicircle. [(5) Divide 9 in two the 0 the arches 


a 1. def. 6, 
b 6. 

C 21. 3. 
d 31. 3. 
e 32. 3. 
f cor. 4. 6. 
g 22. 6. 


h 1. 12. 
12. 5. 


a b. 7. 4. 
b 30. 3. 
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c ſch. 27. 3. 
d 41. 1 
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EF, FG, GH, HE, and at the points of the diviſions Dn 
join the right-lines EL, LF, c. thro' L draw the int: 
tangent PQ (c) which is parallel to EF; and produce E,! 
HEP, GF Q, then is the triangle ELF (4) the halt of the the p 

gr. EPQF, and ſo greater than the half of the ſegment and ( 

LF; and in like mnaner the reſt of thoſe triangles aral 
exceed the halfs of the reſt of the ſegments. Andif Wl % 
the arches EL, LF, F M. Sc. be again, biſeced, WI 43D 
and the right-lines joined, the triangles , will likewiſe that t 
exceed the. half of the, ſegments, Wherefore if the les 
ſquare EFGH be taken from the Circle EFN; and the the | 
triangles from the other ſegments, and this to be done ples 
continually, at len (e) there will remain ſome AH 


magnitude leſs than K. Let us have gone fo far, name. the t 
ly, to the ſegments EL, LF, FM, Sc. taken er to „ 
leſs than K. Therefore I (/) (the circle EFN = * whet 
the polyg. ELFMGNHO (the circle EFN — the {eg- AEC 
ment EL+LF, &c.) In the circle ABT (g) conceive DC, 
a like polygon AKBSCTDV inſcribed. Therefore fince FG. 
AKBSCTDV :: ELFMGNHO (5) : : ACq: EGq(4): : ing 
the circle ABT : I. and the polyg. AKB DV (H= the | 
the circle ABT. the polyg. ELEMGNHO (m) be the | 
=D I. but before, I was "3 ELFMGNHO, which u ere 
repugnant. | ws the 
Again, if it be poſſible, let J be = the circle EFN. priſ 
Therefore becauſe ACq : EGꝗ ):: the circle ABT: I. the 
and inverſely I: the circle ABT : : EGq : HCq. ſuppoſe to | 
I: the circle ABT: : the circle EFN : K. (e) therefore 
the circle ABT c K. (p) and EGq : ACq : : the circle 
EFN : K, which was juſt now ſhewn to be repugnant. 
Therefore it muſt be concluded, that I is # to the F 
circle EFN.. Which was to be demonſtrated.” 4 127 
| | | Ceroll. e e 
Hence it follows, that as a circle is to a circle, ſo te 
is a polygon inſcribed in the firſt to a like polygon n. Bl , 
| WD be 
| P R O P. III. Plate VI. Fg. is. 1 ; the 
| Emery Pyramid ABCD . having. a N Bale u ** 
be divided into two pyramides AEGH, HI C. e e, 1 
like one to the other, having baſes triangular, ad lite tos pri 
whole ABDC; and into ' two equal prime, BFGEIH, Af 
FGDIHK ; which two priſms. are greater than: the haff 7 lik 


the whole ppramid AE. pie 


EvucL1np e's Elements. 
Divide the ſides of the pyramid into two parts at the 


ints E, E, G, H, I, K, and join the right-lines EP, FG, 
E, EI, I F, FK, KG, GH, HE. Becauſe the ſides of 


the pyramid are proper onal cut (a) thence HI, AB, 
and GP, AB; and F, DC; and HG, DC, Sc. Are 
parallels, and conſequently HI, FG ; and GH, Fl are 
lo parallels, therefore it is apparent that the triangles 
ABD, AEG, EBF, FDG, HIK, (5) are equiangular, and 
that the four laſt are (c) _ : In like manner the trian- 
ges ACB, AHE, EIB, HIC, FGK are equiangular ; and 
the four laſt are equal one to the other. Alſo the trian- 
gles BFI, FDK, IKC, EGH; and laſtly, the triangles 
AHG, GDK, HKC, EFT are like and equal. Moreover 
the triangles, HIK to ADB, EGH to BDC, and EFI 
to ADC, and FGK to ABC, (4) are parallel. From 
whence it evidently follows, firſt, that the pyramids 
AEGH, HIKC are equal, and (e) like to the whole AB- 
DC, and to one another. Next, that the ſolids BFGEIH, 
FGDIHK. are priſms, and that of equal heights, as be- 
ing placed between the parallel planes ABD, HIK, but 
the baſe BEGE is (J) double of the baſe PDG; wherefore 
the ſaid priſms are equal; whereof the one BFGEIH is 
greater than the pyramid BEFl, that is, than AEGH, 
the whole than its part; and conf 7 the two 
priſms are greater than the twe pyramids and ſo exceed 
A of the whole pyramid ABDC. hich was 
to dem. eit b , | * 


| 'PRO 72 IV. Fig. 16, 1 


If there are tao pyramids ABCD, EFGH, Jb. fame 
altitude, having triangular baſes ABC, KFG; and either 
of them be divided into tauo pyramids (AILM, MNOD ; 
and EPRS, STVH) equal one to the other and like to the 
whole; and into tæuo prifms ( IBKLMN, KLCNMO; 


and PFQRST, QRGTSV ;) and if in lile manner either of 


thiſe pyrs. made by the former diviſion be divided, and this 
'be dene continually ; then a the baſe of one pyramid is to 
the baſe of the other pyramid, 'ſo are all the priſms which 
are in one pyramid, to all the priſms which are in the other 
Nramid, being equal in multitude | 
For 80 b ing the conſtruction of the precedent 
Prop.) 125 (a):: FO: ; (5) therefore the triangle 
ABC is to the like triangle LKC as EFG is to (e) the 
like RQG 3 therefore by permutation ABC : FBC @): 


2 I 8 , 
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200. 34. 11. LKC: ROG («) : : the priſm KLCNMO : QRGTsSy 


8. 
V 12 5 


4 1. 10. 


ä Becauſe EFGH X. (2) thence Y . 


7 foe: 


5 14+ 5» 


for theſe & equal alkitnde) (F) : : IBRLMN ;p 
RST; (s) 8 the triangle ABC : EFG. * 
riſm O + IBKLMN : the priſm QRGTSV 4 
FQRST. Which was to be dem, 
But if the pyramids MNOD, AILM ; and EPRS, 
N be further divided ; in like manner the fou 
priſms made hereby ſhall be to four produced be. 
gee as the baſes MNO and AIL are to the baſes STV, 
and EPR, that is, as LKC to RQG, or as ABC to BEG, 
(5) wherefore all the priſms © the pyramid ABCD 
are to all the priſms of the pyramid EFGH as the 
baſe ABC is to the baſe EFG. ich was to be dem. 


PROP. V. Plate Vt. Fig. 18, 19. 


Pyramids ABCD, EFGH the ſame akitub I 
and —— ular e ABC, dl. are one to * dem 
as their ba AB( 


DS L ABC: BEG : : ABCD: x 
X is — yramid EFGH. For ebe l 
let X be —a BF H. and let the exceſs be Y. Divide 
the pyramid EFGH into priſms and pyramids, and 
the other pyramids in like 1 manner, 4% till the pyn. 
left EPRS, ST VH, be leſs than the ſolid V. Therefore 
ſince the pyramid EFGH = X + Y, it is maniſel 
that the remaining priſms PFQRST, QRGTSV ar 
eater than the ſolid X. Conceive the pyramid ABCD 
ivided after the ſame manner; (5) then will be the 
priſm IBKLMN 5 KLCNMO: * 851 1 QRGTSV 
: + ABC: ETG u he. per. "A » (d) there 
fore X the priſm PFQR + QRGTSV ; which 
contrary to that which was affirmed before. 

Again, conceive X c. the pyr. EFGH, and make th 

EFGH: Y: : X: the pyr. ABCD (:: ENG 


ABCD; which is ſhewn before to be impoſſible 
Nacrefore I conclude, £22 doh en, Git. 
Which was te be demonſtrated. 


' pRO? 


CE therefore by compo ition, 


Eu clip E' Elments. 


PROP. VI. Plate VI. Fig. 20, 21. 
Pyramids ABCDEF, GHIKLM, being of the ſame al- 


titude, and having polygonous baſes ABCDE; GHIKL. 


gre to one another as their baſes ABCDE, GHIKL. ere, 
Draw the right-lines Ate AD, GI, GK, then is the 
baſe ABC wy 2D (a): * ABCP : ACDE ; (b) 
: the . 

ABCDF : ACDE; a) but alſo AD. ADB. : the 
pyr. ACDF : ADEF ; (e) therefore by equality ABCD 
; ADE: : ABCDP: AD F, and (6) thence by —_ 
tion ABCDE: ADE: : the pyr. ABCDEF : ADEF ; 
moreover ADE: GKL (9): : the pyr. ADEF: GKLM; 
and as before, and inverſely 'GKL : GHIKL : : the pyr. 
GKLM ; GHIKLM ; 0 therefore again uality 


ABCDE ; GHIKL : : the pyr. ABCDEF : i HIKLM, 


Which was to be demonſtrated. 
If the baſes have not ſides of eq ual multitude, the 
demonſtration will proceed thus. The baſe (Fig. 20, 22. 
ABC : 1 pa ABCE : GHIK (e) and AC 
CHI: yr. 8 :GHIK,(F) therefore the baſe 
ABCD; Gn, . ABCDP : GHIK.: (e More- 
over the baſe AE: HI : : the yr. "gk gHIK, 
(f) therefore the baſe ABCDE : GHI the pyr, 
ABCDEF : GHIK, 


PROP. Fig. 23 


be divided' iuto three pyrs, ACDF ACBE, ng 
me to the other, and tricngular Bann. 
Draw the diameters of che parallelo AC, C. 
FD. Then the triangle ACB js (% ACD 00) therefore 
the ds of equal height ACBF, ACDF, are 
In ke manner the pyr. DFAC==the pyr. yp xy. Treg but 
ACDP and DFAC are one and the ſame Pye. (c) chere 
fore the three ACBPF, ACDP, DFEC, 
which the priſm „ am are equal one to the other 


Every prifin, ABCDEF, havi 


übe — Farr te 3 0 
8 is e of the 

that has th oth e baſe and height Lich! it, or every 

pn rele of tho pprumid thay ka te am baſ and 
git with it. 


For 


20% 


A 5.12. 
b 18 5. 
C 22. 5. 


d 5. 12, 


e 5. 13. 


1 
a 34. 1. 
d 5. 12. 


, 
"IP ax. 1. 


— 


— p —_—— - 


a 27. 11. 


b g. def: 11. 


<3 11. 
and 7. 12. 
d 15. 5. 
e 33. 11. 


a 28. 11. 
and 7. 12. 


b 34. 11. 
. 
e 15. 5. 


f 34. 11 
g 6. axe. 1. 
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For reſolve the polygonous priſm ABCDEGHIEE 


(Fi 77 24+) into triangular priſms ; and the pyr. ABCD-. 
into tnangular pyramids; (a) then all the parts of 
the nh ſhall be treble to all the parts of the pyramids, 


(3) wad ently the whole priſm ABCDEGHIKF ;; 
eto e whole Pyr. ABCUEN. Whith' was to be 
II) 


=: A 


'PROP. VII. Plate VL. m. 25 46. 


| 1 45 8b ABCD, EFGH, abe N triangular 
EEG are in triplicate ratio. of their bomol:- 

— 2» AC, EG. 

(4) Compleat the parallelpps. ABICDM EIL. RFNG. 

HQOP, which (J are like, and (c) ſextuple of the pyri. 


mids ABCD, EFGH, (2) and therefore the 'pyrs. have 


the ſame proportion to one another as the parallel: 
have, that is, 00 wiptkcate of 2 nnn ſides. 


0 * cal. 


( 

— ien alſo like gonous N abdl is ip 
cate ratio of their e fides ; as may be 1. 
ore. by reſolving them i into W «ere: 


— Io Wo vi * 


4 


342 A N 


R ON. H Fig. 255 oy” 


In * pyramids ABCD, EF GH, 1 
ae ABC, EFG, the bajes an altitudes. are reciprocal ; 
And pyramids having at's. 7 pot baſes, whoſe altitudes and 
baſes are reciprocal, are equ 
_— 'he comp Mey parallelpps. ABICDMKL 
EFNGHQOP are (a) ſextuple of the. equal ids 
ABCD, EFGH (each to each) and ſo equal ane to the 
other therefore as the altitude (H) : che altitude (D) 
46}: +2 ABIC: EFNG; (9:5 3 : ABC: = BET 

was to be Aetnanſlrated. | 

68. Nr The altitude (H 9 * the altitude 725 GA 
A i ABIC: EENG & theretore the 

parallel pps, ICDMKL; EFNGHQOP: l 
FE uently alſo the pyramids, ABCI;;EFGH- bem 

— of the ſame,” are I ' Which auas to 


4 440 } 


ed. een . 429 


92 Jame" 3s applicable to. WE re Hjramid:, rs thy 
— alſe in likt manner be: reduced uo *— 21 21 1 


wot | _ 


E uc ib ts Elements. 


Coll. 


Whatſoever is dem. of pyramids in prop. 6, 8, 9 does 
likewiſe agree to any ſort of priſms ; 2 they are triple 
of the pyramids that have the ſame baſe and altitude with 
them. Therefore | 


1. The proportion of priſms of equal altitude is the 


ame with that of their baſes. 


2. The proportion of like priſms is triplicate of 


that of their homolgous ſides. 
3. Equal priſms . their baſes and altitudes reci · 
procal ; and priſms which are ſo reciprocal, are equal. 


Schel. 


From what has been hitherto dem. the dimenſion of 


any priſms and pyramids may be collected. | 

(a) The ſolidity of a priſm is ES from the al- 
titade multiplied inte the baſe ; (5) and therefore like- 
wiſe that of a pyr. from the third part of the altitude 
multiphed into the baſe. _ 


PROP. X, Plate VI. Fig. 27. 


Every Cone is the third part of a cylinder having the ſame 
baſe with it ABCD, and the altitude equal. le 

If you deny it, then firſt let ſuch cylinder be more 
than triple to the cone, and let the exceſs be E. A priſm 
deſcribed on a ſquare in the circle ABCD (a) (Fig. 13, 
14.) is ſubduple of a priſm deſcribed upon a ſquare about 
the circle, being equal to it and the cylinder in height. 
Therefore a — upon the ſquare, ABCD exceeds the 
half of the cylinder, and likewiſe a priſm upon the baſe 
AFB, of equal height to the cylinders, * is greater than 
the half of the ſegment of the cyl. AFB, continue an 
equal biſection of the arches, and ſubſtract the priſms till 
the remaining ſegments of the cyl. namely, at AF, FB, 
&c. become leſs than the ſolid E. Therefore the cyl. 
= ſegm. AF, FB, &c. (the priſm on the baſe AFBGCH- 
DT) ge) is greater than the cyl. — E (4) (the triple of the 
cone) therefore the pyr. (e) a third part of the aid priſm 
(deing placed on the ſame baſe, and of the ſame hei — 
is greater than the cone of equal height on the baſe 
ABCD a circle, f. e. the part greater than the whole 
Which is abſurd. bbs 8 
ut 


421 


al. cor. 12. 
& /ch. 4+ 
11. 


b 7. 12. 


C F- ax. 1. 


d byp. 
D .J. ia. 


og 
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But if the cone be affirmed to be greater than the 
third part of the cyl. then let the exceſs be E. Subtraq 
the pyrs. from the cone, as you did in the firſt par 
the priſms from the cyl. till ſome ſegments of the cone 
remain, ſuppoſe AF, FB, BG, Sc. leſs than the ſolid 
E, therefore the cone — E (7) of the cyl.) the pyr, 
AFBGCHDI (the cone — {eg AF, FB, Cc.) therevore 
the priſm triple to the pyr. (viz. of equal height, and 
on the ſame baſe) is greater than the cyl. on the baſe 
ABCD, the part than the whole. Which is abſurd. 
Wherefore it muſt be granted, that the cyl is equal to 
triple of the cone. Which aua to be dem. 


PROP. XI. Plate VI. Fig. 28. 29. 


Cylinders and Cones ABCDK, EFGHM, being of the 
ſame altitude, are to one anather as their baſes ABC, 
EFGH are. 

Let.the circle ABCD : the circle EFGH : : the cone 
ABCDK : N. I ſay N is equal to the cone EFGHM. 

For if it be poſſible, let N be =D the cone EFGHM, 
and let the exceſs be O. The preparation and . 
tation of the prec. prop. being ſuppoſed ; then 0 
be greater than the ents of the cone EP, PF, FQ, 
F Sc. and ſo the ſolid NY the pre EPFQGRHSM. In 

a 30. 3. and the circle ABCD (a) make a li polyg. „ ATBVCX- 
Dy. Becauſe 9 7 2 the pyr. Loy (3) 8 7 
the polygon. ATBVY : the polygon c): : the 
Cir " ABCD : the circle ETUI 5 :: the cone ABCDE 
: N (e) thence the pyr. EPFQGRHSM ſhall be N, 
e 14. 5. contrary to what was affirmed before. Again, conceiveN 
f hyp. and by © the cone EFGHM, and make the cone FFGHAM: 
inverfion., O: : N: the cone ABDCK (F) : : the circle EFGH: 
ABCD; (g) therefore O the cone ABCDE ; wwvich 
is alſara, as appears by what is ſhewn in the firlt part. 

herefore rather admit ABCD: EFGH : : che con 
AEC DK: EFGHM. Viech was to be dem. | 
The ſame may be dem. of cylinders, if cylinders and 
iſms be conceived in the place of cones and pyramids, 
efors, tc. 5 9 2 
Scbol. 


Hence, it res the dimenſion of all ſorts. of cy/indr? 
4 and cones, The ſolidity of a right cyl; is produced ſrom 
a 1. pep de the circular baſe (a) (the dimenſion whereof: 38 to: be 
demenſion. cir, learnt out of eee into the height ;/ (9) 
b 11. 12, whence in like manner that of every cylinder. 

(c) Therefore 


R. I fay Nis = the cone EFGHM. For if it be poſ- 
ible let N be — EFGHM, and let the exceſs be O, 


EucL1D Rs Elements. 
(c) Therefore the ſolidity of a cone is produced from 


he third part of —ͤ THRees. 


PRO p. XII. Plat VI. Fig. 30, 31. 


Like comes aud cylinders ABCDK, EFGHM, a are in tri- 


tlcate 1 of that of the diameters TX, PR, of their baſes 
ABCD, 


Let the cone A have to N a triplicate ratio of TX to 


therefore N =D the 
of the cones be IK, 
K, VI, CI, and 


. EPFQGRHSM. Let the axes 
M, and join the right-lines VK, 
M, GM, Qu. GL. Becauſe the cones 


xe like, (a) thence I:IK : : QL : LM; but the an- 
ges VIX. QLM (5) are right-angles, c) therefore the 
we. Ys QM are pn, a) whence VC : 
. alſo e L: QM. nee 
195 M. e) moreover. V 
(K : 1 5 gain by equality VC: 
(K:: C W. 5 therefore be the triangles VEC, 
(UG are like and by eke we of reaſoning the 
tder triangles 7 this pyr ike to the other of 


tat, (g) wherefore He ms 
lat theſe are in tri — vo 
0G, (4) that is, of VI * 2 
berefore the pyr. AT BVCXDYK : the 


= : the cone ABCDE N, (j w 


e 


EPEOQG 


- pyr. 

RHSM N. which is repugnant to what 
before. 

"Again, take'N = the cone EFGHM, make the cone 
HM:O: : N;: the cone ABCDK (0): : the pyr, 

EPRM : Ack 6 28 GQ: VCchrice: : (9) PR: TX 

= therefore (r) is 2 ABCDK. which was 


ſhewn to re 


tne EFGHM. d was to be demonſtrated. 


But foraſmuch as what 3 ſoever cones 

Ul tri them, haue the ſam 

CER on 17 
of their baſes. 


8 are like. (4) 
7) or TX to PR; 2 k 


t.  Wherefoe N the: 


* in tplicate gad of the- 


e 10. 12. 


| 
| 
| 
1 
| 
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b 11. 12, 


e 11. 12. 
d 6. def. 5. 


2.11. 12. 


b 13. 12. 


®* apply 9. & 


7. 12. 


fore the cyl. ED — the cyl. AN, and the cyl. EC (00 
Tn of the cyl. ED. as the axis IK is of the axis IG, and 


* be nn On * 


Fa cyl. Alicd be divided by a plane EF parallel t i, de th 
oppoſite planes BC, AD, then as 8. AEF D 74 t 1, The 
other cyl. EBCE, fo is 'the axir GI to the axis IH. 7 

The axis being produced, (a) take GK = GI, an 
HL = IH = LM, and —_— planes drawn at te 
points K, L, M, parallel to the citeles AD, BC, (5) there: 


BO (5) OP; therefore the cyl. EN is the ſame mult. 


like manner the cyl. EP is the ſame multiple of the 
cyl. BF, as the axis IM is of the axis IH; but as IRI 
==» ©", "I IM, (e) ſo is the cyl. EN ==, c, a Be 
(4) therefore the cyl, AEED : n N 
Which wa t be dew * | 


Cones ARB, CE D, and 3 AH, CK, audi 
upon equal baſes AB, CD, are to one another, as thei 
N ME, NF 

The cyl: HA, and the axis EM, 
take ML FEN; and thro' the point L draw a'plane 
FE to the baſe AB, (a) then ſhall the cyl. AP 

R, (5) but the cyl. AH: AP (CK): : MEN 
(N F.) Which wwas to be dem. 
The ſame may be affirmed of cones which are ſubti- 


2 * as alſo of — and EET: 


PRO P. XV. | Fig. 5 


In equal cones BAC, EDF we) cylinders BH, BK, 
the baſes and altitudes are reciproc.(BC : EF: : MD : LA) 
And cones and cylinders, whoſe s and altitudes are fu. 
ciprocal, are equal one to ibe other. 

If the altitudes be equal then the baſes are equal too, 
Mol If unequal, then WOO 

2 Then is MD : MO(a)/LA) (3): : the cyl. BK 
9G ) EQ (4) : : the cir. BC: EF. Which war # 


8. thy 


os WER Hes. a I BL ns "% 
Evc LIDE's Elements. 
. Hy. BC: EF(e) : : DM : OM (LA) VJ): : the 


fore the cyl. EK, : = BH. Which, wa: to be dem. 
Th: ſame argunſent may be uſed for cones. 


ol PROP. XVI. Plate VI. Fig: 35: 
. Fee unequal circles ABOG, DEF, baving the ſams_cen- 
* VM, to inſcribe in the greater circle ABCG a polygonout 


hure of equal and even fides; æobich ſpall not touch the 


and Mer circle DEF. 53 A 10 
de Thro' the center M draw the line AC cutting the cir. 
F. A in F, from whence raiſe a perpendiculer FH, (a) 


| half thereof BC alſo; and ſo do coritinually (5) till 
earch IC becomes leſs than the arch HC; from I let 
the perpendicular IL. It is manifeſt that the arch 
meaſures the Whole circle, and that the namber of 
tes is even, and ſo that the ſubtended-line IC is the 


ding Wl () of the ygon that may be inſcribed. without 
thai ching the 2 circle DEF. Fer HO (4) touches 


circle DEF; (e) to which IK is parallel, and placed 


- 


; much leſs. do CI, CK, and the other ſides 
the polygon ' more remote from the center. Which 
b be bi.... e 


Corel: 
. Obſerve chat IK touthes nöt the circle DEF. 
" PRO'P. XVII. Fig: 36: 
Fro eres ABCV,; EFGH; confiting dbotr the fas 
ter 


ron) in the greater ſphere ABCV, which Hall nor 
d the Superficies of the lefſer ſphere EFG H. 


tenter, making the circles EFGH, ABCY ; and the 
arcle ABCY, (2) infcribe. the: equilateral poly- 
" the diamieters N a; erect DO perpendicular 
die plane ABC thro DO; and thio* tlic diameters 
Na coriceive planes DOC; DON erected, which 


tbe (5) petpendisular te Se circle ABCV; and i in 
k A 


Ml EK :EQ (8): :BC:EF(b): : BH: EQ. (4) There- 


inde the ſemicitcle ABC into two equal parts; and 


twattily ; ( f ) Wherefore IK does not touch th cir- 
ber 


Being given; to inſeribe a ſolid of many des ( or ; 


bet both the ſpheres be, cut by a plane paſſing thro” 

meters AC, BY * Urivh; cutting perpendicularly; In 

YMLNC; &c. not Ae the circle EFG H: Then 
25 


4 16. 12. 


b 18: rt. 
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e cor. 33 6. the fuperkdhes of the ſphere make (e) the quadrents.DOC, 


d4. Jr 


DON. In Which let the right lines CP, PQ, R, RO, '/ 
NS, ST, 19. 7% 0) be fitted, equal, and of equal mil :; 
13 with In NL, 6c. make the ſame conſtruclion in — 
the other quadrants OL, OM, Sc. and in the whole o 
ſphere. Then I fay the thin required i is done. 0 
From the Points P, 8, to the plane ABC V draw the bo 
e ee PX, SY, 5 which. {hall fall on the ſecond 
ol Na. Therefore becauſe both (, the right-angle 1 
PXC, SYN, g] and PCX, SN infi iſting on (Meg : 
circumferences, J are equal, the triangles | allo Por 
SNY (+) are equiangular. Wherefore ſince PC (4)=SN F 
. W alſo is PX —= SY, (1) and XC MN; *j 6 Whange: D as 
D, (z) and therefore DX XC I 
therefore VX, NC are parallels, but becauſe PN. I © 
. and ſince bein . to the ſame, pa 6. 
CV, they are alſo G ) parallels, (7 therefore . ol 4 
ſhall be equal and par Mi (r), whence SP, NC, ate p *2 
rallel one to the — and ſo the (/ uadrilateralNc 0 
Ps. and for the ſame reaſon SPQT, $ RG, as allo * 
( e „RO are ſo many p In like mano 3 
the whole . may be ſhe wn full of duch  quadrilater * 
| iu; triangles, . whereſore * ATE inſcribed i 9.4 = 
YEarOon. | + baſes 
From the center D "a en DZ =; 
plane NCPS ; and join ZN, ZC, Z8, ZP. Becaulel) o- : 
: NC ():: DY : VX. thence Wy is ( 1 (P.) 3 
in like manner SP. TO, and TO = R 9 — 
the angles DZ C, DZN, DZS,-DZP (z) are * 
. the ſides DC, DN, DS, DP, (a) equal, and DZ NO b all , 
9 ) thence Z C, ZN, ZS, ZP are equal one to the ot d. iS, 
and conſequently about the quadrilateral NCPS, (c) use 
cle may be deſcribed, in which (becauſe NS, NC, 0 h "hi 
are (%) equal, and NC = SP) NC (e) ſubtends more me 
a quadrant, / therefore the angle NZC at the centel e 
obtuſe, (g) therefore NCq © 2 ZCq (ZCq +4 
Let NI be drawn perpendicular to AC 3 f 
the angle ADN 75 DNC. DCN (4) is obtuſe, the. | 


to the center is Z.) does not tauch 


of it DCN ſhall 92 greater JESS the half of a right 
le; and ſo that which remains of the right-angle U 
Pall be leſs than it, (3) whence IN ©” IC, tne 
NCqi(Nlq -[|- IC 8 —2 2 INq. therefore IN & 
conſequently D D wach oe is 
out the ſphere EFGH, and ſo, m 
wherefore the plane NCPS, (of w Fe 


8 In 


I : 1 Tei 


„ FEvvcriopz's Elements. 
e ee c 
the point , and ſo. alſo the plane SPYT? is yet farther 
removed from the center, which is alſo true of the: other 
planes of the polyedrei. Thererefore rift polyedron 


Nee f 54.8 $274 270 . f 18 32 
8 71 2a glvr + oc: Goralh i to wbutds $32 45:7 
noun nm mn? Hun .4QH== 0 ol: 
Hence it Follows, that if in any other ſphere a folid polye- 
drm, like to the aboveſaid'folid polyedron, be inſcribed, the 
proportion of the polyedron in one ſphere to the polyedron in the 
«ther is fripficate of that of the 1 the Spheres. 
For if right. Aines be drawi from- the centers of the 
ſpheres to all the angles of the baſes of the ſaid polye- 
irons, then the polyedrons will be divided into pyrs. 
equal in number and like; whoſe homo. ſides are «bby 
Uameters of the ſpheres ; as appears, if the leſſer of 
theſe ſpheres be conceived deſcribed within the greater 
about the ſame center. For the right-lines drawn from 
de center of the fphere to the angles of the baſes will 
wwree one to the other by teaſon of the likeneſs of the 
baſes; and ſo will like pyramids be made. Wherefore 
every pyr. in one Gere to every pyr. like it in the 
her ſphere 22 has proportion triplicate to that of the 
domologons „ chat is of the ſemidiameter of the 
heres ; and (4) as one pyr. is to one pyr. ſo all the 
yrs. that is, the ſolid polyedron compoſed of theſe, are 
ball the pyrs. that is, the ſolid polyedron compoſed of 
lie others; therefore the polyedron of one ſphere ſhall 


not tonch the leſſer. M biab anas (to: be dine. 
r : » © \S 1 


+» 


lave to the polyedron of the other ſphere, n 
Nr WMſtiplicate to that of the ſemidiameters, (c) Ii of the 
more u 


lameters of the ſpheres. 


ers BC, EF. 

Let the ſphere BAC be to the ſphere G in tripli. 5 
ron of — of the diameter BC to the diameter EF. 
hy GzzEDF. For if it be poſſible, let G be A EDE. 
L conceive the ſphere & concentrical with EDF. In 
* ſphere EDF (a) inſcribe a polyedron not 9 
t ſphere G, and a like polyedron in the ſphere BAC. 
tle poleydrons (5) are . triplicate proportion of the 

| 2 


| 


ORQPCN: Se, inferibeds im the greater! Fphare;. docs 


heres BAC, EDF, are in triplicate ratio of their dia- 


diameters 


acor.s. 12. 


b 12. 5. 


e 16. 5. 


2 17. 12. 


beor. 17. 12. 
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ely; — diameters BC, BF, (c) that is, of the ſphere BAC to C. 
d 14, 5- ( conſequently the ſphere G is than the polye- 
hr e in the ſphere EDF, the part than the 

e. 2 

Again, if it be poſſible, let the ſphere G be t- EDF, 

* —__ OY r 
e H inverſe. be to „(e is, in triplicate proportion i 
f 14. 5. meter EF to . De- H, we ſhall 
incur the abſurdity of the firſt part, wherefore rather the 


ſphere G=EDF. Which was to be demonſirated. 


Rr RETOQY ST 
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ELEMENTS. 


CR EE ———————_ — — 
. 


a 


PROPOSITION I. Plate VI. Fig. 39. 


F a right-line 2 be divided according to extreme and 
mean proportion (zx: a: : a: e.) the ſquare of the half 
of the whole line 2, and of the * a, as 
one line, is quintuple to that which is deſcribed of half of 
that whole line 2. 


Iſay Q.a+Ez==5; F Z. (a) that is aa + | 227 


= b =2zz, F c 
= =. ol 27 22 * e . . Io 


Which «vas to be demonſlrated. 


PROP. II. Fig. 39. 


If a right-line I x -þ a be in power quintuple to a ſegment 
of it ſelf + z. the line double Ta 2 Segment (2) being 
divided according to extreme' and mean proportion, the 
greater ſegment is (a) the other part of the right-line at 
Aa given + 2. + a. PL; 

Iſayz: a: :a:e. Becauſe by the hyp. * aa -j-4 22 
2a =222zþ 43 221 or aa + za = 2 (a) = 2e + 
za, (6) thence ſhall aa = ze. (c) wherefore 2:a: : a: e. 
Which wcas to be demonſtrated. 


P 3 PROP. 


a4. 2. 

b 3. ax. 
3. 2. 

d hyp. and 
17. 6. 


A9 
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PROP. III. Plate VI. Fig 40. 


If a right-line; 2 be divided 2 to extreme and 
mean freporticn (z: a: : a: e.) the line made of the If 
Segment e and half of the greater ſegment a, is in poxer 
guintuple to the ſquare, which is deſeribed of the half line 
of the greateſt ſegment a. 
I ſay Q: e+ ar 5 Qa: (a) that is ee + 2 
o+ ea = aa - aa. (6) or ce + ea g= aa. For ee 


aa; 2a. For e 
+ ea fe 7 60 aa. ed aro be deniinſirlih, 
F 4 * ) . > A. MF 81 


PROP. IV. Fig. 41. . 

Fa right-lite z be cut actortling to xtreme and mean 
proportion (z: a:: a: e.) the ſquare made of the whole line 2, 
aud that made of the lefſer ſegment e, both tagetber, art 
triple of the ſquare made of the greater ſegment a. 

I ſay zz + ee = 3 aa. (a) or aa - ee -|- 2 ae t ee 
== aa. For ae & ee (C) == ze (c) = 2a. (4) therefore as 
+ 2 ae-þ 2 ee g z aa. Which was to be demos ſi rated 


1 
Mer mo we 
D—— A —C—Þ} * If a right-lze AB be at 


VE 4c rang te extreme and 
mean proportion in C, ard a ling AD, equal to the greater 
Segment BC, added to it, the whole right-line DB is di: 


'wided atcerdinf to extreme and mean preportion ; and the 


greater ſegment is the right-line AB given at the begin- 
ning. 5 

For becauſe AB: AD. (a): : AC : CB. and by inverſion 
AD : AB:: CB: AC. therefore by compoſition DB: AB 
: : AB: AC (AD.) Which was to be demonſirated. 


. 


But if BD: BA: : BA: AD. then ſhall be BA: A. 
:: AD: BA — AD. For by dividing BP—BA-(AD): 
BA:: BA — AD: AD. therefore inverſely BA: ADñ :e 
AD: AA. #1 4 


1 PROP. 


+ 2 ove 


Evcr1rD ts Elements. 


PROP. VI. 


AB be cut according to ex- 
treame and mean proportion in C, either of the ſegments (AC, 
CB) #5 an irrational. line of that kind which is called 
apotome or refidual. ; 8 | 7 

To the greater ſegment AC (a) add AD ==} AB. (5) 
therefore DCq = 5 DAq. (c) therefore DCq DAq. 
conſequently (4) fince AB, (e) and fo the half thereof 
DA are 5, likewiſe DC is ö. But becauſe 5: 1 : : not 
Q:Q. {F) thence is DC <a DA. g) therefore DC—AD, 
that is, AC, is a reſidual-line. Further, becauſe ACq 
()=ABXBC, and AB is p, (:) likewiſe BC is a reſidual- 
Ine. Which was to be demonſirated. © 


„ VEE Plate VI.” Fig. as. 


IF three angles of an equilateral pentagon ABCDE, avhe- 
ther they follow in order, (EAB, ABC, BCD,) or not, 
[EAB, BCD, CDE) are equal, the pentagun ABCDE all 
le euiangular. | g | 

Let the right-lines BE, AC, BD, be ſubtended to the 
equal angles in order. | | 

Becauſe the ſides EA, AB, BC, CD, and the included 
angles (a) are equal, (c) therefore ſhall the baſes BE, AC, 
BU, (c) and the angles AEB, ABE, BAC, BCA, be equal, 
0) Wherefore BF = FA, (e) and conſequently FC = 
FE; therefore the triangles FCD, FED, are equilateral 
one to the other: (/) whence the angie FCD=FED. (g) 
conſequently the angle AED = BCD. In like manner 


the angle CDE is equal to the reſt ; wherefore the pen- 


agon is equiangular. Which was to be demonſtrated. 

But if the angles EAB, BCD, CDE, which are not 
n order, be ſuppoſed equal, (+) then ſhall the angle AEB 
= BDC, an EBD. (4) and thence the angle BED 
SBDE. (1) conſequently the whole angle AED=CDE, 
therefore becauſe the angles A, E, D, in order, are equal, 
s before, the pentagon ſhall be equiangular. M Bich 
ws to be demonſirated. Es on, 


P 4 PROP. 
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198. 10. 
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PROP, VIII. Plate VI. Fig. 43. 

IF in an equilateral and equiangular pentagon ABCDE WM circle 
two righe-lizes BD, CE, ſabtend two angles BCD, CDE power 
following in order, thoſe lines cut one another according ui cecago 
extreme and mean proportion ; and their greater ſegments Bf Dr: 
or EF are equal to the fide of the pentagon BC. X. at 

a 14.4 (a) Deſcribe about the pentagon the circle ABD. (4) Th 
b 28. 3 The arch ED iz=BC, (c) therefore the angle FCD that i: 
C27.3- FDC. (O therefore the angle BHO = 2 FCD (FCD the a1 
d 32.1 FDC.) But the arch BAE is = 2 ED, and conſeq 2 BF. 
e 33. 6 the angle BCE (e) == 2 FCD == BFC. {f) wherefor dhe a1 
f 6. 1. BF = BC. Which was to be demonſirated. Mo reo FAB, 
£ 27.3 becauſe the triangles BCD, FCD, are (g) r 6 1 
4. 6 therefore BD: DC (BF) : : CD: (BF) ED. and likew{ the a 
ies EC: EF: : EF: FC. Which aa to bs demonſtrated, me 
LAM 
| $5 ® 8 + Fig. 44. E 
. 1 
the fide of an Hexagon BE, and the of a Dean (r) = 
A beth te in the me circle ABC, l.. 4A 
the whole right-line AE is cut according to extreme @ 
mean proportion (AE: BE:: BE: AB.) 1 preate 
coment therefore is the of the Hexagon oy 
1 . Le '» ans y. the right-lines 1. 
a /yp. an DB, DE. Becauſe the angle BDC — 4 BD A and t the « 
27. 3+ angle BDC (45)= 2 DBA (DAB DBA) thence i ment 
b 32.1. DBA (3)(DBE-þ BED) (J bes BDA = ü that 
c 7. ax. 1. Whence the angle DBA or DAB () = ADE. Ther 2. 
d 5. 1. ſore the triangles ADE, ADB, are e N au 
e i. 6x. 1. Wherefore AE: AD (g) (BE) : : AD: ( BE) A boch 
f4. 6. Which as to be demonſtrated. 2 _—_—_ 
S cor. 15. 4. e 1  -th ſide i 
Coroll. 
Hl 
Hence, if the fide of a hexagon in a circle be cf mach 
according to extreme and mean proportion; the ge- * 
ſeginent thereof ſuall be the fide of the decagon in Wh 
„// 
12 * T, 
AD! 


PRON 


EUcL ID E'? Elements. 


PRO P. X. Plate VII. Fg. 1. 


If an equilateral Pentagon ABCDE be inſcribed in a 


DER circle ABCE, the fide of the pentagon AB containeth in 
"DF goaver both I of a Kere, BB and the fide of a 
decagon AH inſcribed in the ſame circle 

raw the diameter AG, and biſect the arch AH in 
K, and draw FK, FH, FB, BH, HM. 

The ſemicircle AG == the arch AC (a) = AG — AD. 
that is, the arch CG = GD (5) = AH = HB. therefore 
the arch BCG = 2 BHK ; 565 yr ſo the angle BFG = 
2 BFK. (4) but the angle BFG = 2 BAG; 950 therefore 
the angle BFK = BA Wherefore the triangles BF M, 
FAB, /) are equilangular ; C) whence AB: BF: 

BF: BM ; (5) therefore AB x BM =BEq. * \ oi 
the angle AF (4) = HFK, and FA= FH. (n) where- 
fore ALELH, (n) and the angles FLA, FLH are equal, 
and ſo right-angles, therefore the angle LHM (m) = 
LAM (z) = HBA; therefore the triangles AHB, AMH, 
925 . ar; wherefore AB : A : AH: AM; 
J therefore AB x AM = == AHq. Since thankes ABq 
b) = AB x BM +. AB x AM, (/) thence ABq = BFq 
1 AHq. Which æuas to be demonſtrated. 


Coroll. 


1. Hence, a right - line (FK) which being drawn from 
the center (F) divides an arch { HA) into two equal ſeg- 
ments, does alſo divide the right-line 7* ſubtending 
that arch perpendicularly into two egments. 

2. The diameter of a cars 7480 40 drawn from any 
pe (A) of a pow gon, does vice equally in two, 

both the arch ( . Sabich the ſide of the pentagon 
. to 2 e ſubtends, and alſo the oppolite 

ſide it ſelf (CD) an Ther perpendicularly. 


Schol, Fig. 2 


Here, according to our promiſe, we Hall lay down « 
ready praxis of the 11th prop. of the 4th Book. 


Problem 
155 LY the fide f a bentagor to be inf ribed in a tircle 


Draw 


233 
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| Draw the diameter AB, to which erect a perpendicy. 
lar CI) at the center C, divide CB equally in x, 


and make EF=ED, then DF ſhall be the fide of the 
pentagon. 


2 6. 2. 

b confer. 

e 47. 1. 
d 3. ax. 
e 17. 6. 
9. 13. 
g 10 13. 
* 47. 1, 


For BP x FC4FCq (a)=EFq () EDq (c) =DCoL 
ECq. (4) therefore BF X FC=DCa or BCq. (e) ne 
BF: EC: : BC: FC; therefore ſince BC is the fide of; 
hexagon, (/) FC ſhall be the fide of a decagon. Con. 


ſequently DF (4) = / LUg+FCq (eg) is the fide of x 


pentagon. Which was to be done. 


PROP. XI. Plate VII. Pig. z. 


Fi a circle ABCD, whoſe diameter AG, zs rational, on 
equilateral pentagon be inſcri bed ABCDE ; the fide of the 


pentagon AB is an irrational-line of that kind ævbicb i 
called a minor-line. 

Draw the diameter BFH, and the right-lines AC, 
AH; and“ make FL ==} of the radius FH; and (M 
CA. | 

- Becauſe the angles AK F, AIC, are(a)right-angles, and 


. CAI common, the triangles AKF, AIC, are (Y) equiangi- 


lar: (c) therefore CI: FK (c) : :CA: FA (FB) 2): : ON: 
FL; therefore by permutation FK: FL:: CI: CM(/) 
:: CD: CK (2 CM) and fo by (e) compoſition CD4+(X 
: CK: : KL: FL; (/) conſequently Q: CD CK 
(5 Ckq): CKq: : KLq: FLq. therefore KL; FLq: 


wherefore if BH (p) be taken 8, FH ſhall be 4 FL 1, and 
FLq 1, BL 5, and BLq 25, KLq 5. by which it appears 


that BL and KL are þ (% Y., (#) and fo BK is a refdui 
and KL its congruent or adjbining- line; but ſince Blq 
— KLq.—29.(/) thence BL V BLq—KLq * whency 
BK hall be a fourth reſidual-line. Therefore becauit 
ABq (m) is = HB x BR, () ſhall AB be a'minor-lnc 
Which was to be demonſtrated. - 8 


PROP. XII. Fig. 4. 


If in @ circle ABEC an equilateral triangle ABC | 
inſcribed, the fide of that triangle AB is in power i 
ple to the line A drawn frem D the center of tt 


circle to the circumference, 


The 


9 


2 8 - 


Fi. &. 1 AIU—Z 
> Ae <7 
| Ak 11 


1 _SSIE<TY 


2 
S YER 
Jp SSR 
E WV | 


EvucLl1d E's Elements. 


the arch BE (a) = EC, the arch BE is the ſixth 
of the circumference, (#) IN B tr E. 
re AEq (c) = 4 DEq (4 BEq) (4) = ABq + BEq 
ANq.) (e) conſequently ABq = 3 ADq. Which was 


le aum. 


Coroll, 


AE: ABq: :4: 3, 
„ ABN: AFq: : 4:3. 0 For ABq : AFq: : AEq: 
. | 
DFS = FEE. For the triangle EBD (g) is equi- 
al, (5) and BF perpendicular to ED: (4) there- 
Hence, AF = DE DF = 3 DF. 


PROP. XIII. Plate VII. Fig. 5, 6. 


ſo deſcribe à pyramid EGFI, and comprehend it in a 
given : and to demonſirate that the diameters of the 
AB ig in power ſeſquialter of the fide EF of the 
wid EGFl. | 
About AB deſcribe the ſemicircle ADB; (a) and let 
be = 2 CB. From the point C ere& the perpendi- 
Ch, and join AD, DB, then at the interval of the 
s HE = CD deſcribe the circle HEFG. (4) wherein 
be the equilateral triangle EFG; from H (c) erect IH 
(A perpendicular to the plane EFG, produce IH to 
% ſo that IK — AB; and join the right-lines IE, IF, 
Then EFGI ſhall be the pyramid requried. 
lor becauſe the angles ACD, IHE, IHF, IHG, (e) are 


=\C; (F) therefore AD, IE, IF, IG, ſhall be equal 
nz themſelves, But becanſe AC (2 CB,): CB (g):: 


1: CDq. thence ſhall ACq = 2 CDq; therefore ADq 


= ACq-CDq (4) = 3 CDq= 3 HEq (4)=FFq ; 
therefore 1 2. IK ir. IG are a and ſo che 
md EFG] is equilateral. But if the point C be placed 
H, and AC upon HI, the right-lines AB, IK, () 
"agree, as being equal. Wherefore the ſemicircle 


paſs by the points E, E, G, “and ſo the p 


yramid EF- 
tall be inſcribed in a ſphere. Which was to he done. 


Alſo 


The diameter being extended to E, draw BE. Be. 


angles; and CD, HE, HF, HG (e) equal, e) and 


being drawn about the axis AB or IK (2) 


235 


A cor. 10. 
| an. 
beor.15. 4. 
C4: 2. 
t. 
C 3. AX, [. 


f cor. 8. 6. 
and 22. 6. 


8 15.4. 
cor. 3. 3. 


a 10. 6. 


b cor. 15. 4. 
C 12. 11. 


a 46. 1. 


b 12. 11, 
c 3. 1. 


d 4. 1. 


e 27. def. 
11. 


1 conſtr. 
87. 1 


, 
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Alſo it is manifeſt that BAꝗ: ADq(s) : : BA 40 
: 3:35 8. Which was to be demonſtrated. 


Coroll. 


1. ABq: HEq :: 9: 2. For if be put = 
en ADq (EFq) hall be 9. (2 —— F 
. hk 


th 
be 2. 
2. If L. be the center, then ſhall AB: LC: : 


1. For if AB be put = 6. then AL ſhall be 3; T 
and thence AC 4. wherefore LC ſhall be 1. fla 
3. AB: HI: : 6:4: : 3: 2. whence. ſs deſe 


4+ ABq: Hlq: : 9:4. 
PROP. XIV. Plate VII. Fig. 7,8 
To deſcribe an Oftaedron KEFGDL, and 


in the given ſphere, wherein a pyramid is 5 x xd join 
monſtrate that AH, the diameter of the ſphere, i hu 
double of AC, the fide of that Octaedron. - 
About AH deſcribe the ſemicircle ACH, and = 


the center B erect the perpendicular BC, draw AC, H 
then upon ED — AC (a) make the ſquare EFGD, wh 
diameters DF, EG, cut in the center I; from I, « 
IL = AB 2 ndicular to the plane EFG D, prod 
IL (c) till IK = II. and join KE, KF, KG, KD, 
LF, LG, LD; then ſhall KEFGDL be the Octec 
required. | 

or AB, BH, FI, IE, Ce being ſemidiameters 
equal ſquares are equal one to the other ; (4) whence 
baſes LF, LE, FE, Cc. of the right-angled trang 
LIE, LIF, FIE, c. are equal, and conſequently the ei 
triangles LFE, LFG, LGD, LDE, KEF, KFG, KG 
KDE, are equilateral, (e) and make an Octaedron, Wi 
may be inſcribed in a ſphere, whoſe center is |, # 
IL or AB the radius, (becauſe AB, IL, IF, IX, 
(J) are equal.) Which was to be done. Moreove! 
is evident that AHq (LKq) (g) = 2 ACq(zL 
Which auas to be demon. 


Corall. 


1. Hence it is manifeſt, that in the Octaedran 
three diameters EG, FD, LK cut one the other 
pendicularly in the center of the ſphere. 2 

4 . 


EucLivp E', Elements. 


\ Alſo, that the three planes EFGD, LEKG, LFED 
ſquares, cutting one another perpendicularly., 
The Oftaedron is divided into two like and equal 
amids EFGDL, and EFGDK, whoſe common baſe 
he ſquare EFGD. 


\ : AC 


edron are parallel one to the other. 


PROP. XV. Plate VII. Fig. 9, 10. 
ſs deſeribe a cube EFGHIKLM, and comprehend it 


the ſame ſphere, wherein the former fignres were ; and 
lnonſtrate that AB the diameter of the ſphere is in 
wr triple to EF, the fide of that cube. | 

Upon AB deſcribe a ſemicircle ACB; (a) and make 
z DA, and from D raiſe the perpendicular DC, 
join BC and AC. Then upon EF = AC (4) make 
k (quare EFGH, upon whoſe plane let the right-lines 
IFK, HM, GL, frand perpendicular, being equal to 
F, and connect them with the right-lines IK, KL, LM, 


OL The folid EFGHIKLM, is a cube, as is fuffici 
) y apparent from the conſtruction. 

| In the oppoſite ſquares EFKI, HGLM, draw the di- 
EK. FI, HL, MG, through which let the planes 


LH, FIMG be drawn, cutting one another in the line 

0, which (c) ſhall divide equally in two parts the diame- 
es of the cube EL, FM, GI, HK, in Pthe center of the 
We ; (4) therefore P ſhall be the center of a ſphere paſſing 
Wough the angular 2 75 of the cube. Moreover, 
lo (e) = EKq + KLq (e) = 3 KLq, (Hor 3 ACq. 
at AB: ACq (eg): : BA: DA (F): : 3: 1; (4) there- 
bre AB —= EI. - Wherefore we have made a cube, Oc. 
Mich <vas to be done. 


Coroll. 


1. Hence it is manifeſt that all the diameters of the 
ebe are equal one to the other, and do equally biſe& one 
mother in the center of the ſphere. And for the ſame 
alon the right-lines which conjoin the center of the 
0ppolite ſquares are biſected in the ſame center. 

2. The diameter of a ſphere containeth in power the 
ide of a tetraedron and of a cube, vis, ABq &) =={(/) 


I + Ag. 


ler 


PROP. 
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4 Laftly, it follows (5) that the oppoſite baſes of the h 15. 11. 


k 47. 1. 
113. 13. 
m 15. 13. 


\ 


238 


Tie thirteenth Biok of 


PROP. XVI. Plate VII. Fig. 11, 12. 

To deſcribe an leofardron ZGHIKFYVXRST, 
encompaſs it in the ſphere, wherein were contained | 
foreſaid ſolids ; and to demonſtrate that FG the. fids 


the Teoſaedron is that irrational-line, which is called Lag 
minor-line. ets ee ** ner F 

Upon AB the diameter of a ſphere deſcribe md aF 
ſemicircle ADB; and (a) make AB equal 5 , pounts. 
from C ere& CD perpendicular, and draw AD and BW Lat 
At the diſtance EF — BD deſcribe the circle KER 549 : 
(5) wherein inſcribe the equilateral pentagon FKIHQWM« B 
Divide equally in two. parts the arches FG, O berefo 
Sc. and join the right-lines FL, LG, Cc. being f AB 
fides of a decagon. Then (c) ereft EQ, LR, MS, NW 5, 


OV, PX equal to EF, and perpendicular to the plat ad 1: 
FKNGz and connect RS, ST, TV, VX, XR; as. 
FX, FR, GR, GS, HS; HT, IT, IV, KV, XK 
Laſtly, produce EQ, and take QY = FL, and EZ 
FL, and conceive the right-lines ZG, ZH, ZI, il 
ZF to be drawn; as alſo VV, VX, YR, IS, 
Then I ſay the Icoſaedron required is made. 


: For becauſe” EQ, LR, MS, NT, OV, PX, are( 1 
equal and (e) parallel, alſo thoſe lines that join te bedr 
EL, QR, EM, QS, EN, QT, EO, QV, E, 0 
(F) are equal and parallel, And thence likewieL ſpher 
(or FG) RS, MN, ST, Cc. are equal one to of tl 
other; (g) therefore the plane drawn through LW. - 
EM, Sc. is equidiſtant from the plane paſſing throug z 
QR, QS, Oc. () and the circle QXRST'V drug io. 
from the center Q_ is equal to the circle EPLMN O (% 


and RST VX is an equilateral pentagon. But EF, EG 
EH, &c. and QX, CR, O8, fe. being conceived t 
be drawn; then becauſe FRq (4) = FLq + LRg, 0 
or EFq (-:) = FGq. (2) therefore FR, FG, and ſo 5 


RS, FG, FR, RG, GS, GH, Se. ſhall be equal o 7 
to the other, and conſequently the ten triangles REXIM be 
KFG, RGS, Cc. are equilateral and equal. More ”: 
over, becauſe XQY is a (o) right- angle; therefor * 
XYq (= QXq + QYa (9) = VXq eee 
fore XY, VX, an Ueewile YV, „ V8, YR, 265 1 


ZH, c. are equal. Therefore other ten triangles at 
made, equilateral and equal both to one another, . 
and to the ten former, and ſo an Icoſaedron 


made. 


Moreover 


EVucLI p e's Elements. 


nes, a F, à X, @ V; and becauſe QX (r) = , and 
Uthe common fide, and EQX, EQ are right-an- 
ges ( 7 ) therefore ſhall a X be 2a; and for the {fame 
raſon all the lines a X, a R, à 8, 4 T, a V, a F, a. G, 
H, a I. 4 K are equal. But becauſe Z Q QE ():: 

E: ZE, therefore 220 ( = 5 Eaq (&) EQꝗ (EFq) 

Eaꝗ (Y — @Fq;. therefore Za 2a; in like man- 
ner F = Va; therefore the ſphere, whoſe center is a 


pints of the Icoſaedron- 18 ; 

Laſtly, (z) becauſe Za: aE: : ZI: Q; (a) and ſo 
Lag: E: : ZVꝗ: QEg. (5) therefore Z 1 = 5 QEq, 
« 5 BDq ; but ABq : BIDꝗ (c): : AB: BC : 5: 13 () 
therefore ZY =— AB, Which awas to be done. Therefore 
f AB. be put p, (e) then EF = ABN BC, ſhall be 
uſo p, and conſequently FG the fide of the pentagon, 


Which war to be dem. 
Cv. G 


'r. From henee is inferred, that che diameter of 
the ſphere is in power quintuple of the ſemidiamater 
7 the eircle encompaſſing the five ſides of the Ico- 


2. Alſo it is manifeſt that the diameter of the 
of the ſemidiameter, and two ſides of the decagon of 
3. It appears likewiſe that the oppoſite ſides of an 
leoſaedron, ſuch as RX, HI, are parallels. For RX 
(a) is parallel to LP, (6) parallel to HI. | 


PROP. XVII Plate VII. Fig. 13. 


Wherein the former 


comprehended ; and to de- 


15 es Were 

nonſtrate that the fide Rs of the Dodecaedron is an irratio- 

8 of that ſort which is called an apotome or refidual- 
ne, . | 


Let AB be a cube inſcribed in the given ſphere, and 
let all the ſides thereof be divided equally in the points 

E H, E, G, K, L, &c. and join the right-lines KL, MH, | 
HG, EF; (a) make HI: IQ: : IQ: QH ; and take _— 2 30. 6, 


» 


Moreover, divide equally EQ in a, draw the right 


md aF the radius, ſhall paſs through the 12 angular 


ud likewiſe of the Icoſaedron, (/) is a minor-Iine. 


ſphere is campoſed of the ſide of a hexagon, that is, 
a circle encompaſſing the five ſides of the Icoſaedron. 


To deſcribe a Dodecaedron, and comprebend it in the ſphere 


2 g9- 


r 15. 4% 1. 


4. 1. 


t 9. 13. 
u 3. 13. 
E21 . 
Y 7. * 


1 16. &>.. 5 
2 22. 6. 

D 14. 
c core 8. 6. 


4d. g. 1. 


ech. 12-— 


2 33. 1. 
b cb. 26. 


- 
TY hy * * * 
. " * 
* 9 
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t 15. 13. 
uli. Exe 1. 
Xx 29. 1. 


2 47. 1. 
2 4. 13+ 
b 15. 13. 


O, and conſequently R 
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NP, — IQ; then ere& OR, PS, endicular to the 
plane DB, and QT to the plane AC; and let OR, ps; 

T, be ual to IQ, NO, NP; whence DR, RS, SC, 

, TD, being connected, DRSCT ſhall be a penta 

of che Dodecac uired. For draw NV eral 
OR, and having drawn NV out as far as the center of the 
cube X; 2 — 250 DS, DO, DP, CR, CP, HV, 
HT, R (a) = DKq (6) (XN TKO. 


(n= ONaq(3 CR) (a) thence 1 tap 4 ORq (e) = 


OPq, or, RSq. therefore DR =RS. By a like way of 
reaſoning DR, RS, SC, CT, TP are equal. But becauſe 
OR J is equal and (g 5 to PS, therefore RS, 
DC ſhall be alſo els ; 
(3) de eſe with thoſe that conjoin em DR, 
CS, VH, are in one and the ſame plane. d 


over, becauſe HI: N A :QH 60 75 


143 _ no (4) as 
to the plane, () and fo alle Pula ,(n) 
HV ſhall be a right-line ; (z) therefore the Trapeziun 
DRSC, and the triangle DTS are in one plane ex- 
tended through the right-lines DC, TV; (oe) therefore 
DTCSR is a pentagon, and that alſo equilateral, by 
what is ſhewn y. Furthermore, becauſe PK ; NN 
KN: NP; and DSq & = DPq + PSq (PNg) = 

d „ — Sq — DKq 
1 KN * Ke Ha) (x) = DCq; 1 15 
1 triangles DRS, ECT, are We ol 
nal — to another; 7 therefore the angle D 

DTC, and likewiſe the angle CSR = ; therefore 
the DTCSR is alſo equiangular. Moreover, 
beca DX, CX, &c. are ſemidiameters of the 
cube (:) — XN=IH, or KN, (2) ea 

KP ; wherefore becauſe RVX, is 992 00 

thence RX = XVq+RVq (Ned) = K Pas 

== 3 KNq (5) = Ao or DXq, &c — N. 
DX, and for the ſame reaſon XS, XT, AX, are * 
one to another. And if by the ſame method whereby 
the pentagon DTCSR was made, twelve like penta - 
x touching the twelve ſides of the cube, be made; 
ſhall — 5 a Dodecaedron ; and a fphere paſing 
through their angular points, whoſe rating is AX, of 
RX, — comprehend chat Dodecaedron. 1 don 


E 3 
(e 4K 


Laftly, 
KL: OP: :OP: r Therefore (FAB the di 


* 


Ever 1D ts Elms. 
: 8 


0 the ſphere be ſuppoſed p, then ſhall KL (e) = at 
4 de alſo ö. (s) whence OP, or RS the fide of the Do- 
n aedron ſhall be a refidual-line, / hich was to be demi 
to s | 

* Coroll, 

© | 2 4 . | | ! 
n chis demonſtration it follows, 1. That if the fide 
— cube be cut in extreme and mean proportion, the 
aer ſegment ſhall be the fide of the Dodecaedron de- 
fs bed in the ſame ſphere. 


C2 
- 


If the leſſer ſegment of a right-line, cut in extreme 
| mean proportion, be the fide of the Dodecaedron, 
greater ſegment ſhall be the fide of the cube inſcribed 
te ſame ſphere. Þ - - - | 

It is manifeſt alſo, that the fide of the cube is equal 
the right-line which ſubtendeth the angle of a penta- 
nof the Dodecaedron inſcribed in the {ame ſphere. 


ERS Robe So 


PROP. XVIII. Plate VII Ex. 14: 


ls find out the ſides of the five precedent figures; and com- 
them together. Ws L 
let AB be the diamter of the ſphere given, and ARB 
ſemicircle, and let AC be (a) = & AB, and AD (6) 
AB; then erect the perpendiculars CE, DF, and 
=AB ;-join AF, AE, BE, BF, CG; and let fall 
perpendicular HI from H, and CK being taken equal 
LU, from K erect the perpendicular KL, and join AL. 
ly, (e) make AF: A0: : AO : OF, 

Therefore 3: 2 (@): : AB: BD (e) :: ABq : BFq the 
eof a Tetraedron, and 2: 1: : (a) AB: AC:: ABq: 
al) the fide of an Octaedron. 

Ao 3 1 (C4) :: AB: AD (e): : ABq: AFaq. (g) the 
tof an Hexaedron. | | 
Moreover, becauſe AF : AO () :: AO: OF} (4) 
ite ſhall AO be the fide of a Dodecaedron. Laſtly, 
(2 BC): BC (1): : HI: IC; (m) therefore HI = 2 
KI; therefore HI 2 — 4 Clq. conſequently 
0 (p) = 5 Cla; () therefore ABq = 5 Klq. ( 
core KI, or HI is a radius of a circle encloſing the 
apon of an Icoſaedron ; and AK or IB, (F) is the 
b of a decagon inſcribed in the ſame circle; (/ 
"ce AL ſhall be the ſide of a pentagon, (?) and alio 
ide of an Icoſacdron. Whereby it appears that BF, 


3 


441 


e 16. 3. 
7512 
{as os 


g 6:13. 


8 16. Q. 
b 10. 6. 


c 30. 6. 

d confir. 
e cor. 8.64 
f. 14. 13. 
g 15. 13. 

h comſtr. 

k cor, 17. 
13. 

14. 6. 

m 14. 3 
n conſtr. 

0 4. 2. 

P 47+ 1. 

q 15. 5. 

1 cor. 16. 
13. 

13 13. 
t 16. 13. 


” 

. 

4 o 
. 


1 1. 6. 

x 4. ax. I. 
3 

1 17. 6. 

4 47. 1. 


421. 11. 
Þ See ſcb. 
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BE,AF are and AL, AO N., and BFC-BE, a 
BE - AF, and AF - AO. And Re 
ABq 2 KLyq, and AF x AO c- AEX OF, (x) w 
ſo AF K AO + Xx OF c 2 AF x OF, 00 that 
AFq 5 AOq ; (2) thence ſhall 3 AFq (5 KL 
be = 6 AOq. conſequently KL c- AO, and much 
ther AL K AO. 

That we may theſe ſides in numbers; If 
be ſuppoſed / 60, then, reducing what is already ſhey 
to ſupputation, BF =y/ 40, and BE zo, and} 
By 20. Alſo AL = 3o—y 180 (for AK = 
— Vz. and KL (HI)=y 12 :) Laſtly, AOQ=y 30 
VS TT as 6 
c 


ht is very apparent that beſides the five aforeſaid fquri 
4 2 
ſuch as may be contained under ordinate and equal jia 
8 plane angles at leaſt are required to the c 
ſtituting of a ſolid angle: (a) all which muſt be leſs t 
— — {6) But 6 angles of an equilateral t 
angle, 4 of a ſquare, and 6 of a hexagon, fe 
equal 4 right-angles ; and 4 of a pentagon, 3 of a he 
— — 3 of an oftagen, oe exceed 4 right-angies 
efore only of 3, 4, or 5 equilateral tri of 
ſquares, or 3 pentagons, it is poflible to make a i 
angle. Wherefore beſides the five above mentione 
there cannot be any other regular bodies. 


Th 
The 


Out of P. Herigon, 


The Proportions of the ſphere and the fue regular ft 
inſcribed in the ſame. | 


Let the diameter of the ſphere be 2, then ſhall © 
iphery or circumference of the greater © 
6. 28318. 

The ſuperficies of the greater circle, 3. 14159 

The ſuperficies of the ſphere, 12. 56637. 

The ſolidity of the ſphere, 4. 1979. 


The fide of the tetraedron, 1. 62299- 
The ſuperficies of the tetraedron, 4. 6188. 
The ſolidity of the tetracdron, o. 15132- 


Evect td ='s Elements. 


The fide of the hexaedron, 1. 1547. 
he ſuperficies of the hexaedron, 8. 
ſhe ſolidity of the hexaedron, 1. 5396: 


The fide of the octaedron, 1. 41421. 


The ſuperſicies of octaedron, 6. 9282. 
The ſolidify Fa. Biden, 1. 96303. 


The ſide of the dodecaedron, o. 71364. 
The ſuperficies of the dodecaedron, 10. 51462. 
The ſolidity of the dodecaedron, 2. 785 16. 


me ſide of the Icoſaedron, 1. 05146. 
Ne ſuperficies of the Icoſaedron, 9. 57454. 1 
The ſolidity of the Icoſaedron, 2. 53615. 


r * 
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C 32. 1. 

d hyp. and 
33. 6. 

e 20. 3. 
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g 6. 1. 
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d 8. 2. N 

5 FF - . 
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PROPOSITION I. Plate VII Fyuf 
Perpendicular-line DF draws from D the en 

a circle ABC to BC the fide of a pentagen in 

bed in the ſaid circle, is the half of theſe twol 

taken together, viz. of the fide of the hexagon DE, a 


fide of the decagon EC inſcribed in the ſame circle ABC 


Take FG = FE, and draw CG; (a) Then CE 
CG. Therefore the angle CGE (4)=CEG (5) =IC | 
therefore the angle ECG (c) = EDC (4) = 4+ ADC 
==  CED (ZEC D;) V/ conſequently the angle G 
= ECG = EDC, ) wherefore DG = 60 ( 


therefore DF CE (DG) + EF = J i fr 
was to be demonſtrated. 


PROP.” II. a 

„ If tavo right-lines AB, DE, fro 

| —1— 1 cut according to extreme and 22 
D H B F proportion (AB: AG: : A0: fide 


and DE: DH : : DH: HE.) ſaid 
ſhall be cut after the ſam mane. | ; 
viz. in the ſame 88 (AG : GB : : DH : HE. 
Take BC = BG; and EF= EH. Then ABX DW. CF] 
(a) AGq. wherefore ACq (4) = 4 ABG-+AGq (c) 6 (8): 
AGq. In like manner ſhall DFq; DHq. (4) th" (xD 
AC: AG : : DF: DH. whence by compoundley A des of 
AG : AG:: DF + DH : DH. that is, 2 AB: A@W » 
DE: DH, (e) conſequently AB: AG : : DE : DB; HK; 
whence by diviſion AG: GB:: PH: HE. M (b) 


to be demonflrated. 53 ( te den 


EvcriDrs Elements. 


K PROP. III. Plate VII. Fig. 16, 17. 

ſhe ſame cirele ABD comprehends both ABC DE the pen- 
yon of 4 Dodecaedron, and LMN the triangle of an 
ſecdron inſeribed in the ſame ſphere. 

Draw the diameter AG, and the right-lines AC, CG ; 
id let IK be the diameter of-the ſphere, (a) and IKq = 
0Pq. (5) and make OP: QQ: : OQ : P. Becauſe 
C--CGq (e) = AGq (4) = 4FGQ ; and ABq () = 
1+ CGq. ( thence ACqÞABq = +5; FGq; more- 
er, becauſe CA: AB (g) :: AB: CA=AB; and OP: 
W: OQ : QP; (+4) and as CA: OP:: AB: OQ (4) 
zefore 3 ACq (0) (IKq.): 5 OPq ( 44 : 3 ABq: 
009. therefore 3 ABq= 5 Ogg. But becauſe ML 
is the ſide of a pentagon inſcribed in a circle, whoſe 
Aus is OP, thence 15 RMꝗ (e = 5 MLq(p) = 
N50 * 4 ACg oÞ 3 ABq * 15 FGq ; 05 


9 


krefore RM = FG. /) and conſequently the circle 
* ID is the circle LM N. Which abas to be demonſtrated, 
CF : | : | ; 11 x a : ? * 


PROP.'1V. Fig. 18, 19. 


If from F the center of a circle encompaſſing the penta- 

Ha Dodecaedron ABCDE, a perpendicular- line FG be 

Nun to one fide of the Pentagon CD; the refangle con- 

ined under the ' ſaid fide CD and the perpendicular FG, 

ny thirty times taken, is equal to the ſuperficies of a 
Idecaedron. Alſo, | | 

if from the center L of a circle incloſing the triangle of 
| lcoſaedron HIK, à perpendicular - lne LM be drawn to 
fide of the triangle HK, the rectangle contained under 
t ſaid fide HK and ibe perpendicular LM, being thirty 
wes taken, ſhall be equal to the ſuperficies of an Teoſaedron. 
Draw FA, FB, FC, FD, FE ; (a) then ſhall the tri- 
its CFD, DFE, EFA, AFB, BFC be equal, but CD x 
6 (b)== 2 triangles CFD ; therefore 30 CDx GF(c)= 
0 CFD (4) = 12 pentagons ABC DE (e) = tothe ſuper- 
des of a Dodecaedron. 
Draw LI, LH, LK; then HK x LM (F) =2 triangles 
HK ; therefore 30 HK X LM (g) S HLK = 20 
MK (2) =the ſuperficies of an Icoſaedron. JWFhich avas 


=_ be demonſtrated. 
1 Q 3 Coroll 


Which was to be demonſtrated... 
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' Coroll, 


CD xFG HK x LM (4) : : the ſaperficies of a 
_ caedron to the ſuperficies 9 an Icoſaedron. — 


The ies of @ Dodecardron hath to the ſuperficies 1 of & 
2 n the | , the ane 1 
that H the fide of a cube to AD the fide of © 


Let the cirele ABCD (a)encloſe both the Pentagon of 
a Dodecaedron, and the triangle of an Icoſaedron ; whoſe 
ſides are BD, AD; upon which from the center E let 
fall the pe! culars EE, EGC; and draw CD. 
Becay 22 7 7 2 Fr = 
(e) ( X : 4) (T EC (4): : EG 
4 e BD 1. 5b 00 den 


PROP, VI. Ng. 21. 


If a right-line AB be cut in extreme and mean projortie, 
then as the right-line BF, containing in power that which f 
made of the whole line AB, and that which is made of the 
greater ſegment AC, is to the right -line E containing in pov. 
er that qubich is made of the whole line AR, and that which 


er 


— 


8 


E 2 


| 


1 


E 88 


EvernrDd ns Elements, 


PROP. VII. 


A Dodecaedron is to an Teoſardron, th fide of a Cubs 
is 4 of an Jcoſaedron, inſcribed in one and the 


Hue aſe) the ſame circle comprehends both the pen- 
tagon of a Dodecaedron, and the triangle of an Icoſae- 
hu (5) the perpendiculars drawn frem the center of the 
chere to the planes of th 
be equal one to another. IT fore if the Dodeca 
end Icoſaedron be conceived and divided into pyramids 
nght-lines being drawn from the center of the ſphere 
to all the angles, the altitudes of all the pyramids hall 
de equal one to the other. Wherefore fince the pyra- 
mids are (c) of equal height mn the baſes, and the ſu- 


perficies of the Ser to twelve penta- 
gons, and the fu ies” of the Icofaedron to twenty 
tnangles, the Dodecaedron ſhall be to the Icoſaedron, as 


the ſuperficies of the Podecaedron is to the ſuperficic 
the Icoſacdron ; (4) that is, — to 
the ſide of the Icoſaedron. | 


PROP. VIIL Plate VII. Fig. 22, 23. 


The fame eircle BCDE comprebends beth wo 
of the cube BCDE ; = av GH 
ſcribed in one aud the ſame 


lade | Becauſe Aq ( (a) 
INN — 1527880 )=2 

Eq; thence ſhall BL=KF ; (2) therefore the circle 
CBED=GFH. Which was to be demonſirated. 


The End of the Fourteenth B oO k. 
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5 RROPOSITION I. Plate VII. Fig. 24 


AGEC, . 

From the ang le c fon * diameters CA, 0 
CE; and connect = with the diameters AG, GE, k 
which are (a) equal among themſelves, as being ti 
iameters of equal ſquares : therefore the triangles CA 
-+ 21» CGE, CEASJEAG axe equilateral and equal ; and con 
ſequently, AGEC is a ———— which inſiſts upon th 


. a cube gi ABGHDCF E to deſcribe a Bp 


1s 
L 
7. 
tl 
if 
c 
0 
{ 
2 
( 
( 


.. angles af the cube, and Yerefore (6) is inſeibed in 
11. i i hieb WAas ta be done. . 
PR 01 P. n. Fig. 25. 
In a pyramid given ABDC to deſeribe an Our 
EGKIFH. 
& 10. 1. (a) Biſect the fides. of the pyramid in the points 


I, F, K, G, H, which Fo with the 12 rijght-lines E 
b 4. 1. FG, GE, 22 All theſe are (6) equal one to the other 
| conſequently the 8 triangles EHI, IHK, Oc. are eq 
C 27. def, lateral and equal, and ſo make(e) an Octaedron defer 
11. bed (4) 1 in the given pyramid. Which was to bg dont. 


d 31. &: 
* > £ PROP 


Ev cL1D ts Elements: 


PROP. Nt. Plate VII. Fig. 26. 


NPQSOR: 


* 


Connect“ the centers of the {quares N, P, QS. O, R 
with the twelve right-lines NP, PQ. QS, Sc. which 
are (a) equal among themſelves; and ſo make 8 equila- 
teral and equal triangles: wherefore () the Octaedron 
NPQSOR (5) i, inſcribed in the cube. I, eb nvas to bs 
Ane. il 1 | HS. 


— 


P R 0 P. IV. Fig. 27. 


In an Octaedron given ABC DEF, to inſeribe a cube. 
Let the ſides of the pyramid EABCD, whoſe baſe 
is the ſquare ABCD, be biſected by the right-lines, 
LM, MN, NO, OL, which are (a) equal and (5) pa- 
rallel to the fides of the ſquare ABCD; (e) then 
the quadrilateral LMNO is a ſquare. In like manner, 
if the ſides of the ſquare LMNO be biſected in the 
points G, H, K, I, and GH, HK, KI, IG connected, 
GHKI ſhall be a ſquare. And if in the other - 5 
yramids of the Octaedron, the centers of the triangles 
be in the ſame ſort conjoined with right-lines, then 
other ſquares will be deſcribed like and equal to the 
ſquare GH KI; wherefore ſix ſuch ſquares ſhall make 
à cube, which ſhall be deſcribed within an Octaedron, 
(4) ſince its eight angles touch the eight baſes of the 
Octaedron in their centers. ¶ bich was to be done. 


PROP. v. Fie. 28. 


In an _—_—_ given to inſcribe a Dogecaedron. 

Let ABCDEF be a pyramid of the Icoſaedron, whoſe 
baſe is the pentagon ABCDE ; and the centers of the 
triangles G, H, I, K, L; which connect with the right- 
lines GH, HI, IK, KL, LG. Then GHIKL ſhall be 
a pentagon of the Dodecaedron to be inſcribed. 

For the right-lines, FM, FN, FO, FP, FQ, paſſin 
through the centers of the triangles, (a) biſect their baſes; 
9 therefore the right-lines MN, NO, OP, PQ, QM. 
ej are equal one to the other; (4) whence alſo the 75 


In , cube given CHGBDEFA to deſcribe an Ofardron 


a 4-1. 
b 2, 6. 
c 29.40. 1. 


d 31. def. 
Ii. | 


2 cer. 3. 3. 
b 4. 1. , 
t. 
d 8. 1+ 


The Fiftzenth Brok of 
0, HPO, ONE. PFO, QFM are equal; therefore 
n GHIKL 188 ite e (e) and oy 2 
uilateral, fince FG, FH H. Fl. FK, FL Hare 
in the other cleven p mids of the Ift n, 3 
centers of the triang in like ſort joined with right. 
liges, then will the * equal and like to the 
pentagon GHIKL be deſcribed. Wherefore 12 of ſuch 
7 ſhall conſtitute a 3 aeed bg — 
deſcribed in the Icofaedron, ſeein ag 
evnters tors & 


—4 of the Dodecaedron conſiſt ag red 
the twenty baſes of the Icoſaedron. 

we ies ded Cocoon EY 
edron given. Which was to be done. 
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EUCLIDEs DATA. 
DEFINITIONS. 


I Lanes or Spaces, Lines and Angels , to wuhich «ve 
can find others equal, are ſaid to be given in 


II. 4 Ratio is ſaid to be given, when we can find it, 

or one equal to it. 

III. ReSiline- „ Tho les are given, and 
the ratio 1 — 2 another, are ſaid * 


Poiati, Lines and Angles, wvhich have and deep akways 
one and the ſame place and ſituation, are ſaid to be 
given in Poſition or Situation. 

V. A Circle is ſaid to be given in Magnitude, when the 
emidiameter thereof is given in *. 

VI. 4 circh is ſaid to x” ven in Poſition, and Mag 
rituds, when the center thereof is given in Poſition, 
and the ſemidiameter in Magnitude, 

VII, Segments of Circles, whoſe angles and baſes are LF 

in 


ven in Magnitude, are ſaid to be given in Magnit 

VIII. Segments of a Circie, whoſe angles are given in 

Maynitude, and the baſes of the ſegments in Poſition 

and Magnitude, are ſaid to be given in Poſition and 
tude. 


gnitude AB, ir greater than another Magni- 


a Magnitude D 
the given Magnitude DB, the ret CIT r 


AD, #s equal to the other Mag- 


X. 4 Magnitude AB, is kſs than another Mggnitude C, 
7 9 Bb er 8 
aving added thereto the ay n 
Magnitude BD, the whole . 
equal ta the other Magnitude C 


0 Xl. 
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a 1. 4%. 


b 7.5. 
C 16. 5. 
12 def. 


Euc LI DES DA T A. 


XI. 4 Magnitude AB is aid it be greater than another 
_ © " Magnitude CB, by @ given Mag- 


. D — 0 -- mitude AD, and in ratio, _ 
A — B taken From the ſame Ma 
2205 — * . * e 


55 Kath 0 "the of iven 7055. 

I. 4 1 a is ſaid 1 be 7% than another 
1 BC, by a given 

| A» guitude AD, and in ratio, 

1——— . . 2 the giben itude 

AD being 22 thereto, the 
«whole DB hath to the other Magnitude BC, a 1 
ratio” * 

XIII. Arig be-lins ts ſaid to be 4 down g iven 
= _ a right-line given in Poſition, 4 vie lin 

ug drawn in à given angle. 

XIV. 4 right-line is ſaid to be drawn up from à given 
Point, to a rigbt-line given in Poſition, the right-lin 
being drawn in a given-angle. 

XV. A right-line is againſ another | right- live in Poſe 

_ tion,. when it is " drawn Parallel thereto through a givm 


Point. a 
PROPOSITION L. 


: = | 11 Magnitudes A and B bei given, 


the ratio they have to one another. A to 


SEO B 16 alſo given.. 


141 Demonſtration. For ſeeing that the May: 
ABC tude A is given, (@) we can find one equal 
thereto, which let be C. Again, foraſmuch 
as the Magnitude B is given, we can alſo find one 
equal to that, and let that be D. Therefore ſeeing 
that A is equal to C, and B to D, as A is to C, (6) 
ſo is B to D, and by permutation, 8 as A ſhall be to 
B. ſo C ſhall be to D. Therefore (4) the ratio of A to 
B is given, for it is the ſame ratio as of Cto D, as we 
have found, and which ought to be demonſtrated, | 


PROP. II. 


IF a given Magnitude A, hath to fome other Magnit tude 


B, a given ratio, that gther Magnitude B, Fs alſo th 
in Magnitude, 


Demon. 


Eu oLI Dp E DATA. 


Demonſt. For ſeeing that A is given, we 
can find one equal thereto, Which let be 
C: And foraſmuch as the ratio of A to B, 
is allo given, we can find (a) one of the 


ſame. Let it be found, and let the ratio 
be of C to D. Now ſeeing that as A is 


* 


— 


| 


ABC 


to B, ſo C is to D; and by permutation, as A is to 
C, ſo B is to D: But A is equal to C, therefore (5) B 
ſhall be alfo equal to D. Therefore (e) the Magnitude 
B is given, ſeeing that thereto there hath been found one 


equ 5 to wit, D. 


p R O P. III. 


If given magnitudes AB and BC „ are com- 


funded, that magnitude AC, that is compound- 
ed of them, ſhall be alſo given.” . 1 © 


Demonfir. For ſeeing that AB is given, we 


can find one equal to it, which let be DE. 
Again, ſeeing that BC is given we can alſo 
find one equal to that, which let be EF. 


Wherefore ſeeing that DE is equal to AB, 
and EF is equal to BC, the whole AC (a) is eq 


"SY 


whole DF. Therefore AC is given, ſeeing that DF is 


propoſed equal thereto. | 
P RO P. IV. 


If from a given magnitude AB, there be ta- 
away a given magnitude AC, the remain- 
ing magnitude C3 is alſo given. x 
Demonſir. Foraſmuch as AB is given, we 
can find one equal thereto, which let be DE. 
Again, ſeeing that AC is given, we can alſo 
find one equal to it, which let be DF. Seeing 
then that the Magnitude AB is equal to the 


E 


Magnitude DE, and the Magnitude AC to the Magni- 
tude DF ; the reſt CB (a) ſhall be equal to the reſt FE. 
Wherefore CB is given, for to it there hath been found 


an equal, to wit, FE, 


PROP. 
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a 2. de. 


ual to the a 2. ax. 1. 
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Evciipas DAT A. 


PROP. . 


A D Ale a LEG 
| n 
9 to ST part remaining CB, 

F Let DE be expoſed as a gi 
Magnitude, and ſeeing that the ratio © 
Magnitude AB, to Magnitude AC, is given 
E 5 ene Magrizue AC, e 

to DF; therefore the ratio of the ſame 

— to DF is given. But DE being given, ſo is (5) pr 

part DF; and conſequently, (c) the reſt FE : Therefore 

2 that DE and EE are given, the ratio of the 

to FE is alſo 4 And foraſmuch as 

DE is (e) to DF, as AB is to AC, and by converſion, as 

DE to FE, ſo AB is to CB. But the ratio of DE to 

FE, is given, as hath been demonſtrated ; therefore the 

ratio of AB to CB is alſo given. 


C 


the pars DF and EF are given, 
ven: In like man- 
eln is given. 


PROP. VI. 
A D If tevo Magnitude: AB and BC, having t4 


| one another a given ratio, are „ the 
| Magnitude . of them, ſhall alſo 
B|E bevs a gue ratios each of them A aud BC 
| r. Let the given Magnitude DE be 
propoed, "ol bang at the reaſon of AB to 
wen; let there be made one and the 
ES of the ſaid DE to EF; therefore the ratio 
of the ſame DE to EF is given; and therefore (a) the 
Magnitude DE being given, both the one and the other 
of them DE and FE, is given. Wherefore (5) the whole 
DF ſhall be alſo given. Therefore (c) the raito of the 
ſama DF to each of them DE and EF, ſhall be Po 


V2 EFECOIATY> 


* ww a” 2 r 


„ 


00 era re 
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And foraſmuch-then as AB is to BC, ſo is DE to EF; 
by compounding, (4) as AC is to BC, fo is DF to EF: 
Therefore by converſion, as AC to AB, fo is DF to 
DE. Therefore as the whole DF is to each of the other 
Magni DE and FE, ſo the whole AC is to each of 
the Magnitudes AB and BC. Therefore () the ratio of 
the ſame AC to each of the Magnitudes AB and BC is 
given, 


PROP. vn. 


Fa given Magnitude AB be divided - 6 
us to @ given ratio AC to CB, A——— B 
tach ſegment AC and CB ts given. | | 

D For ſeeing the ratio of AC to CB is given, 
the ratio of (a) AB to each of them (AC and CB) is 
alſo given. But AB is given: Therefore (5) each of the 


ſegments AC and CB is alſo given. 


PROP, VIII. 
Magnitules A and C, which have A D 
fo one .and the ſame a given ratio, B, 
Hall be to one another in a given B F 
ratio A to C. 
Demonſtr. For let the given mag- C E 


nitude D be propoſed, and ſeeing — 
that the ratio of A to B is given, | 
let the ſame be done of the ſaid D to E. Now ſeeing 
that D is given, (a) E is alſo given. Again, ſeeing that 
the ratio of B to C is given, let the ſame be done of 
E to F. But E is given, and therefore F is alſo given. 
But ſeeing that D is given, (6) the ratio of the ſame D 
to F is given; and ſeeing that as A to B, ſo is D to E, 
and as B to C, ſo is E to F; in ratio of equality, (c) 
as A is to C, ſo is D to F; but the ratio of D to F 
is given, Therefore the ratio of A to C is alſo 
given. 


PER OP, 


d 18. 5. 
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b 8. prop. 
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h 6. prop. 


\ 


Evcrinns's DATA, 


{$4601 ok 
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A D If tao" or more magnitudes A, B. 
— — and C, are to one another in a given 
8: 8 ratio, and that the ſame magnitude 

C F D, E, and F, given ratio's, although 
——— — e be not the ſame, thoſe other mag- 
nitudes D, E, and F ſhall be alſo te 


one another in given ratio i. 

Demenftr. Foraſmuch as the ratio of A to B is gi- 
ven, as alſo that of A to D, the ratio of D to B hall 
be given: But the ratio of B to E is alſo given; 
therefore the ratio of the ſame D to E ſhall be in like 
manner given. Again, ſeeing that the ratio of B to 
C is-given, and alſo that of B to E, the ratio of E 
to C ſhall be given. But the ratio of C to F is alſo 
given. Therefore a) the ratio of E to F ſhall be gi- 
ven. But it hath been demonſtrated that the ratio of 
D to E is alſo given; and therefore (5) the ratio of D 
to F ſhall be given. Therefore the magnitudes D, E, 
and F are to one another in given ratio's. 


PROP. X. : 
D B IF a magnituls A B, l, 
—— — fęreater than another mag 
nitude BC. by a given may- 


nitude, and in ratio, the magnitude AC compounded of 
both, ſhall be alſo greater than that the ſame magnitude, 
by a given magnitude, and in ratie ; but if that compouni- 
ed magnitude be greater than the ſame magnitude, by 4 
given magnitude, and in ratio; either the remainger 
/hall be al greater than that ſame, by a given magnitude, 
and in ratio; or elſe the ſame remainder is given with 
the following, to which the other magnitudes hath a given 
ratio. | 
Demonftr. For ſeeing that AB is greater than BC by 
a given magnitude, and in ratio, let the given magny 
tude AD be taken away. Therefore (a the reaſon of 
the remainder DB to BC 1s given; and by compare 
ing, (6) the ratio of DC to BC is alſo given. But the 


magnitude AD is alſo given; therefore AC is greater 
than the ſame BC by a given magnitude, and in _ 
Sal, 


Evetipve's DATA. 
Apain, Let the mag- 5% 0 
wtude AC be greater A — —C 
nan the magnitude BC, | | 
by a "lem magnitude, and in ratio ; I ſay, that the 
rt AB, is either greater than the ſame BC by a given 
magnitude, and in ratio; or that the ſame AB, with 
hat which followeth, to which BC hath a given ratio, 
R | | | 
Feabonch as the magnitude AC is greater than the 
magnitude BC; by a given magnitude, aiid in ratio, 
at of from it the given magnitude: Now the ſame 
men magnitude is either leſs than the magnitude AB, 
a greater: Let it in the firſt place be leſs, and let it 
k AD. Therefore the ratio of the remainder DC to. 
is given. Wherefore by diviſion, the ratio of 
DB to BC is given. But the magnitude AD is alſo 
pren ; therefore the magnitude AB is greater (c) than 
be magnitude BC by a given magnitude, and in ratio; 
Now let the given magnitude be greater than the mag- 
unde AB, and let AE be put equal thereto ; therefore 
{)the ratio of the remainder EC to CB is given; and 
by converſiofi, (e) the ratio of the ſame BC to BE, is 
lo given. But the ſame EB with BA is given, for 
lat the whole AE is given: Therefore there is given 
„ with that which follows BE, to which BC hatk 
inven ratio; 


__w_Ma. cg gT*ﬆ E.G. the 


DD OPS & 


E . rhagnitude AB begreal- BE D BE _ 
ag than a inagnitude BC, by A————- oF 
1 | given magnitude, and in | | | 

, uo, the ſame magnitude AB, Hall be 4065 greater than 
nd te magnitude componhdex of them by a given magnitude, 
is 1 in ratio, and if the ſame magnitude be greater than 
nder two otbert together by à given magnitude; and in ratio, 
15 at ſame magnitude Hall 2 alſo grtater than the reft by 
wit ven magnitude, and iti ratio. 1 xe 
ven Demonſtr. For fecing that the magnitude AB is great- 
af than BC by a given magnitude and in ratio; let 
% ee be taken from it a given magnitude AD: There- 
gn Me (a) the ratio of the reſt DB to DC, is given, and 
n F efore (5) the ratio of DE t6 BD ſhall be alſo given: 
17 4 the fame be done of AD to DE, therefore the ratio 
tt che ſame AD to DE is given. But AD is given, 
” frefore () DE is alfo given, and conſequemly, () th: 

1 R. E. 

ain, 5 


© it. deft 
d 11. def 
e 5. prop: 
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reſt AE, is alſo given. But ſeeing that as AD : DE; 
DC: BD; by permutation, (e) as AD: DC:: DE: N 


DB: Therefore by compounding, (/ as AC : CD: ; 


EB: DB; and by permutation, as AG: EB :: DC: 4 
DB. But the ratio of DC to DB is given: Therefore BE 
alſo is AC to EB, and conſequently that of EB to AC, BI Nox 
But it hath been demonſtrated that AE is given, there, Wi ren, 
fore () AB is greater than AC by a given Magnitude, WW the 
and in ratio. e the 1 

© But now let AB be greater than AC by a given Mag. equa 
nitude, and in ratio: I ſay, that the ſame AB is allo WW BC. 
greater than the reſt BC by a given Magnitude, and in Wi river 
ratio. | kW Mag 

For ſeeing that AB is greater than AC by a given 


Magnitude, and in ratio. Let the given Magnitude 
AB be cut off therefrom : Therefore (i) the ratio of the 
remainder EB to AC is given, and conſequently alſo 
ſhall be given that of AC to EB. Let the ſame be done 
of AD to DE, therefore the ratio of AD to DE is g- 
ven; and by converſion, (4) the ratio of AD to AE ſhall 
be alſo given, and conſequently that of AE to AD. Noy 
AE is given, therefore the whole AD (/) ſhall be all 
given; and ſeeing that as the whole AC is to the whot 
EB, ſo the 4 cut off AD, is to the part cut off EU, 
ſo alſo ſhall be () the remainder DC to the remainde 
DB. But the ratio of AC to EB is given: 'Therelor 
alſo ſhall be given that of DC to DB. Wherefore bf 
diviſion (x) the ratio of BC to DB is given; and con- 
ſequently alſo ſhall be given that of DB to BC, But 
hath been demonſtrated that AD is given: 'Therefore (9 
AB is greater than the ſame BC by a given Magnitude 
and in ratio, f 


PROP, XII. 
B C If there are three magnitu 
A—1-——1—D AB,'BC, and CD; and that e H 


firſt AB, with the fecond BG! 
"wit, AC, be given. And the 12 BC, with third CU 
to wit, BD, be alſo given: Either the pr AB Hall 
equal to the third CD, or the one ſhall be greater than i 
ather by a given Magnitude. | 
Demonſir. Foraſmuch as each of the Magnitudes A0 
and BD are given, the given Magnitudes are either eq 
to one another, or unequal. Let them be firſt equal 
Therefore AC is equal to BD; take away the comme 
Magnus 


EVD DATA. 


Magnitude BC; and there will remain (a) AB, equal 
to CD. But ſuppofe them to be unequal as in this ſe- 
ond figure, and let BD be greater than AC: Let then 
re RE be put equal to AC. 

C, Vo ſeeing that AC is gi- 1 8 E | 
een, BE is alſo given. But A——1—1 l-—D 
de, WY the whole BDis alſo given, 

the reſt ED (3) ſhall be ſ@alſo ; and foraſmuch as BE is 
g. qual to AC, taking away the common Magnitude (c) 

, there will remain AB equal to CE. But ED is 
viven ; Therefore CD is greater than AB by the given 
Magnitude ED: | | 


ven | 

rude 2 

the P R O . XIII. 

alo | 

done 3 8 

s 01-8 If there are three magnitudes AB, H | 
a eb and E, and that the firſt of A I —B 
Novi then AB, bath à given ratio to the F 

: ond CD ; but the ſecond CD is C——1 —D 
w hole than the third E, by a gi- E | 
E magnitude, and in ratio; alſo = — 
under te ff AB, all be greater than a 

reloreite third E, ? a given magnitude, and in ratio. 

re DI Denon fr. For ſeeing that CD is greater than E by a 
d nen Magnitude, and in ratio; let the given Magni- 


hide CF be taken therefrom : Therefore the ratio of 
lit reſt FD to E is given. And foraſmuch as the ratio 
AB to CD is given, let the ſame be done of AH to 
. Therefore the ratio of the ſame AH to CF is 
ren. But CF is given: Therefore (a) AH is alſo given; 
ind ſeeing that as the whole AB is to the whole CD, 
bis the part cut off AH is to the part cut off CF, and fo 
) alſo the reſt HB is to the reſt FD, the ratio of the 


bb alſo given: Therefore (c) the ratio of HZ to F is 
Wen. But it hath been demonſtrated that AH is gi 


men Magnitude, and in ratio. 


R 3 PROP. 


ne HB to FD is alſo given. But the ratio of FD to 


gl- . 
a: Therefore (4) AB is greater than the ſaid E by a 


a 2. propi 


b 19. 5. 
c 8. prop. 
d 11. df: 
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A 1. prop. 


b 12.5. 


C 2. prop. 
d 4. prop. 
E 12. 5. 


111. cf. 
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PROP. XIV. 


B G If two Magnitudes AB 

A l————— E and CD, have to one an- 
D ther a given ratio, and 

C— 1 F. that to each of them there 


be added a given Magpnituds, 

to evit, BE and DF ; either the whole AE and c ſhall 
have to one another a given ratio, or the one ſhall be greater 
than the other by a given Magnitude, and in ratio. 

Demonſir. For ſeeing that each of thoſe Magnitudes 
BE and DF, is given, (a) the ratio of the ſaid BE 
and DF is alſo given; and if that ratio be the ſame 
with that of AB to CD, that of the whole AE to the 
whole CF, (5) ſhall be the ſame ; and therefore the ratio 
of the ſaid AE to CF is given. | 

Now let the ratio of BE to DF be not the ſame 
with that of AB to CD, and let it be as AB to CD, ſo is 
BG te DF. Therefore the ratio of the faid BG to 
DF is given. But the Magnitude DF is given, there- 
fore (c) BG is alſo given; and ſeeing that the whole BE 
is given, (4) the teſt GE ſhall be alſo given. But for- 
aſmuch as AB is to CD, as BG is to DF, (e) ſo alſo is the 
whole AG to the whole CF ; and therefore the ratio of 
the ſaid AG to CF is given : But the Magnitude GE is 
given: Therefore ( the Magnitude AE 1s greater than 
the Magnitude CF by a given Magnitude, and in 
ratio. | 


P'ROP. XV. 
E G If tao Magnitudes AB and 
A——-1--——-1— —B CD, have to one anether a given 
F ratio, and that from each of 
C 1 b then be taken away à giv" 


Magnitude (to wit, from the 
Magnitudt AB the Magnitade AE, and from the May" 
tude CD the Magnitude CF) the remaining Magnitudes EB 
and FD, either ſhall have to one another, a given Tall 
or the one c them ſhall be greater than the other by a git 
Magnitude, and in ratio, 


= 


+ Demonyre 


Evctip?s DAT A. 


Demonſtr. For ſeeing that each Magnitude AE and CF 
s given, the ratio of AE to CF is given; and if it be 
he ſame with that of AB to CD, that of the remainder 
EB to the remainder FD, (a) ſhall be alſe the ſame ; and 
therefore the ratio of the ſaid EB to FD ſhall be alſo 
given. But if it be not the 


lame, let it be as AB to CD, fo 8 0 | 
u AC to CF. Now the ratio of A 1 — 
AB to CD is given, thereſore | F 

alſo that of AG to CF ſhall be C——— D 


given, But CF is given, there- 

fore (5) AG is given. But AE is alſo given, therefore (c) 
the reſt EG is given ; and ſeeing that as AB 1s to CD, 
ſo the part cut off AG is to the part cut off CF, and ſo 
alſo is (4) the reſt GB to the ret FD; the ratio of the 
aid GB to FD is alſo given. Therefore ſeeing that EG 
s given, EB is greater than FD (e) by a given Magnitude, 
and in ratio, 


PROP. XVI 


If two Magnitudes AB and | 

CD, have to one another a given G = 
ratio, and that from one of them, A 1— 1 F 
to wit, CD, there be taken away E 

a given Magnitude DE, and to C 1 —D 
the other AB there be added a | 
given Magnitude BF, the whole AF ſhall be greater than the 
reft CE, by a given Magnitude, and in ratio. 

Demonſtr. For ſeeing that the ratio of AB to CD is 
on, let the ſame be made of BG to DE : Therefore 
a) the ratio of the ſaid BG to DE is given. But DE is 
given, therefore (5) BG is alſo given. But BF is alſo 
given, therefore (c) the whole GF is given. And ſeeing 
tat as AB is to CD, ſo the part cut off BG, is to the part 
cut off DE; and (4) ſo alſo is the remainder AG to the 
remainder CE; the ratio of the ſaid AG to CE is given, 
But GF is given, therefore the Magnitude AF 1s greater 


than the Magnitude CE by by a given Magnitude, and 


m ratio. 


R 3 > ROP. 
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RP OP. XVIL. 
If there are three Maynitud, 2 9" 


F | AB, E, and CD, and that the DI b. 
4222.3 ff AB be greater than the f. naind 
—— E-—— cond E by a given Magnitas, 0 FR 
G and in ratio: And the thid Wolf 

C D CD be 4% greater than th I ven. 
| Same facond E, by a given Max. Wl © alf 
nitude, and in ratio; the firſt AB Hall have to the third of the 
CD, either a given ratio, or elſe the one Hall be greater of the 
than the other by a given Magnitude, and in ratio, ratio 


Demenſtr. For ſeeing that AP is greater than E by x 
iven Magnitude, and in ratio, let the Magnitude AF 
taken away: Therefore the ratio of the remainder 
FB to E is given. Again, Eng that CD is greater than 
given Magnitude, and in ratio, let the 

ven Magnitude CG be cut off therefrom ; and the n. 
tio of the remainder GD to E ſhall be given : Therefore 
(a) the ratio of FB to GD ſhall be al wen. But to If 
the ſaid FB and GD are added the given Magni AB, 
AF and CG : Therefore the whole AB and CD (5) ſhall W/# / 
either have to one another a given ratio, or the one i . 
ſhall be greater than the other by a given Magnitude, Wi i 
and in ratio. 4 — 


PRO P. XVIII. 


B F there are three Magnitude D. 
A 2 | H A , CD, and EF, and that the Ner 
I G one of them, to wit, CD, & ude. 
C——1———l—D greater than either of the other il We! 
| F Ag or EF, by a given Magn: WO 
| K tude, and in ratio; either tht nr 
two, others AB and EF, ſhall have to one another a giv" The 
ratio, or the one ſhall be greater than the ' other by a given ove 
Magnitude, and in ratio. 5 N - e the 
Demonſir. Foraſmuch as the Magnitude CD is greater de 
than the Magnitude AB by a given Magnitude, and in Ne 
ratio, let the given Magnitude LG be taken therefrom: be 
Therefore the ratio the remainder CG to AB 5 MW * < 
given. Let the ſame be made of GD to BH, therefore lo a 
the 1atio of the ſaid DG to BH is given. But DG is e 
given, therefore (2) BH is alſo given. And ſeeing that a5 1 
CG is to AB, ſo is GD to BH, (4) ſo alſo is the whole D 
CD to the whole AH, the ratio of the ſajd CD to AH 1 


ſkall be alſo given. Agar, 


z given Ma 
DI be cut off therefrom : Therefore the ratio of the re- 
mainder CI to EF is given: Let the ſame be made of DI 
to FK. Therefore the ratio of the ſaid DI to FK ſhall 
be alſo given. But DI is given, therefore FK is alſo gi” 
ren, And ſeeing that as CI is to EF, fo is ID to FK; 


EvucLide's DATA. 


Again, ſecing that the ſame CD is greater than EF by 
tude, and in ratio; let the Magnitude 


ſo alſo is the whole (c) CD to the whole EK; the ratio 
of the ſaid CD to FK ſhall be given. But the ratio 
of the ſame CD to AH is alſo given : Therefore (4) the 
ratio of the ſaid AH to EK ſhall be given. And ſeeing 
that from the ſaid AH and EK, the given Magnitudes 
BH and FK are cut off, the Magnitudes AB and EF (e) 
re either in a given ratio to one another, or the one is 
peater than the other by a given Magnitude, and in ratio. 


PROP, XIX. 


If there are three Magnitudes G H 
AB, CD, and E, and that the A 1 
frſl AB be greater than the ſe- 
and CD, by a given Magnitude, C— 
ard in ratio; and that the ſe- 
d CD be greater than the — - 
third E, by a given Magnitude, | 
and in ratio; alſo the firſt Magnitude AB ſhall be greater 
than the third E, by a given Magnitude, and in ratio 
Demonfir. For ſeeing that CD is greater than E by a 
given Magnitude, and in ratio; let the given Magni- 
tude, CF taken therefrom : Therefore the ratio of 
the remainder FD to E is given. Again, ſeeing that AB 
i greater than the ſame CD by a given Magnitude, and 
in ratio: Let the Magnitude AG be taken therefrom : 
Therefore the ratio of the remainder GB to CD is 
given: Let the ſame be made of GH to CF. Therefore 
the ratio of the ſaid GH to CF is given. But CF is 
given: Therefore alſo GH is given, and then AG is alſo 
given, the whole (a) AH ſhall 


by = bay 


be alſo given. But as GB is G H 

to CD, ſo is GH to CF, and A I——1——B 
lo alſo (o the remainder HB to F 

the remainder FD: Therefore C——1! D 
the ratio of the ſaid HB to E 


FD is given. But the ratio of — 

ne ſame FD to E is alſo given: 

Therefore the ratio of HB to E is in 
R 4 
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2 LD prop. 


b 13.3. 


o 1. Fr. 
b 39. 5. 


Evclipys DAT A. 


given, and fo is alſo the Magnitude AE: Wherefore 


e Magnitude AB (c) is greater than E by a given May. 
rude, Ind i rio, R 


OTHERWISE. 


E F Conſtruction. Let there be 

8 ( D, and let AB be greater than 
— — — City a given Magnitude, and 
"my | in ratio; but let C be alſo 


— — greater than D, by a given 

N Magnitude, and in ratio: 
I ſay, that AB js greater than D by a given Magnitude, 
nd in ratio. . ; ' v-+ be: 
" Demonſir. Foraſmuch as AB is greater than C by: 
given 1 and in ratio, let the given Magni. 
tude AE be cut off therefrom : Therefore the ratio of 
the remaindex EB to C is given. But the Magnitude C 
* eater than the Magnitude D by a given agus, 
and in ratio ; therefore (4) EB is greater than D by 
given Magnitude, and in ratio: Wherefore let the gi 
ven Magnitude EF be cut off therefrom ; and the ratio 
of the remainder FB to D ſhall be given. But AF us 
e) given. Therefore AB is greater than D by a given 
Magnitude, and in ratio. 


f 2 Pr ih 


| E G IF there are two given 
A L—L——— Magnitudes, AB and CD, 
1 ==> and that from them thert 
C——! —D are taken 'Magnitudes AE 


and CF, having to one ant- 
ther à given ratio; either the remaining Magnitudes 

and F B. ſhall have to one anothen given ratio's ; or elſe tht 
one ſhall be greater than the other by a given Magnitude, 
ard is ratio. © en ee 

' Demonſtr. For ſeeing that both the Magnitudes AB and 
CD, are given, the ratio of the ſaid AB to CD is (a) alſo 
given; and if it be the ſame as of AE to CF, that of the 
remainder EB to the remainder FD ſhall be (5) alſo the 
ſame ; and therefore the ratio of the ſaid EB to FD ſhall be 
alſo given. But if it be not the ſame, let it be ſo as that 
AE be to CF, as AG to CD. Now the ratio of the 
ſaid AE to CF is given Therefore the ratio of the 10 


EveLl1DEs DAT A. 


AG to CD is given. But CD is given, therefore (e) AG 
js alſo given. But the whole AB is likewiſe given, 


therefore (d) the remainder BG is given. And ſeeing that 


-s AE is to CF, ſo is AG to CD, and alſo the remainder 
EG to the remainder FD, the ratio of the ſaid EG to 
FD is given. But GB is alſo given: Therefore the Mag- 


nitude EB is greater (e) than the Magnitude BD by a gi- 
yen Magnitude, and in ratio. 
PROP. XXL. 
If there are two Magnitudes gi- G B 
ven, AB and CD, and to them are A——-}-——|-——E 
added other Magnitudes BE and 3 
DF, having to one another a given C — 1 F 


ratio; either the whole and 
CF hall have to one another a given ratio, or elſe the one 
Hall he greater than the other by @ given Magnitude, and 


in ratio. | 
| Demonſtr, For ſeeing that both the Magnitudes AB 
and CD are given: their ratio (a) is alſo given, and if 


it be the ſame ratio as of BE to DF, the ratio of the 
whole AE to the whole CF ſhall be alſo given; for it 
ſhall be (2) the fame. But if it be not the ſame, let it 
be as BE is to DF, ſo BG to CD: Therefore the ratio 
of the ſaid BG to CD is given. But CD is given; 


therefore (e) alſo BG ſhall be given. But the whole AB 


is given; therefore alſo the (4) remainder AG ſhall be gi- 
ven. And ſeeing that as BE is to DF, ſo is BG to ©, 
and alſo (e) the ole GE to the whole CF, the ratio of 
the ſaid GE to CF ſhall be likewiſe given, But AG is 5. 


ven; therefore the Magnitude AE is grearer than the 
Magnitude CF by a given Magnitude, and in ratio. 
PROP. XXII, 
B 
If two Maznitudes AB and A — 2 —C 
BC, hawe to fome other Magni- RX - 


tude D, a given ratio, alſo . — 
their compound Magnitude Ac, 
Hall have to the ſame Magnitude D, a given ratio. 
Demonſir. For ſecing that each Magnitude AR and 
hath a given ratio to D, the ratio (a) of AB to 
BC is given; and by compounding, (5) the ratio of AC 
to BC is given. But that of BC to D is alſo given, 


th-refoxe (c) the ratio of the ſaid AC to D ſhall be like- 
E n 


PROP. 


2 I. prof, 


b 12. 5. 
C2. prop. 
d 4. prop. 


e 12. f. : 


a 8. prop. 
b 6. oy: 


C 8. Prop. 


Eci DAT A. 


PROP. XXIII. 


E ä If the whole AB be 10 th 

7 1g c*vhole CD in a given ratio, and 
2 that the parts AE and EB be 1 
C———|-—1—D the parts CF and FD in given 
ratio's, altho" they be not the 


Same, the whole (to wit, AB, AE, and BE,) hall be to the 


hole (to wit, CD, CF, and FD, ) in given ratio's. 
Demonſtr. For ſeeing that AE is to CF in a given ra- 
tio, let the ſame be made of AB to CG; therefore the 
ratio of the ſaid AB to CG is given; and conſequently 
alſo that (a) of the reſt EB to the reſt FG, But the ratio 
of FD to the ſame EB is alſo given: Therefore the ratio 
of FD to FG (“) is likewiſe given, and therefore (c) that 
of FD to the remainder GD is alſo Ger. But the ratio 
of AB to each of the Magnitudes CD and CG is given: 


Therefore (4) alſo the ratio of CD to CG is given, and 
again (e) that of CD to the remainder GD. But the ra- 


tio of FD to DG is given, therefore alſo (/) that of the 


ſame CD to FD, cenſequently that of (g) CD to the 
remainder FC ; and therefore 

E ' alſothe ratio of CF to FD ſhall 
A 1 B be given. But the ratio of EB 
| & - 0 to FD is propoſed to be given; 
C — D therefore the ratio of CF to EB 


ſhall be given. Again, for that 

the ratio of AB to CD is given ; and alſo that of CD 
to each of thoſe FC and FD, the ratio of the ſame AB 
to each of the ſaid FC and (5 FD, ſhall be likewiſe given. 
But the ratio of the ſaid FD to EB is given : Therefore 
the ratio of AB to BE ſhall be alſo given, and conſe- 
uently AB to the remainder (i) AE. Wherefore by divi- 
fon (4) the ratio of AE to EB ſhall be likewiſe given. 
But the ratio of EB to FD is given. Therefore alſo 
that of AE to FD. In like manner, ſeeing that the ra- 


tio of CD to AB is given; and that of AB to each of 


his parts AE and EB; alſo the ratio of the ſaid CD 
to each of the ſaid AE and EB, (/) ſhall be given: Where. 
fore each of the Magnitudes B, CD, AF, EB, CF, and 
FD. is to each of the others in a given ratio. 


PROP. 


Everivrs DAT A. 


PROP. XXIV. 


; If of three right-lines A, B, and A : 
= C, proportional A to B, as B to C, the — — 


% A bath to the third C @ given B E 
% Wl ratio, it will alſo have to the ſecond B — . * 
4 a given ratio. C F 


Demonftr. For, let there be expo- — — 
{ed another right-line D, and ſeeing 
that the ratio of A to C is given; let the ſame be made 
of D to F; therefore the ratio of D to F is given. But 


1 D is given, therefore F is alſo given; betwixt the two 
i cicht-lines D and F, let there be taken (a) a mean propor- 
u Wl tional E. Therefore the rectangle made under B and F 
1 equal (5) to the ſquare of E. But the ſame rectangle of 


D and F is (9) given: (for all the angles of that rectangle 


re given, g right-angles, and the ratio's that the 
2 ides have to one another are alſo given ;) therefore the 
ſquare of E is given, and conſequently the ſame right- 
he ine E is alſo given (for one b- thereto may be found, 
(2) ſeeing that the rectangle of D and F is given.) But D 


b given, therefore (e) the ratio of D to E is given, and 
0 A is to C, ſo D is to F. But as A is to C, (/) ſo is 
the ſquare of A to the rectangle of A and C, and alſo 
4D is to F, ſo is the ſquare of D to the rectangle of 
D and F. Therefore as the ſquare of A is to the rectan- 
hat pc of A and C, ſo is the ſquare of D to the rectangle of 
and F. But the rectangle of A and C is equal to the 

an ware of B, (ſeeing that A, B, and C, are proportional) 
and that of D and F to the ſquare of E, therefore as the 

fore ſquare of A is to the 1 of B, ſo is the ſquare of D 
ne. che ſquare of E: Wherefore (g) as A is to B, ſo is D 
1ivi- E. But the ratio of D to E is given, therefore (5) 

aſo the ratio of A to B is given. 


I PROP, XXV, Plate VII. Fig. 29. 


| CD IF two lines AB and CD, given by poſition do inter ſect, 

* 1 point E in which they cut one another, is given by 
Nit ion. 

and Demonſir. For if it change its place the one or the 

ither of the lines AB and CD, would change its 


net: Therefore (a) the point E is given by poſition. 
PROP. 


poſition : But ſo it is that by Suppoſition it changeth 


a 4. Of. 
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PROP. XXVI. 


A B be extremeties A and B, of a rigbi. 
line AB, are given in poſition, that ſam 
right-line AB is given in pofition and in magnitude. 
Demonſtr. For if the point A remaining in its place, 
the poſition, or the magnitude of the right-line AB ſhall 
change, the point B will fall elſewhere. But ſo it is, 
that by Suppoſition it doth not fall elſewhere. Therefore 
pur right-line AB is given in poſition, and in magni 
tu 


PROP. XXVII. 


A ——ÞB Tf one of the extremes A of a right-line 

» given in 7 and magnitude, bt 
given, the other extremity B all be alſo given. 
 Demonſty. For if the point A remaining in its place, 
the point B ſhall change and fall in ſome other place, 
either the poſition of the right-line AB, or its magnitude 
would change: But ſo it is that according to the Suppo- 
ſition, neither the one nor the other doth change. 
Therefore the point B is given. 


OTHERWISE. 


Conflr, On the center A, (Fig. zo.) with the diſtance 
AB, deſcribe the circumference BC. 

Demonſir. Therefore (a) that circumference BC is 
given by poſition. But the right-line AB is alſo 
given by poſition ; therefore the point (5)B is given. 


PROP. XXVIII Plate VII, Fig. 31. 


If through the given point A, there be drawn a right- 
line DAE, againſt another right-line BC, given in po- 
ſition, the right-line DAE ſo drawn, is given in poſition. 

Demonſir. For if it be not given, the point A re- 
maining in its place, the poſition of the right-line DAE 
may change: Let it then change if it be poſſible, and 
fall elſewhere, remaining parallel to BC, and let it 
the line FAG: T hereſore BC is parallel to the ſaid 10 


FAG: 


FAG. 
There! 


Eci i' DATA. 


FAG. But (a) the fame BC is alſo parallel to DARE: 


Therefore (5) DAE is parallel to the ſaid line FAG, 

which is abſard ; ſeeing they join together, and meet in 

| A: Therefore the poſition of the right-line DAE falls 
Or ot elſewhere. Wherefore the ſaid line DAE is gi- 


fame yen in poſitio Nn. 


lace, PROP. XXIX. Plate VII. Fig. 32. 


t is, If to @ right-line AB, given in poſition, and to a 
fore t C given therein, there be drawn a right-line CD, 


gni- Wl which all make a given angle ACD, the line drawn. 


(D is given in poſition. 


elſewhere. Let it fall elſewhere then if it be poſſible, 
nd let it be CE. Therefore the angle ACD is equal to 
the angle ACE, the greater to the leſſer, which is ab- 
rd Therefore the poſition of the right-line CD, ſhall 
tot fall elſewhere ; and therefore the faid line CD is gi- 
ren in poſition. 


PROP, XXX. Fe. 33. 


If from a given point A, be drawn to a right-line 
BC, given in poſition, a right-line A D, making a 
given angle ADB, that line drawn AD is given in 
poſitron, 


ance Demonftr. For if it be not given, the point A re- 

maining in its place, the poſition of the right-line AD 
Z is Wi changing, the magnitude of the angle ADB, will change. 
alſa Let it change then, and let it be the right-line AE: There- 


fore the angle ADB is equal to the angle AEB, the 
preater (a) to the leſſer, which is abſurd, Therefore 
the poſition of the right-line AD doth not change: 
and therefore the ſaid line AD is given in poſition, 


OTHERWISE. 


Conſir, Through the point A let there be drawn 
the line EAF, parallel to the right- lire BC. 

Demonſr. Then ſeeing that through the given point A, 
and againſt the right · line BC, given in poſition, _ 15 
4 rawn 


Demanfir. For if it be not given in poſition, the point 
C remaining in its place, the poſition of the line CD 
obſerving the Magnitude of the angle ACD, will fall 
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e 29. prop. 


h 32. 1. 


i 29. prop. 


f 28. prop. 


8 26. Prop. 
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drawn the right-line EF, (Fg. 34.) thoſe lines EF and 
BC are parallels. - But on the 122 lines doth alſo fall 
the rightline Aj). Therefore (5) the angle FAD is equal 
to the given angle ADB ; and therefore it is alſo given 
Wheretore to the right-line EF given in poſition, and to 
the given point A therein, there is drawn the right. line 
AD, making the given angle FAD. Therefore (c) the 
faid line AD is given in poſition, 


OTHERWISE. 


Confir. In the line rey + (Fig. 5 85 let there be taken 
the given point C, ſame let there be 
drawn the line CF, . to > ſaid DA. 

© Demonſtr. Foraſmuch as AD and CF are parallels 
and that on them there falls the right-line BCE, the 
angle FCB is e 7 (4) to the given angle ADB ; and 
therefore it 1s ven. And ſeeing that the right. ine 
BC is given in 4 tion, and that to a given point C 
therein, there is drawn the right-line FC, making the 
given angle FCB, that ſame line FC 1 is rk in 
poſition. But through the given point A, oppoſite to 
the line 8 in poſition, there is drawn the line 
AD. Therefore the ſaid line (/) AD is given in 
poſition. 


OTHERWISE. 


Conftr. In the right-line BC (Fig. 36.) aſſume ſome 
point at F, and draw AP. 

Demonſir. Foraſmuch as each point A and F is given, 
the right-line AF is given (g) in poſition. But the — 
BC is alſo given in DN in "Therefore: the 
AFD is given. But b n the angle A 0 
is given: Therefore D ich is the 5 (hb) of 
two right-angles) is given; 2 ſeeing that to the right 
line AF given in poſition, and to the given point therein 
A there is drawn the right-line DA, making the given 
angle DAF, (i) that ſame line DA is given in potion. 


Scholium, 


'* FUCLIDE ſuppoſeth here that two right-lines being 
given in pofition, and inclining to one another, make a 


given angle, which ſome demonfirate after this manner. 


Demon r. 


Evcrlipnrs DAT A. 


Demonſir. Foraſmuch as the two right-lines given in 
and poſition, Incline to one another, the inclination of 
fall Wl thoſe lines is given. But the _ is the inclination 
nal of the lines: Therefore the angle which makes the 
en, WF nght-lines given in poſition, and inclining to one ano- 
a to ther, 3s given. 


Another thus demonſtrates it. 

Conftr.\ Let there be two right-lines inclining to one 
another, as AB and CB, (Hg. 37, 38.) given in poſition, 
and in the line AB let there be taken a given point A, 
and in BC alſo ſome point, as C; and let the right-line 


ken BY AC be drawn. 
be Demonſir. Seeing that as well the point B, as each 

the points A and C is given, (4) the three right-lines 
* AB, BC, and AC, are given in Magnitude. Where- 


fore of three direct lines equal unto them, a triangle 
may be conſtituted : Let there then be made the tri- 
ugle FDE, having the fide FD equal to the fide AB, 
the ſide FE equal to the fide AC, and the baſe DE 
equal to the baſe BC. | 

ing then the' angles compriſed of equal right-lines 
ne equal, we have found the angle FDE equal to the 
aple ABC; and therefore the ſame (/) angle ABC is 


ziven. 


PROP. XXXI. Plate VII. Fig. 39. 


If from a giuen point A there be drawn te a 
11 l. eh pofition BC, a right-line AD, given 
in magnitude, that line AD Hall be alſo given in poſition. 
ſen, Conſir, From the center A, with the diſtance AD, let 
line BY the circle DEF be deſcribed. | 

e Demonſtr. Foraſmuch as the center A is given in poſi- 
DF ton, and the ſemidiameter AD in magnitude, the circle 
)of WI DEF (a) is given in poſition. But the right-line BC is 
gut- Uſo given in poſition : Therefore the point of interſection 
rein D (5) is given, and ſeeing that the point A is alſo given ; 
VER e) the right-line AD is given in poſition. 


P R O P. XXXII. Fig. 40. 


ws If unto parallel right-lines AB and CD, given in poſition, 
emy there be drawn a right-line EF, making the given angles 
te ® BEE and EFD, t 


Want ade. 


ine drawn EF /hall be given in 
n ; Conftr, 


K 26. prop. 


I 1. fe 


a 6. def. 


b 25. prop. 
C 26. prope 


Ee ID E' DATA. 
Conftr. For let there be taken in the line CD a ven 


point G, and from that point let be drawn GH pa. WM. p 
rallel to FE. | bon. 

Demonfir. Foraſmuch as the lines EF and HG are "the 
parallels, and that on them falls the line CD 3 (a) the Mk... 
angle EFD is equal to the angle FCH. But the angle ie... 
EFD is given, therefore the angle FGH is alſo given. A 
And foraſmuch as to the right-line CD given in 1 75 


and to the point G given in the ſame, there is drawn the tall 
right-line GH, making the given angle FGH, (6) the ſaid 
line GH is given in poſition. But AB is alſo given in 
poſition, therefore (c) the point H is given. But the point 
G is alſo given: Therefore (4) the line GH is piven in 


Magnitude, and is (e) equal to EF. Wherefore (/) the bo 
ſaid line is given in Magnitude. 5 15 
PROP. XXXIIL Plate VII. EE A.. ire 


unto parallel right-lines AB and CD. given in pofitim;, HCF 
af he = a — ht-line EF given in = 8 101 
line EF Shall make the given angles BEF and DFE. but to 
Conſtr. For let there be taken in the right-line AB WW give 
the wy G, and through that point let there be drawn 
the line GH parallel to EF. h 
Demonſir. Therefore EF is equal to the ſaid (a) GH. 
But EF s given in Magnitude, therefore GH is alfo 
given in Magnitude. But the point G is given, and - 
therefore if on that point, with the diſtance GH, there r 7 
be deſcribed a circle, (5) that cirele ſhall be given in po- WW!) as 
ſition : Let it be then deſcribed, and let it be HEL, the 
ſaid circle HKL is therefore given in poſition. But the Ie El 
line CD which cuts the circumference KHI, in H, Des 
is alſo given in poſition. Therefore the ſaid point of draw 
interſection H (c) is given. But the point G is given: en 
Therefore 4) the right - line GH is given in poſition, But n, b 


the right-line CD is alſo given in poſition: Therefore allo | 


(e) the angle GHF is given. But to that angle / the ¶ xſectie 
angle EFD is equal; Therefore the angle EFD is given; 
and therefore alſo the angle BEF; for that is only the beref 
reſidue of the ſum of two (g) right-angles. Wt as 


OTHERWISE. | Hand 


Confir. Let there be taken in the right- ne CD, (Fg. 
2.) the point G, and let GD be put equal to EF, then 
m the center G, with the diſtance GD, let there be 


geſcribed the circle HDB, and draw GB. 


- Dem / 93 


Euctivp?!; DAT A. 


In Demonſtr. Foraſmuch as the center G is given in poſi- 
a tion, and tue ſemidiameter GD in Magda, the circle 
BDH (+) is given in poſition. But the line AB is alſo 


re ren in polition : Therefore (i) the point B is given. 
he Fr the point G is alſo given, therefore (/) the right. line 
le WB is given in poſition. But the right-line CD is alſo 


zen in poſition : Therefore (/) the angle BGD is given. 
Wherefore if EF be parallel to BG, the angle EFD (7) 
hall be given, and conſequently alſo the other angle 
REF. But the right-lines BG and EF being not paral- 
lels, let them meet in the point H. Foraſmuch as EB 
x parallel to FG, and EF is equal to GD, that is to ſay, 
BG; alſo FH (x) ſhall be equal to GH (for EH and 
M being cut proportionally (o) by the parallel FG, as 
EF is to FH, ſo is BG to GH, and by permutation, as 
IF is to BG, ſo is FH to GH:) Therefore (p) the angle 
fFG is equal to the angle HGF, but the ſaid angle 
HF is given (for it is equal (2) to the given angle 
6 D:) Therefore the angle HF G is alſo given. 
hut to that angle the angle BEF is equal ; and therefore 


AB WH given, as alſo the remaining angle EFG. 

SD | 

ry PROP. XXXIV. Plate VII. Fig. 43. 

GH. 

alſo F from à given point E, there be drawn. unto parallel 
and g -Iines ab and CD, given in poſition, a rieht-line EFG, 
there r ri ght-line EFG all be divided in a given ratio (to 


ut) as EF to FG. 
Contr. For from the point E let there be drawn the 


t the Wie EH, perpendicular to the line CD. 
H, Demonſtr. Foraſmuch as from the given point E there 
int of WW drawn to the line CD the right-line EH, making the 
ven : en angle EHG, (a) the ſaid line EH is given in poſi- 
But en, but both the one and the other lines AB and CD 
refore Ao given in poſition. Therefore (5) the points of in- 
f) the {W=!cftion K and H, are given. But the point E is alſo 
ven zen: Therefore (c) each line EK and KH is given. 
ly the dere fore (4) the ratio of the ſaid EK to KH is given. 


ut as EK is to KH, ſo is EF to FG ; (for in the tri- 


Hand EG are cut proportionally :) Therefore the ratio 
the ſaid EF to FG is given, 


— 
. 


ere be 8 OTHERWISE 


vie GEH the line KF being parallel to HG, the fides 


273 


h 6. def. 


1 25. prop. 
k 26. Prop. 


274 EucLtipe's DAT A. 


OTHERWISE. Plate VII. Fig. 44 45, 

| ; 3 K is 
Confir. To the parallel right-lines given in poſition, 

AB and CD, let there be x ache from the point E the orb 


right-line FEG: I ſay, that the ratio of GE to EF is given. er 
Demonftr. For from the point E let there be 45 
to CD the perpendicular EH, and produced to the point 
K; ſeeing therefore that from the point E to the right 
line CD, given in poſition, there is drawn the line EH If 
a 30. prop. making the given angle EHG, a) the ſaid line EH il lre 1 
given in poſition. But each line AB and CD. is ald aiie2 
b 25. prop. * in poſition : Therefore (5) each point of interſecioſ¶ ratio, 
and K is given, But the point E is al ſo given, there 4B, 
c 26. prop. fore (c) each of the lines EH and IK is given in Magni he ! 
d 1. prop. tude; and therefore 735 ratio of the ſaid EH to E Pre 
e 4. 6. is given. But (e) as EH is to FK ſo is EG to EF (fo Co 
the oppoſite angles at the point E being equal, de 1 
the lines AB and CD parallels, the triangles EHG an jrolo 
EKF are equiangled ; and therefore as EH is to E De 
ſo is EK to EF; and by permutation as EH to EK, s dr. 
is FG to EF.) Therefore the ratio of the ſaid lines LN nohe- 


to EF is given. ine 
̃ | poſit 

1 tat 

PROP. XXXV. Fig. 45. | but fe 

that ( 


If from a given point A, to a right-line BC, given (beca\ 
poſition, there be drawn a right-line AD, which let be de ra 
wided in E, in a given ratio (to wit) as AE to ED, au Ma 
that by the point of ſection E there be drawn a right-1 But it 
FEG, oppoſite to the right-line BC, given in poſition, There 


line FG fo drawn ſhall be given in poſition. by the 
Conftr. For from the point A, let there be drawn t oppoſi 
line AH, perpendicular to the line BC. ud 1 


Demonſir. For ſeeing that from the given point 

there is drawn to BC given in poſition, the right-l 

a 30. prop, AH making the given angle AHD, (a) the ſaid line A 

is given in poſition. But BC is alſo given in poſitio 

b 25. prop. Therefore 6 the point H is given. But the point A 

C 20. Prop. alfo given: Therefore (c) the line AH is given in ma 

d 2. 6. nitude and in poſition. And ſeeing that (4) as AE 

to ED, ſo is AK to KH, and that the ratio of AE 

P ED is given, _ 2 ce of qr” * 7 pag — gu ite 7 
e 6. prop. and by compounding, (e) the ratio o to AK is give 

f 2, 24 But AH is given in Magnitude : Therefore . 71 i 


Evctivdes DAT A. 


AK is given in Magnitude. But AK is alſo given in po- 
ſition, and the point A is given: Therefore (g) the point 
K is alſo given, and ſeeing that by the ſaid given point K 
there is drawn the line FG, oppoſite to the right-line BC 
gen in poſition ; the ſaid line FG () is given in poſition. 


P R O P. XXXVI. Plate VII. Fig. 46. 


If from a' given point A, there be dratun to à right- 
line given in poſition, a right-line AD, and to it be 
alded a right-line AE, having to the ſame AD a given 
ratio, and that through the extremity E of the added line 
AB, there be drawn a right-line FEK, oppoſite to the 


hne BC, given in poſition, that ſame line FEK Hall be 


given in poſition. 6 

Conflr. For from the point A let there be drawn to 
de line BC, the perpendicular AL, and let it be 
prolonged to the point G. | 4 Die 

Demonfir. Foraſmuch as from the given point A, there 
s drawn to the right-line BC, given in poſition, the 
npht-ling'GL,which makes the given angle GL, (a) that 
ine GL is given in poſition. But BC is alſo. given in 
ſition, therefore (5) the point L is given; and ſeeing 
nat the point A is alſo given, the line (c) AL is given. 
but foraſmuch as the ratio of AE to AD, is given, and 
that (4). as the ſaid AE is to AD, fo is AG to AL; 
(becauſe the triangles ALD and AGE are equiangled) 
be ratio of AG to AL is alſo given, But AL is given 
n Magnitude : Therefore (e) AG is given in Magnitude. 
but it is alſo given in poſition, and the point A is given: 
Therefore ( 5 the point G is alſo given. And ſeeing that 
ly the ſame given point G there is drawn the line FK, 
'ppoſite to the right-line BC, given in poſition, (g the 
ad line FK is given in poſition, 


PROP. XXXVIL Fig. 47. 


If unto parallel right-lines AB and CD, giver in 
ſition, AN. drawn à right-line EF, divided in = 
fant G, in @ given ratio, (to wit,) of EG to. GF > and 
f. through the point of ſoftian G, there be drawn op- 
hte to the right-lines." AB or CD; given in poſitions 
 right- line HG K, that" line all be given in poſition, 


| Conſtr. 


8 2 
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g 27. Prop. 


h 28. prop. 


a 30. pcp. 


b 26. prop. 
C 26. prop. 


d 4. 6. 


e 2. prop. 


75 prope 
g 28. prop. 


Everrpes DATA.” 


Conſtr. For let there be taken in the line AB the gi. 
ven _ L, and from that point let there be drayn 
the line LN, perpendicular to CD. | 

Demon/ir. Seeing that from the given point L, there is 
drawn to the right-line CO, the fine LN, making the 
op angle LN, the ſaid LN (a) is given in poſition, 

ut CD is alſo given in poſition: Therefore the point 
N (4) is given. But the point L is alſo given: Therefore 
(e) the line LN is given; and ſeeing that the ratio of FG 
to GE is given, and that“ as FG is to GE, ſo is NM to 
to ML, the ratio of the ſaid NM to ML is given ; and 
by compounding, (4) the ratio of LN to LM is alſo 

iven. But LN is given in Magnitude ; therefore ML 
is (e) given in Magnitude. But it is alſo given in poſi- 
tion, and the point L is given; Therefore the point M 
J is alſo given. And conſidering that through the ſaid 
point M there is drawn the right-line KH, oppoſite to 
the N CD, given in poſition, the ſaid line KH 
is alſo given in poſition. SR 

| x: Scholium, (10s 

* FUCLIDE fuppoſeth here, that as FG is to GE, . 
is to ML; but by another it is thus demonſtrated. — 

The lines EF and LN are parallels or not parallels: Let 
them in ibe firſt place be parallels, and foraſmuch as by 
— the lines EL, FN; EF, and LN, are parallels, 
EN Hall be a parallelgram, and therefore the fide BF is 
equal to th fde LN: Again, ſeeing that MG is parallel to 
NF, and GF to MN, GN all be al/o a parallelogram';' and 
therefore the fide GF is equal to the fide MN. Whersfore the 
equal fides EF and LN, ſhall have to the equal fides E G 
and MN, (g) one and the ſame ratio. Therefore as EF is 
to FG, ſo is UN to MN; and by dividing, (h) as GE to 
GF, 2 is LM to MN. 4 e 

Now ſuppoſe that the lines EF and LN (Fig. 48.) are 
not parallels, but that they meet in the point O. Foraſ- 
much as in the triangle OFEN there is Troup HK, pa- 
rallel to FN one of the fides ; (i) the fides OF and ON 
are divided Jrogartionaly ; and therefore as FG is to GO, 
/o is NM to MO. Again, ſeeing that in the " triangle 
OGM. there is drawn EL, parallel to the fide GM, the 
fides OG and OM are divided proportionally : Whert- 
fore (k) ar OE is to EG, fo is OL % LM, and by 
compounding, (I) as. OG ir to EG, ſo is OM e LM; 
bat it hai been demonſtrated that a FG 'is to GO, /o 
is NM to MO ; therefore in ratio of equality, (m) as FG 

is te GE, % is NM te ML. | PROP. 


EvcLrlipres DAT A. 


PROP. XXXVIIL Plate VII. Fig 49. 


If unto parallel right-lines AB and CD, there be drawn 
2 right-limz: EF, and that to it there be added ſome other 
right-line EG, which hath a given ratio to the ſame EF; 
and if through the extremity G of the added line EG, there be 


5 drawn a right-line HK, againſt the parallels given in poſi- 
G tion AB and CD, the line drawn HK Shall be alſo given 
1 in poſition. : FATTY 

0 Conſtr. For let there be taken in the line AB, the 
T given point N, and from thence let there be drawn to 
6 CD * perpendicular NM, and let it be prolonged to the 

int L. | 

S 2 Foraſmuch as from the given point N there 

s drawn to the right-line CD, given in poſition, the 
— night line NM * a given angle NMF, the ſaid 


angle NMF (a) is given in poſition, But the line CD 
is alſo given in poſition : Therefore (5) the point M is 
given. But the point N is alſo given: Therefore (c) the 
line NM is given, and therefore the ratio of EG to EF 
s given; and becauſe (4) as EG to EF, ſo is LN to MN, 
the ratio of LN to NM is alſo given: But NM is given, 
therefore LN is (e) alſo given. But the point N is 
given: Therefore (/) the point L is alſo given. Seeing 
then that by the given point L there is drawn the right- 
line HK, oppoſite to the line AB given in pofition, (g) 
= fp? the ſaid line AK is alſo. given in poſition. 


PROP. XXXIX. Fig. 50. 


If all the fides of a triangle ABC are given in magnitude, 
the triangle is given in kind. a $9 
Conflr, For, let there be expoſed the right-line DG 
given in poſition, ending in the point D; but being in- 
inite towards the other part G, and therein let be taken 
DE, equal to AB. 
Demonſtr. Now ſeeing the ſaid AB is given in magni- 
tude, DE is ſo alſo ; but the ſame DE is alſo given in 
polition, and the point D is given: Therefore (a) the 
point E is given. beck tied | 
Again, Lo EF be put equal to BC; and ſeeing that 
bC 1s ir in magnitude, EE ſhall be ſo alſo. But the 
aid EP is in like manner given in poſition, and the 
point E is given: Therefore (6) the point F is given. 
Furthermore, Let FG be taken equal to AC. Now 
Qraſmuch as the ſaid AC r given in magnitude, FG is 
| | 3 ſo 


a 30. prop. 
b 25. prop. 
C 26. prop. 
d /ch. 37. 
Prop. 

e 2. prop. 
f 27. prop. 


g 28. prop. 


a 27. prop. 


b 27. prop 
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c 6. def. 
d 6. def. 


e 25. prop. 
f 26, prop. 


g 1. Prop. 


h eb. 30. 
Prop. 


115. def. 


AC is alſo given in kind. 


but the antient Interpreters demonſtrated it in a names 


nitude, the triang 


BAC is equal to the third angle DFE. 


Everives DAT A. 


ſo alſo. But FG is alſo given in poſition, and the point 
F is given : Therefore the point G 1s alſo given. Noy 
from the center E, with the diſtance ED, let there be de. 
ſcribed the circle DHK, (c) and that circle ſhall be give 
in poſition. Again, on the center F, and diſtance FG, 
let there be deſcribed the circle GLK. Therefore (4 the 
ſaid circle GLK is given in poſition ; and therefore (e) the 
point of Interſection K is given. But each of the point 
E and F is given: Therefore each line (//) EK, EF, and 
FK, is given in poſition and magnitude. Therefore the 
triangle FK is given * in kind; but it is equal ant 
alike to the triangle ABC; and therefore the triangk 


Scholium. 


_* EUCLIDE fuppoſeth here, that a triangle whoſe ſun 
are given in magnitude and poſition, is given in kind; 


thus. Foraſmuch as the right-lines KE and EF are gi. 
ven, (g) the ratio which they have to one another is aj 
given. Alſo the right-lines EF and FK being giv", 
their ratio is \alſo given ; and in like manner, the rati 
of the ſaid EK and FK is given. Again, ſeeing that 
the ſame lines KE and EF are given in poſition, (l) 
the angle KEF #s given in magnitude: Moreover, the 
right-lines EF and FK being given in poſition, the at- 
e EFK i, given in magnitudi, as is alſo the refudut 
EKF „ and ſo in the triangle EKF are all the angle: 
given, and alſo the ratios of the fides : Therefore (i) tht 
ſaid triangles EKF is given in kind. | | 


PROP. XL. Plate VII. Fig. 37,38 


If the angles 7 a triangle ABC, are given in nag- 
is given in Rind. 
Canfir. Let there be expoſed the right-line DE, * 
ven in poſition and in magnitude; and let there 

conſtitued at the point D the angle EDF, equal to 
the angle CBA, and at the point E the angle DEF, 
equal to. the angle BCA ; therefore the third angle 


Denon. 


Eber ions DAT M2. 


Demonſtr. For each of the angles conſtituted in the 
points A, B, and C, is given : Therefore each of thoſe 
which are poſited in the points D, E, and E, is alſo given; 
and ſeeing that to the right-line DE given in poſition, 
and to the point D given therein, there is drawn the 
right-line DF, which makes the given angle EDF, (a) 
the line DF is given in poſition ; and for the ſame reaſon 
the line EF is given in poſition : Therefore (C) the point 
F is given in poſition, But each of the points D and 
E is given : Therefore (c) each of the lines DF, DE, and 
FF is given in magnitude. Wherefore the triangle 
DFE is given in kind; and is alike to the triangle ABC : 
Therefore the triangle ABC 1s given in kind. 


PROP. XLI. Plate VII. Fig. 37, 38. 


IF a triangle ABC, hath one angle BAC gie, and that 
the tæo fades BA and AC, which conſiitute it, have te 
ne another a given ratio, the triangle is given in kind. 

Corifir. For, let there be expoſed the right-line DF gi- 
ren in magnitude and poſition. And thereon, and at the 
given point F, let there be conſtitued the angle DFE 
equal to the angle BAC. 

Demonſir. Now the angle BAC is given: Therefore 
alſo the angle DFE is given, and ſeeing that to the 
right-line DF given in poſition, and from the given 
point F therein is drawn a right-line FE, _—_— the 
given angle DFE, (a) the ſaid line FE is given in poſition. 
But ſeeing that the ratio of AB to AC is given, let the 
ſame be made of DPF to FE, then let DE be drawn. 
Therefore the ratio of DF to FE is given. But DF is 
giren: Therefore (5) FE is given in magnitude, But 
the ſame FE is alſo given in poſition, and the point F 
is given. Therefore (c) the point E is alſo given. But 
1 of the points D and F is given: Therefore (4) 
each of the right-lines DF, FE, and D E is given 
in poſition and magnitude. Wherefore (e) the triangle 
DEF is given in kind. And ſeeing that the two triangles 
ABC and DEF have an angle equal to an angle, that is 
to ſay, the angle BAC e i to the angle DFE, and the 


des which conſtitute thoſe equal angles, proportional 3 


(f) the triangle ABC is alike to the triangle DEF. But 
the triangle DEF is given in kind : Therefore the trian- 
gle ABC is given in kind. 
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a 29. prop. 


b 25. prop. 
C 26. Prop. 


a 29. Prop. 


* 


b 2. prop. 


C 27. prop. 
d 26. prop, 


e 39. Pop. 


f 6. 6. 
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a 3. prop, 


b 2. prop, 


© 39 ep. 


a 6, 4 


b 2, prep. 
C 19. 1. 


d 14. 5. 


and let E 


Evciipes DATA, 
PROP, XIII. Plate VIII. Fig. 1, 2. 


If the fides of a triangle ABC, are to thoſe of another in 
given ratio's, the triangle ABC is given in kind. 

Conftr. For, let there be pai N the right-line D, gi 
ven in magnitude, and ſeeing that the ratio of BC to 
AC is given, let the ſame be made of D to E. | 

Demonſtr. Now D is given, therefore (a) E is alſo 
given. Again, ſeeing that the ratio of AC to AB is 
given, let the ſame yan 1 of E to F. Now E is 
fiven, therefore (5) F is alſo given. Now of three right- 
ines, equal to the three given right-lines D, E, bs F, 
(and of which three lines, two of them, in what man- 
ner ſoever they be taken, are greater than the other,) 
let there be conſtituted the triangle GHK, in ſuch ſort 
as D may be equal to HK; but E is equal to KG, and 
GH, equal to F ; therefore each of the ſaid lines HK, KG 
and GH, is given in magnitude: Wheretore (c) the trian- 

le HG K is given in kind, And ſeeing that as BC is to 
Ca, ſo is D to E, and that D is equal to HK, and E 
to KG, as BC is to CA, ſo HK is to KG. Again, 
ſeeing that as CA is to AB, ſo is E to P, and that E 
is equal to KG, and F to GH; as CA is to AB, ſo is 
KG to GH, But it hath been demonſtrated, that as 
BC is to CA, ſo is HK to KG: Therefore in ratio of 
equality, as BC is to AB, ſo is HK to GH. There- 
fore (4) the triangle ABC is alſo given in kind. 


PROP. XLII. Eg. 3 


If the fides BC and BA, about one of the acute angles of 
a redtangled triangle ABC, have to one another à given 
ratio, that triangle is given in kind, 
Conſir. Let there be expoſed the right-line DE given 
in magnitude and poſition, and on it let there be de- 
ſcribed the ſemicircle DGE: Therefore (a) the ſemicircle 
DGE is given in poſition. | 
Demonſtr, For the line DE being given, and divided 
in two equal parts, the center of the Nad circle is given 
in poſition, and the ſemidiameter in magnitude. And 
foraſmuch as the ratio of BC to BA is given, let the 
ſame be made of DE to F : Therefore the ratio of DE 
to F is given. But DE is given, therefore F (6) is alſo 
given. Now BC is greater than (c) AB ; Therefore ED 
1s (4) alſo V than F. Let DG be fitted equal to F, 
be drawn; then on the center D, with the 
71 diſtance 


Eu OGL ID 'r DAT 4. 


diſtance DG, let the circle GK be deſcribed. Now 
that circle (e) is given in poſition, ſeeing that the center 
D is given, and the ſemidiameter DG is alſo given in 
magnitude. But the ſemicircle DGE is alſo given in 
poſition. : Therefore (/ the point of interſection G is 
5 But the Jones D and E are alſo given, there- 
ore (g) each of the right-lines DE, DG, and EG is 
given in poſition and magnitude. Wherefore (5) the 
triangle DGE is given in kind. And ſeeing that the 
triangles ABC and DGE have an angle equal to an 7 
to wit, the right angle BAC to the right-angle (i) DGE, 
and the fades about the angles CBA and EDG proporti- 
onal, But each of the others AC B and DEG are leſs than 
a right-angle : Therefore thoſe triangles ABC and DEG 
(4) are alike. But the triangle DGE is given in kind: 
Therefore the triangle ABC is alſo given in kind. 


PROP. XLIV. Plate VIII. Fig. 4. 


IF a triangle ABC, hath one angle B given, and that the 
fides BA and AC, about another angle BAC, have to one 
another a given ratio, the triangle ABC is given in kind. 

Conſir. Now the given angle B is either acute or ob- 
tuſe, (for it was a right-angle in the foregoing propoſi- 
tion.) Let it be in the firſt place acute, and from the 
point A let AD be drawn perpendicular to BC. 

Demonfir. Therefore the angle ADB is given: But the 
angle B is alſo given; and therefore the third angle 
BAD is given: Wherefore (a) the triangle ABD is given 
in kind; and therefore (5) the ratio of BA to AD is given. 
But the ratio of the ſame BA to AC is alſo given: 
Therefore (c) the ratio of AD to AC is given, and the 
angle ADC is a right-angle : Wherefore the triangle (4) 
ACD is given in kind: Therefore (e) the . C is given. 


But the angle B is alſo given; and therefore the other 


angle BAC is given: Therefore (/) the triangle ABC is 
given in kind. 

Conftr. Now let the angle ABC be obtuſe, and on the 
8 prolonged, let there be drawn the perpendicular 


D 
7. Foraſmuch as the angle ABC (Fig. 5.) is 
ven, the angle ABD, which follows it, ſhall be given. 
ut the angle ADB is alſo given : Therefore the third 
angle DAB is given. Wherefore (g) the triangle ABD 
4 in kind; and therefore () the ratio of DA to 
is given. But the ratio of AB to AC is alſo 

| tzwen 5 
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d 43. prop 
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f 40. prop; 
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a 7. prop. 


b 3. 6. 
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d 44. prope 


e 40. prop. 


f 32. 1. 
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given: Therefore (i) the ratio of DA to AC is given, 
and the angle D is a right-angle. Therefore the triangle 
DAC is yen in Kind, and therefore the angle ACB i; 

ven, But the angle ABC is wal tor : Therefore the 
third angle BAC is given. Wheretore the triangle ABC 
is given in kind. 


PROP. XLV. Plate VIII. Hg. 4. 


Fa triangle ABC hath one angle BAC given, and that 
the line compounded of the two jides AB and AC, about 
the faid given angle BAC, hath to the other fide BC 4 
given ratio, the triangle ABC 7s given in kind. 

Conftr. For, let the angle BAC be divided into two 
equal parts by the line AD, therefore (a) the angle 
CAD is given. 

Demonſtr. Seeing that as AB is to AC, ſo (5) is BD to 
CD; by compounding, (c) as the line compounded of 
CAB is to CA, ſo is BC to CD, and by permutation, 
as the line compounded of CAB is to CB, fo is CA to 
CD. But the ratio of the line compounded of CAB to 
BC, is given; therefore the ratio of CA to CD is alſo 
given, and the angle CAD is given. Therefore (4) the 
triangle ACD is given in kind, and therefore the angle 
C is given. But the angle BAC is alſo given“ There- 
fore he third angle B is given : Wherefore (e) the triangle 
ABC is given in kind. 


OTHERWISE. Fig. 6. 


Confir. Let BA be prolonged directly unto the pou 
D. ſo that AD may be equal to AC, and let CD be 
joined, X e 
A Demonfir. Foraſmuch as the ratio of the line. com. 
pounded of CAB to CB is given, and that AD is equal 
to AC, the ratio of the whole line BD to BC 1s given. 
But the angle ADC is alſo given, for it is the half of the 
iven angle BAC (for the ſaid angle RAC (J) is equal to 
* two internal angles ACD and ADC, which are (g 


equal to one another, becauſe the ſides AC and AD are Nes 
equal:) Wherefore the triangle BDC (5) is given in kind v 
and therefore the angle B is given. But the angle BAC Con, 
alſd given. Therefote the remaining angle Ach is gran 


ven : Wherefore (i) the triangle ABC is given in kind. 
. p R O P. 


.- 
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If a triangle ABC hath one angle B given, and that 
the 12 CAB compounded F4 the — fide AC and AB 
about another angle BAC hath to the other fide BC 4 
given ratio, * triangle * is given in hind. 
Conſir. For let the ang e BAC be divided into 
two eqaal parts, by the hne AD. 
Demonſtr. Therefore (as hath been ſhewn in the fore- 
poin propoſition) the compound line CAB is to CB, 
ab is to BD. But the ratio of the ſaid compound 
* CAB to CB is given: Therefore alſo the ratio of 
AB to BD is given. But the angle B is alſo given: 
Therefore the triangle ABD (a). is given in kind ; and 
therefore (6) the angle BAD is given. But the angle 
BAC is double to that of BAD ; and therefore it * alſo 
given. Therefore the third angle C is — Where- 


on, 


to bre the triangle ABC is given in kin 

to 

wy OTHERWIS 
the | E. Fig. 6. 


gle 
cre- 


ngle 


Let BA be prolonged directiy, and let AD be 
put n to AC, * let CD be joined. 

Demonſtr. F oraſmuch as the ratio of the line com- 
pounded of CAB to CB is given, and that AD is 
equal to AC, the ratio of BD to BC is given; and 
the angle B is alſo given: Therefore the triangle 
5 CDB (5 is given in kind; and therefore (4) the angle 
bel Dis given: Therefore the angle BAC which is double 

tw BDC, is alſo given: Wherefore the other angle 


ACB is given ; and therefore the triangle ABC is given 


com- 
equ 11 In kind. 


given. 


of the PROP. XLVII. Ez. 7: 


Reckiline garen. AB, CDE, given in kind, are divi- 
vided into triangles in kind, 


given 
Corfir. For let the right-lines E B and EC be 
Wu. 


Demonſtr. 


c 41. prop. 
d 3 def. 
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Demonſtr. Foraſmuch as the rectiline figure ABCDF 
is given in kind, the angle (a) BAE is given, and the 
ratio of the fide AB to AE is alſo given: Therefore 
(+) the triangle BAE is given in Find, Wherefore 
the angle ABE, is given. But the whole angle ABC 
is alſo given: Therefore (c) the remaini 9 EBC is 

iven. But the ratio of the fide ab to the fide 

E, and alſo that of AB to BC is given: There- 
fore (4) the ratio of BC to BE is given, and the 
angle CBE is alſo given: Therefore (e) the 5 
BCE 


is given in kind. By the ſame way it may 
demonſtrated that the triangle CDE is given in kind; 
Therefore rectiline figures given in kind divide th 


ſelves into triangles given in kind. 


- 


PROP, XLVIII. Plate VIII. Fig. 8. 


If on one and the ſame right-line AB, are deſcribed 
triangles, as ACB and ABD, given in kind, thoſe tri- 
angles ſhall have to one another à given ratio, as ACB 
to ABD. | 

Conftr. For from the points A and B, let there be 
drawn at right-angles on the line AB, the lines AE and 
BG, and prolonged unto the points F and H ; through 
the points C and D, let there be drawn the lines 
ECG and FDH, parallel to AB. | 

Demonſftr. Foraſmuch then as the triangle ABC. is 
given in kind, (a)] the ratio of CA to HA is given, 
and the angle CAB is alſo given; but the angle BAE 
is given: Therefore the remaining angle cab is alſo 

iven; but the angle CAE is given; and therefore 

e other 5 5 ACE is alſo given. Wherefore (6) 
the triangle AEC is given in kind. Now the ratio 
of EA to AB (c) is given; (for (4) the ratio of EA 
to AC, and that of AC to AB is given ;) and inlike 
manner, the ratio of FA to AB is given. Therefore 
(e) the ratio of EA to AF is given; but as AE is 
to AP, ſo is ( N parallelogram AH to the paralle- 
Ii AG ; but ACB is /g) the half of AH, and 
ADB the half of AG ; therefore the ratio of the 
triangle ACB to the triangle of ADB is given; for 
it is the ſame ratio with that of AH to AG (); 
that is to ſay, of EA to AF, which is given. | 


PROP 
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PROP. XLIX. Plate VIII. Fig. g. 


ſcribed any two refiline figures AECFD and ADB, 
riven in kind, they ſhall baue to one another a given 
ratio: (to wit) AECFB to ADB. 


Conftr, For let the lines FA and Fk be drawn: 


ECF is given in kind. 

Demonſt 
ine EF there are deſcribed the triangles ECF and EA, 
nven in kind; the ratio of ECE to EAF (3) is given. 
Therefore by compounding, (e) the ratio of AECPF to 


L & F o . Tv. 


re (e) the ratio of A ECF to FAB is given. Where- 


bib 6 is given: Therefore (5) the ratio of AECFD 
OB WAB | 1 0 given. | | 


PROP. L. Fig. 10. 


If two right-lines AB and CD, have to one another a 
ven ratio, and that on thoſe lines there be deſcribed recti- 
lne figures AEB and CFD, alike, and alike poſited, 
> is WI” will have to one another a given ratio. 
ven, Demonſir. To the two lines AB and CD, let there 
BAR taken a third proportional G. Therefore as AB is to 
D, ſo is CD to G. But the ratio of AB to CD is gi- 


fore WI": Therefore the ratio of CD to Geis alſo given; 
e berefore (a) che ratio of AB to G is given. But (b) as 
ratio s is to G, ſo is AEB to CFD: Therefore the ratio of 


& ſame AEB to CFD is given. 
PROP.. LI. Fig. 11, 12. 
V two right-lines AB and CD have to one another 4 


one 


UD.) 


I Confr. 


If on one and the ſame right-line AB, there are de- 


Therefore each of the triangles (a) ABF, AFE, and 


. Seeing that on one and the ſame right- | 


A is given. But the ratio of the ſaid EAF to FAB is 
b. becauſe they are triangles given in kind, de- 
crbed on one and the ſame right-line AF: There- 


ire by. compounding, (/) the ratio of AECEB to 
TAB is given. But the ratio of the ſame FAB to 


b cor. 19. 


en ratio, and that upon them there be deſcribed any recti- 
figures AEB and CFD, given in kind, they will have 
another a given ratio, (to wit, that of AEB to- 


a 8. prop. 


20. 6. 


b 50. prop. 
& 8. prop. 


' ſcribed the two rectiline figures DAE and BD, given in 
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Confir. For on AB let the rectangled fi 
deſcribed alike, and alike poſited to DF. 

Demomſtr. Now DF is given in kind: Therefore alſo 
AH is given in kind. But AEB is alſo given in kind, 
and deſcribed on the ſame line AB: I herefore (a) the 
ratio of AEB to AH is given : And ſeeing that the ra- 
tio of AB to CD is given, and that on thoſe lines are de- 
ſcribed the reQiline figures AH and DF alike, and alike 
pane the ratio () of the ſaid line AH to DF is given. 

the ratio of ARB to AH is alſo given: Therefore the 
ratio (c) of AEB to DF is given. | 


PROP. LII. Plate VIII. Fig. 7 


IF on a right-line BE, given in magnitude, there be di- 
ſcribed a figure BAE, given in kind, that figure BME is 
given in magnitude. 

Cops: For on the ſame line BE let the ſquare BD be 
e. 


deſcri Therefore BD is given in kind * and in 


magnitud 
Demonftr. S 


eeing that on the right-line BE, are de- 


kind, (a) the ratio of BAE to BD is given: Therefore (6) 
BAE is given in magnitude. 


Scholium. 


De antient interpreter hath noted here that every 
fqzare is given in kind; for that all the angles thereef are 
given; being all equal and right angle : But alſo the ratio's 
of the ſides are given; for thoſe fides being all equal, their ra- 
tio's are alſo equal. over, whenſaever a ſquare is exp- 
ſed, a ſquare equal thereto may be exhibited ; a therefare the 
fquare is given in magnitude, as alfa each fide thereefe 


PROP. LIIL Eg. 13, 14. 


there are two figures AD a2 EH, given ia hind, and 
1 one fide BD Wired bath to a 7 H of the other, 
a, given ratio ;. the other fides ſhall baus alle ta the other [des 
given ratio's, 


= 


| Demanfir. 


AH be 


_— 
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Demonſir. For ſeeing that the ratio of BD to FH is 15 
ven, and alſo that af of BD to BA, (5) the ratio of the 
ſaid AB to FH is given. But the ratio of the ſame FH 
to EF (c) is alſo given: Therefore (4) the ratio of AB 
to EF 1s given. in like manner alſo the ratio's of the 
other ſides to the other ſides are given 


PROP. LIV. Plate VIII. Fig. 15, 16. 


\ 


If two figures A and B given in kind, have to one another 


a given ratio, alſo their ſides ſhall be to one another in a given 


ratio 


Conſir. For either the figure A is alike and alike poſi- 
ted to B, or is not: Let it in the firſt place be alike, and 
alike poſited; and let there be taken the line G, a thir 
proportional to the lines CD and EF. 

Demanſtr. As CD is to G, (a) ſo is A to B. But the 
ratio of A to B is 2 therefore alſo the ratio of CD 
to G is given. An | 
proportional, (6) alſo the ratio of CD to EF is given. 
But A and B are given in kind: Therefore (c) the 
other ſides ſhall have given ratio's to the other ſides. 

Now let the figure A be not alike to the figure B, 
and let there be deſcribed on EF the figure EH, alike 
and alike poſited to A: Therefore the figure EH is given 
in kind; but the figure B is alſo given in kind: There- 
fore (4) the ratioof B to EH is given; and therefore the 
ratio of A to the ſame EH (e) is alſo given; But A is 
alike to-EH : Therefore (by what is. aboveſaid) the ratio 
of CD to EE is given ; and in like manner the ratio of 


the other ſides to the other ſides is given. 


o THERWIS E. Eg. 17. 


Conſtr. Let there be expoſed the given line GH : Now 
either the figure A is alike to the figure B, or not. Let 
it in the firſt place be alike, and let it be as CD is to EE, 
ſo is GH to LK; then on GH and LK let the S M 
and N be deſcribed alike, and alike poſited to the ſaid 
A and B. which fgures M and N ſhall conſequently. be 


Bren in kind 


. 
* 


Demonſtr. 


ſeeing that CD, EF, and G, are. 


But the ratio of A to B is given: Therefore the ratio of 


EF. Therefore the ratio of CD to EF is given; and 


latter part of the demonſtration here above muſt be ob- 
ſerved. oy 1 


P 4 For on the right-line GH let there be 4 
{cri 
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Demonſtr. Therefore ſeeing that as CD is to EF, ſo is 
GH to LK, and that on thoſe lines CD, EF, GH; 
and LK, are deſcribed the figures A, B,. M, and N, 
alike and alike poſited ; (/) as A is to B, ſo is M to N. 


M to N is given. But (g) M is given, conſidering that 
it is a figure given in kind, deſcribed on a right - line gi- 
ven in magnitude; therefore N is alſo given. 

Confty.. 2. Now, on LK let the ſquare O be deſcribed : 
Therefore (+) the figure O is given in kind. 

Demonſir. 2. Wherefore the ratio of O to N is given. 
But N is given: Therefore O is given; and conſequently 
(i) alſo KL. But GH is 4 Therefore (+) the ratio 
of GH to KL is given. But as GH is to LK, fo is CO to 


therefore the figures A and B being ren. in kind. (/) the 
other ſides of the ſame figures ſhall alſo have to the other 
ſides given ratio's. But if the figures be not alike, the 


PROP. LV. Plate VIII. Fig. 18. 

IF a ace A be given in kind, and in magnitude, the 
abs 2 be * magnitudes, 17 
Conftr. For let the right-line BC, given in poſition 
and in magnitude, be expoſed ; and thereon let there be 
deſcribed the ſpace D, alike and alike — to A ; 

therefore the ſaid ſpace D is . in kin | 
Demonſtr. For as it is deſcribed on the line BC, 
iven in magnitude, it is alſo (a) given in magnitude. 
But the figure A is alſo given: Therefore Oh. ratio 
of A to. D is given. Bat thoſe figures A and D are given 
in kind; Therefore (c) the ratio of the line EP to the 
line BC is given. But BC is given: Therefore (4) FF 
is alſo given. But the ratio oft the ſame EF ro 1 
given: Therefore (7) FG is given. And by the ſam 
ways of reaſoning it may be demonſtrated that each 01 


the other fides are given in magnitude. 5 4 
OTHERWISE. Fg. 19. 8. 


Conftr. Let the ſpace GHIKL be given in kind anc 
in magnitude: I ſay that the fides thereof are given f 


Ty d the ſquare GM ; therefore (// GM is given? s g 


2 
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is Demonſtr. But the ſpace GHIKL, is alſo given in kind: 
Therefore ( g) the ratio of the ſame {pace GK to GM is 
J. ren. But GK is given in magnitude: Therefore (4 

GM is alſo pen in magnitude ; and ſeeing that GM is 


of the ſquare of the line GH, (7) that line GH is given in 
lat magnitude. Wherefore in like manner, each of the 
l- other lines HI, IK, KL, and LG, is given. 

d: | "I ROP. LVI. Plate VIII. Fig. 20. 


en. I two equiangled parallelograms A and B, have to one 
itly another a given ratio, as one fide CD of the firſt A, is 10 
one fide FG, of the ſecond B; fo the other fide GE, of the 
)to Fend B, is to that to which DH, the other fide of the firſt 
A, hath the given ratio that the parallelogram A hath to 
)the BY e n B. | 

onſir. For let HD be prolonged directly to L, ſo that 


, the s CD is to FG, ſo HD may be to DL; and finiſh the 


ob- parallelogram DK. Ha A 

Demonſir. Seeing that as CD is to FG, ſo HD is to 
DL, and (a) that CD is equal to KL; as LK is to FG, 
ſo is GE to DL ; aid is the ſides about the equal 
e fu angles DLK and EGF are reciprocally 8 - 
. | Wh Vherefore (5) DK is equal to B ; and therefore 5 
at: the ratio of A to B ie given, and that B is equal to DK, 
ere I the ratio of A to DK is given. But as (c) A is DK 
to A (that 1s to B) ſo is HD to DL: therefore the ratio of 
HD to DL is alſo given: and ſeeing that as CD is to 
FG, ſo GE is to DL, and that the right-line HD hath to 
DL a given ratio; to wit, that which the ſpace A hath 
to the ſpace B; as CD is to FG, ſo GE is to that to 
which HD hath the given ratio that the ſpace A hath to 

the ſpace B, that is to ſay, the ratio of HD to DL. 


PROP. LVIL Fig. 21. 


If a given ſpace AD be applied to a given right-line AB 
in a given angle CAB, the breadth CA of the application is 
ven. f 

Conſir. For on AB, let there be deſcribed the ſquare 
A; therefore (a) the ſame AF is given: Let the lines 
+ EA, FB, and CD, be prolonged to the points G and H. 
1 Demonſtr. Seeing therefore that each ſpace AD and AF 


> be Ys given, their ratio is alſo given. But (5) AD is equal 
given to AH: Therefore the ratio of AF to AH is given: 

fl Vherefore the ratio of EA to AG is given, (For (c) it 
Demos T 16 
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f 55. prop. 
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k 2. prop. 


. breadths of the exceſſes CE, and CF are given. 


alike and alike poſited to CB. 


— 
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is the ſame with that of AF to AH.) But EA is equal to 
AB; therefore the ratio of AB to AG is given, Now 
ſeeing that the angle CAB is given, and the angle GAB 
alſo given, the reſidue CAG is given. But the angle 
CGA is alſo given, being a right-angle : Therefore th 
remaining angle ACG is given. Wherefore the triangle 
(4) CAG is given in kind: Therefore the ratio of CA to 
AG is given. But the ratio of A to the fame AG is alfo 
iven: Therefore the ratio of CA to AB is given; and 
the ſaid AB is given : Wherefore CA'is alſo given, 


PROP. LVIII. Plate VIII. Fig. 22. 


Fa given ſpace AB, be applied to a given right-line AC, 
evanting by a figure DE, given in kind, the breadths of the 
defetts are given. NE | 

Conftr. For let AC be divided in two equal parts in 
the point F: Therefore as well AF as FC is given. On 
the ſaid line FC let there be deſcribed the rectangled 
figure FG alike and alike poſited to DE. 'Thetefore 
FG is given in kind. 
 Demonſtr. Seeing the figure FG is deſcribed on the 
right-line FC given in magnitude, the ſaid reQiline FG 
is (a) alſo fre in magnitude. But FG is equal to AB 

nd IL; (for (5) AI and FE being equal, and (e) FB 
and BG alſo equal, the Gnomon ICL is equal to AB; 
and therefore their added figure IL common to both, 
FG ſhall be equal to AB and IL :) Therefore the figures 
AB and IL together are given in magnitude. But AB 
is given in magnitude: Therefore (4) the remaining 
figure IL is alſo given in magnitude. But it is allo 
given in kind, ſeems it is (c) alike to DE: Therefore 
( the fides of the ſame IL are given: Wherefore IB 
s given; and ſeeing that it is equal (g) to FD, the ſame 
FD is alſo given. But FC is given; therefore the re- 
mainder DC () is 170 and (i) in a given ratio te 
BD, and therefore (4) BD is given. A 


PROP. LIX. Ng. 23. 


| Fa given ſpace AB be applied accordiag to a gen right- 
liue AC, exceeding it by a figure CB given in Lind, the 


Conſir. For DE being divided into two equal parts in 
G, let there be deſcribed on GE the rectilinè figure GH, 


"Deminftr 


Demonſty. Now ſeeing that CB is alike to GH, thoſe 
figures CB and GH are about one and the ſame diame- 
ter, and GH is given in kind, as is CB. But it is de- 
ſcribed. on the given line GE: Therefore (a) the ſame 
GH is alſo given in magnitude, But AB is given: 
Therefore AB and GH are given in magnitude, Now 
thoſe figures AB and GH, are equal to LI, (for AG, LE, 
and EI, being equal, the Gnomon GF is equal to AB; 
and therefore adding GH common to both, LI ſhall be 
equal to AB and GH:;) therefore LI is given in magni- 
tude; but is alſo given in kind, ſince it is (5) alike to 
C8. Therefore (c) the ſides of the ſaid LI are given, 
ſeeing it is equal to GE : Therefore (4 K. ain CF 
s given, and in a given ratio (e) to CE, Wherefore ( 
C is given. # | | 


4 Scholium. Plate VIII. Fig. 24. 


* EUCLIDE ſubpoſeth here, that CB. and GH are abcut 
ne and the ſame diameter, but wwe ſhall thus demonſtrate it: 


the WY Le: CB and GH be two, alike parallelograms diſpoſed as 
GB above, that is to ſay, that the equal angles join together in 
ABU £, the fide CE meets direciy auith his homalogous fide EH, 


FB OY and the fide BE, his correſpondent fide EG; and let the di- 
1B ; BY aneter FE be drawn, I ſay that the ſaid diameter FE pro- 
lnged, will paſs throug the point K; that is to ſay, the 

GH and CB, confift about one and the Same 
Gameter. For y it be denied, the diameter EF heing produ- 
ed, will paſs above the point K, or below it. Let it in the 
17 place. paſs above it, and let it cut GK, prolonged in 
the point M, and through the point M let. there be drawn 
MN, parallel to KH, which hail meet EH, prolonged in 
the point V, and FB in O. 1 f 
Demonſtr. Foraſmuch as the parallelograms GN and 
CB are with the parallelogram LO about one and the 
lame diameter, they are (g) alike to one another. Where- 
lore as FC is to CE, ſo is EG to GM. In like manner, 
ſeeing the parallelograms CB and GH are alike, as FC 
| s to CE, ſo is EG to GK : Therefore (4) as EG is to 
-e, ſo is EG to GK. Wherefore (7) GM and GK are 
| equal, a part to the whole, which is abſurd : By the 
ame way of reaſonin it may be demonſtrated. that 
the diameter prolonged will not fall below the point 
&: Therefore the parallelograms CB and GE conſiſt 

t one and the ſame diameter. 


T 2 PROP; 


a 32. prop. 


b 24. 6. 

C 53+ Prop. 
d 4. props 
e 3. def. 

f 2. Prop. 


8 24. 6. 


h 11. 55 
1 9.5 
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a 55+ Prop. 


b 35. prop 


à 3. def. 
b 49. prop. 


c 36. 1. 


d 8. prop. 
"Fo CE 


f 8 prop. 


9 
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P R O P. LX. Plate VIII. Ng. g. 08 
V parallelgram AB, given in kind and in magnitlde, 
be augmented or diminiſhed by a Gnomon CFD, the breadth of 
the Gnomon ( conſiſting of the lines CE and DG) are given. 
Demonſir. For ſeeing that AB is given, and the Gno- 
mon CFD alſo given, the whole parallelogram BE is 
iven : But it is alſo given in kind, ſeeing it is alike to 
BA: Therefore (a) the ſides of the ſame bf are given; 
and therefore each of the lines BE and BC is given. 
But each of the lines BC and BD is given; therefore 
each of the remaining lines CE and DG is alfo given. 
Cenſir. Now let the parallelogram BF, given in kind 
and in magnitude, be diminiſhed by the given Gnomon 
CFD: I ſay that each of the lines CE and DG is given. 
Demonſir. For ſeeing that BF is given, and the Gnomon 
CFD given, the remaining figure AB is alſo given, But 
it is alſo given in kind, ſeeing it is alike to BF : There- 
fore (6) the ſides of the ſaid AS are given, and there- 
fore each of the lines CB and BD is given, but each of 
the lines BE and-BG is given : Therefore alſo each of 
the remaining lines CE and DG is given. S 


PR OP. LXI. Fig. 26. 


ds one fide of a figure A BCE, given in hind, "there be 
applied a parallelogrammic ſpace CD in a given angle BC, 
and that the given figure AC hath to the parallehogram CD 
a given ratic, the parallelegram CD it given in kind.” © 

Conftr. For through the point B, let BH be drawn 

araltel to CE, Ks through the point E let EH be 

awn parallel to CB, and Fr EC and HB be prolong- 
ed to the points K and G. mung 
 Demonſir. Foraſmuch as the angle BCE is given, 
and the ratio of EC to CB, a) the N n CH 
is given * in kind. But the figure ABCE is ale” given 
in kind, and is deſcribed on the ſame line BC, as the 
parallelogram CH given in kind is: Therefore (5) the 
ratio of the figure ABCE to the parallelograms CH is 
given. But by ſuppoſition the ratio of the ſaid hgure 
ABCE to the parallelogram CD is alſo given; and C 
is (c) equal to CG: therefore (4) the ratio of CH to 
CG is given. Wherefore the ratio of the line EC to 
the line CK is given; (for (e) as CH is to CG, ſo is EC 
to CK.) But the ratio of EC to CB is alſo given: There. 


fore (/) the ratio of the ſaid CB to CK 1s ore, — 
; cel 
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ſeeing that 'the angle ECB is given, alſo the following 
angle BCK (g) is given, But the angle BCP is propoſed 
wen; and therefore the remaining angle FCK is given. 
Alſo the angle CK F is given, for that (5) it is equal to 
the angle BCK : Therefore the other angle CFK is gi- 
ven: Wherefore (i) the triangle FCK is given in kind; 
and therefore the ratio of FC to CK is given. But 
the ratio of CB to the ſame CK is alſo given. There - 
fore (+) the ratio of FC to CB is given; and the angle 
BCF is alſo given. Wherefore the parallelogram CD 
is given in kind, 8 n 
e Scholium. | 

Aube it be manifeſt that a parallelogram that hath 
one angle given, and the ratio of the fides about the ſame 
angle alſo given, is given in kind, as Euclide declares, yet 
the antient interpreter thus demonſtrates it. 

Seeing that in the parallelogram CH the angle ECB 7s 
given, the angle CEH 7s alſo given ; for the right-line EC 
Falling on" the parallels EH and CB, doth make the two 
internal angles on the ſame part equal to two right-angles. 
And therefore ſeeing that the angle ECB is given, the other 
angles are given; and ſeeing that the ratio of EC to CB is 


given, and that BH ir equal to CE, and EH to BC, the 


ratio of the fides to one another is alſo given. 


PR OP. LXII. Plate VIII. Fig. 11, 12. 

If tuo right-lines AB and CD, have to one another a 
gien ratio, and that on one of them AB, there be deſcribed 
a figure AEB, given in kind; but on the other CD, a paral- 

grammic pace DF in a given angle DCF, and that the 

en am DF is given in kind. | 

0 1 or Gt = 475 — there be — the 
parallelogram AH, alike and alike poſited to DF. 

Demonſir. Seeing that the ratio * AB to CD is given, 
and that on thoſe om are deſcribed the rectiline es 
AH and FD, alike and alike poſited, (a) the ratio of AH 
to FD is given. But the ratio of FD to AEB is alſo 

wen: Therefore (3) the ratio of AH to AEB is given. 

t the angle ABH is alſo given, being equal to the 
yo FCD, and fo the figure AEB Is given in kind; 


and to AB ons of the ſides thereof, the * 


4 T 3 


lelo 
figure AEB hath to the parallelgram DF a given ratio, 


a 50. rep. 
b 8. r. 
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a 49. Prop. 


a 12. 2. 
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AH is Wr in a given angle ABH, and the ratio of : 


the ſaid AEB to the ſaid pacallelogram am AH is gi- ' 
ven: 8 (e) the parallelogram AH is given in 


kind; and therefore FD which: 45 alike thereta,”. is alſo 
Ben in Kind. g 


1 * 0 p. LXIII. Plate VII. Fig. 27. 


Nee. 


| FF * angle ABC be giv £ iven in 7 * the ſquares BE, CD, ; 
ard CF. 7 7 ch is deſcribed. on eath of the fades, Hall have 6 


- -- 


2 given ratio to the triangle A 


Demonſir. For ſeeing that on one and the ſame right. 
line BC, there are deſcribed the two rectiline figures 
ABC and CD, given in kind, (a) the ratio of the ſame 
ABC. to CD is given; and therefore the ratio of the 
1 BE and ck, to the aan is ABC is alſo .given. 


9 RO R. LXIV. Fig. 5. 


Va triangle ABC, hath an obtuſe an ole ABC give, | 
15 by. . the fide AQ ſubtending the beck angle 

is. more in power than: the fides. iÞ and BC, t 
e the ſaid angle, Gall have a given ratio to the 
5 25 the line CB b longed direaly, and 
et the line e pro and 
from the e point A let the 1 .— AD be drawn: 
I ſay that the ſpace by which the ſquare of the line Ac 
doth exceed the ſquares of the lines AB and BC, that is 
to ſay, 1 51 the Laren of the rectangle contained under 
5 ta D, ſhall have a giren ratio to the 8 5 
Demonſir For ſecin that 3% le ABC. is given, N 
the mr ABD 1s ao given ; ang the an ADB $ 
15 alſo 75 therefore the other angle 8 is 
iven : Wherefore (3), the triangle ABD. is given in 
ind; therefore (c) the ratio of AD to DB... is. given, 
But as AD to DB, ſo (d) the rectangle of AD; and BC is 

to the 2 le of BC and BD. But the ratio of AD to 
BD is given: Therefore alſo is the ratio of the K 
of Aland BC to the rectangle of BC and BD; | 
Wherefore the, ratio of the acuble of the ſaid; x ; 
BC and, BN tg the reQangle of AD and RC is alſo — 
But the fi i rectangle of ED and BCG hath, alſo a given 
ratio to 1705 le ABC (0: wit, à double ratigs fat 


the re 8 Is 219 double to the trian wg” 18400 | 
and. | 


TR. e of th * 


N 
| 
p 


1 
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to the Logs ABC is given. But the ſame double of 
the rectangle of CB and BD is that ſpace by which the 
ſquare of the line AC doth exceed the ſquares of the lines 
AB and BC: Therefore the ſame ſpace hath a given ra- 
tio to the triangle ABC. 


PROP. LXV. Plate VIII. Fig. 4. 


Fa triangle ABC, hath one acute angle ACB given, 
that ſpace, by which the fide ſubtending the ſaid acute angle 
is leſs in power than the fides comprehending the ſame acute 
angle, fhall have a given ratio to the triangle. 

Conſtr. From the point A let there be drawn the line 
AD, perpendicular to BC : I ſay, that ſpace by which 
the ſquare of the line AB is leſs than the | uares of the 
lines AC and CB, that is to ſay, (a) the double of the 2 13: 2+ 
rectangle of BC and CD, hath a given ratio to the 
triangle ABC. 

— For ſeeing that the angle C is given, and 
the angle ADC alſo given, the other angle DAC is ws 
given: Wherefore the triangle (5) ADC is given in kind; 40. prop. 
and therefore the ratio of AD to DC is given, and con- 
ſequently alſo (c) that of the rectangle of BC and CD to c 1.6. 
the rectangle of BC and AD: Therefore the ratio of the 
double of the rectangle of BC and CD to the rectangle of 
BC and AD is given. But the ratio of the ſame re&- 
angle of BC and AD to the triangle ABC is given (for 
(4) the rectangle is double to the * Therefore (e) dar. 1. 
the ratio of the double of the rectangle of BC and e 8. prop. 
CD to the triangle ABC is given. And ſeeing that 
the ſame double of the rectan Fe of BC and CD 1s that 
whereby the ſquare of the line AB is leſs than the ſquares 
of the lines AC and BC, that ſpace by which the quare 
of the line AB is leſs than the ſquares of the lines AC and 
BC, ſhall have a given ratio to the triangle ABC. 


PROP. LXVI. Fig. 4. 


Fa triangle ACB, hath one angle B given, the refangle 
made of the lines AB and BC, containing the ſame angle, 
Hall have a given ratio in the triangle. 
Conftr. For from the point A let AD be drawn per- 
pendicular to CB. 
Demonſtr. Therefore ſeeing that the angle B is given, 
and alſo the angle ADB; the other anzle BAD is like- 
wiſe given, Wherefore 1. triangle ADB (a) is given a 40. prop. 
a 4. -4 


b 1. 6, 


C 41. prop, 
d 8. prop, 


a 4. 6. & 


4 5. 
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in kind; and conſequently the ratio of AB to AD is. 
iven. But as AB 15 to AD, (2) ſo the rectangle of 
e of CB and AD: 

Therefore the ratio of the rectangle of AC and CB to 


C and CB is to the rectang 


the rectangle of CB and AD is given. But the ratio of 
the ſaid rectangle of CB and AD to the triangle ACB 
is alſo given; (for that it is double ratio, the rectangle 
being double (c) to the triangle :) Therefore (4) the ratio 
of the rectangle of AC — CB to the triangle ABD 
is given, 


PROP. LXVII, Plate VIII. Fig 28. 


IF a triangle ABC hath one angle BAC given, that ſpace 

which the ſquare of the line compounded of the two fides 

A and AC, that contain the ſame given angle BAC dath 
exceed the ſquare of the other fide, ſhall bave a given ratio 
to the triangle ABC. | 


Conftr. For let BA be prolonged in ſuch ſort as that 
AD may be equal to AC, then having drawn DCE 
infinitely, from the point B let BE be drawn parallel to 


AC, meeting the ſaid DE in the point E. 

Demonſr. Foraſmuch as AD is equal to AC, (a) DB is 
equal to BE ; (for the two triangles ADC and BDE are 
alike) and from the top B is drawn to the baſe DE, the 
right-line BC: Therefore * the rectangle of DC and CE, 
with the ſquare of BC, is equal to the ſquare of BD; but 
the ſame BD is compounded of BA and AC; therefore 
the ſquare of the compound of AB and AC is greater than, 
the ſquare of BC, of the rectangle of DC and CE. 

Now I ſay that the rectangle of DC and CE hath a 

iven ratio to the triangle ABC : Foraſmuch as the angle 
AC is given, the 5 DAC is alſo given. But each 
of the angle ADC and ACD is given, it being the half 


of the angles BAC which is yen. Therefore (6) the 


triangle ADC is given in kind ; and therefore the ratio 
of DA to DC is given, Therefore (c the ratio of the 
ſquare of the ſaid DA to the ſquare of DC is alſo given. 
And ſeeing that as BA is to AD, (4) ſo is EC to CD, 
and alſo as BA is to AD, 5 ſo is the rectangle of BA 
and AD to the ſquare of AD; and as EC is ta CD, (J 
ſo alſo is the reftangle of EC and CD to the ſquare of 


CD; by permutation, as the rectangle of BA and AD 


is to the rectangle of EC and CD, ſo is the ſquare of 


AD to the ſquare of LC. But the ratio of the ſaid. 


fquare of AD to the ſquarg of DC is given: r 


* 
Iſcele. 
boſe, f. 
uder 1 


ther 


thus des 


b BD, 
Iheref 
u the 
under F 
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de ratio of the rectangle of BA and AD to che rectan- 


gle of EC and CD is alſo given. But AD is equal to 
AC : Therefore the ratio of the rectangle of BA and 
AC to the rectangle of EC and CD is given. But the 
ratio of the rectangle of BA and AC to the triangle 
ABC (g) is given, becauſe the angle BAC is given : 
Therefore (+) the ratio of the rectangle EC and CD to 
the triangle ABC is given. But the rectangle of EC 
ind CD is that whereof the ſquare of the line compound- 


2 66. prop. 
8. ęrop. 


ed of BA and AC is greater than the ſquare of BC: 


Therefore that ſpace by which the ſquare of the line 
compounded of BA and AC is greater than the oy 
of BC, ſhall have a given ratio to the triangle ABC. 


Scholium. | 
* EUCLIDE ſuppoſeth in this place, that when in an 


ſceles triangle à right-line is drawn from the top to the 
toſe, the ſquare of that line, with the rectaugie contained 


ither of the other legs, which the antient interpreter doth 
tus demonſtrate. E's, : 
Conſtr.. Let ABC be an Iſoſceles triangle, whoſe legs 
ne AB and AC; and from the top A let AD be drawn 
b the baſe BC : I ſay, that the ſquare of AD with the 


f the legs AB or AC. 


Y BD, or not: Let it in the firſt place be perpendicular: 
ſherefore it will cut the baſe BC into two equal parts 
u the point D; and therefore the rectangle contained 
der BD and DOC is equal to the ſquare o the ſaid BD, 
ad adding to them the common. {quare of AD, the 
tangle of BD and DC with the ſquare of AD, ſhall 
equal to the ſquares DB, and, AD. But to thoſe 
quares of AD and DB (i) the ſquare AB is equal: 
[herefore the ſquare of AB is equal to the rectangle of 
D and DC, and the ſquare of AD together. 

Now ſuppoſe AD not to be perpendicular, but that 
om the point A there doth fall on BC the perpendicu- 
© AE, that being ſo, BC ſhall be cut into two parts 
wally in the 75 E, and unequally in D. Wherefore 
e rectangle of BD and DC,. with the ſquare of DE, (4) 
equal to the ſquare of BE; and adding the common 
ure of AE, the rectangle of BD and DC, with the 


ures of DE and AE, be equal to the ſquares 15 


mder the ſegments of the baſes, is equal to the ſuare of 


rttangle of BD and DC, is equal to the ſquare of either 
Demonjtr. Now the line AD (Fig. 4 is perpendicular 


i 47. 1. 


k 5. 2. 


L 47. 1. 


r 47. t. 


$ 6. 25 


the line compounded of and AC is greater than t 
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ſquares of DE and AE: Therefore the rectangle of BD He rec 


and DC, with the ſquare of AD, is equal to the ſquares ao 
of BE and AE. But to theſe ſquares of BE and AB Mang 
the ſquare of AB is equal: Therefore the ſquare of AD, Conf 
with the rectangle of BD and DC, is equal to the ſquat ente, 
of AB. x le pe! 
17 Ho | Dem 
OTHERWISE, onun 

te ſqu 


IB w 


Confir. Having done, as in the foregoing Demonſtra refer 


tion, from the point A, (Fig: 29.) let AF be draw 
dicular to CD, and let AE '# drawn. 
Demonftr. Foraſmuch as the angle BAC is given, the 
half thereof ACF ſhall be alſo given. But the angle 
AFC is given; and therefore the triangle AEC is given 
in kind: Therefore the ratio of AF to FC is given 
But the ratio of CD to the ſame FC is alfo given, ſeeing 
that CD is double to FC: Therefore (n) the ratio of CI 
to AF is given; and therefore alſo the ratio of tha 
rectangle of CD and EC, to the rectangle of AF ant 
EC, is given; (for it is the ſame ratio (z) as that of C 
to AF.) But the ratio of the rectangle of AF and F( 
to the triangle ACE is given; ſeeing it is double (e) ti 
the ſame triangle. Therefore the ratio of the rectang 
of CD and CE to the triangle ACE is alſo given. 
the triangle ACE is equal to the triangle ABC (o), thi 
being both conſtituted on one and the ſame baſe 1 
and . the ſame parallels AC and BE: Therefo 
() the ratio of the rectangle of CE and CD to th 
triangle ABC is given. But the ſaid rectangle of Ci 
and CD is the ſpace by which the ſquare of the ln 
compounded of AB and AC, is greater than the ſquay 
of BC: Therefore that ſpace by which the ſquare « 


ſquare of BC, hath a given ratio to the triangle ABC 
OTHERWISE. Eg. 4. 


For the given angle A is either a right, acute, 
obtuſe angle: Let it in the firſt place be ſuppoſed 
right-angle : Therefore the ſquare of the line co 
pounded of BAC, is greater than the ſquare of BC, 
twice the rectangle of BA and AC; (ſeeing that (7) 
ſquare of BC, is equal to the ſquares of BA and A 
and the ſquare of the line compounded of BAC 0 

Foy | 9 
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qual to thoſe two ſquares of BA and AC, and twice 
the rectangle of the {aid BA and AC:) Wherefore the 
atio of double the rectangle of BA and AC to the 
ir Piangle ABC is given. 

D. Cr. Now let the angle C (Fig. 4.) be ſuppoſed 
* cute, and from the point A let there be drawn on CB 
e perpendicular AD. | f 

Demonfir. Foraſmuch as the triangle CAB is an Oxi- 
onium triangle, and the perpendicular AD being drawn, 
je ſquares of CA and CB are equal (z) to the ſquare of 
B with twice the r le of CB and CD ; adding 
therefore the common double rectangle of CA and CB, 
e ſquares of CA and CB, with the double rectangle 
the ſaid CA and CB, that is to ſay, (2) the 
Ware of the line compounded of ACB, are equal to 
© We ſquare of AB, with the double of the rectangle of 
WD and CB, and over and above the double of the 
Bangle of AC and CB, that is to ſay, the double of 
Der le contained under the compound line of ACD 
d CB: (for the rectangle of ACD and CB is (x) equal 
the rectangles of AC and CB, and of CD and CB) 
terefore the ſquare of the line compounded of ACB is 


* ter than the ſquare of AC, by double the rectangle of 
l \t D and CB. And ſeeing that the angle ACB is os 
3) | the angle BDA alſo given, the other angle C 18 
: en : Therefore (y) the triangle CAD is given in 


id, and therefore the ratio of CD to CA is given, 
by conſequence the ratio of the line compounded of 
D to CA (=) is alſo given. Wherefore the ratio of 
rectangle of thoſe lines compounded of ACD and 
) to the rectangle of AC and CB is alſo given. 
me ratio of the ſaid rectangle of AC and CB to the 
ua le CAB (5) is given, ſeeing the angle C is given; 
efore the ratio of double the rectangle of the line 
pounded of ACD and CB to the triangle CAB 
zen. | 

Laſtly, let the angle BAC (Fig. 30.) be ſuppoſed to be 
uſe, and having prolonged BA, from the point C, 
the perpendicular CE be drawn on the ſaid line BA 
longed; and let AF be propoſed to be equal to AF. 
Vemonfty. Foraſmuch as. bs angle BAC is obtuſe, and 
coll berpendicular CE being drawn, the ſquargs of AB 
AC, and the double of the rectangle under BA and 
OL 1 or AF, are all alike e ual (e tO the ſquare of BC, 
F % ding the common double rectangle of BA and AC, 
(s) quares of the ſaid AB and AC, with the double of 
equ + the 
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e 12. 2 


d 4. 2. 


4. Pef. 


than the ſquare of BC by the double of the rectang 
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the rectangle of the ſame AB» and AC, that is to ſay; 
(4) the ſquare of the line compounded of BAC and the 
double of the rectangle of BA and AF are together 
equal to the ſquare of BC, with the double of the red 
angle of BA and AC. Let the common double of the ret 
angle of BA and AF be taken away, and there will u 
main the ſquare of the line compounded of BAC, equi 
to the ſquare of BC, with the rectangle of AB and CF; 
(for the rectangle of AB and AC is equal (e) to the t 
rectangles of AB and AE, and of AB and CF :) Then 
fore the ſquare of the line compounded of BAC is greats 


of AB and CF. And foraſmuch as the angle BAC 
given, the angle CAE (/ is given. But the angle A 
is alfo given; therefore the other angle ACE is | given; 
Wherefore (gs) the triangle ACE is given in kind, an 
therefore the ratio of CA to AE, that is to ſay, to 8h 
15 given. Therefore (/) the ratio of the ſaid CA to FGy 
als given. But the ratio of the ſame CA to CE 
given; therefore (i) the ratio of CE to CF is alſo gi 
Wherefore the ratio of the rectangle of EC and AB 
the rectangle of FC and AB is given; (for the reQtangle 
is to the rectangle (4) as CE is to CF) and alſo that ofthe 
rectangle of AC and AB to the rectangle of EC and 
AB. Therefore (/) the ratio of the rectangle of FC and 
AB to the rectangle of AC and AB is given. But the 
ratio of the rectangle of AC and AB to the triangle ABC 
(n is given: Therefore alſo. the ratio of the double 0 
the rectangle of FC and AB, to the triangle ABC is given 
But the ſame double of the rectangle of FC and AB, 1 
that whereby the ſquare of the line compounded of BA 
is greater than the ſquare of BC, 'wherefore that ſpac 

by which the ſquare of the line compounded of BAC": 
greater than the ſquare of BC, hath a given ratio to th 


OTHERWISE. Plate VIII. Fig. 3. 


90 147 : 


Conſir. Let the line BA be prolonged to the point D. i 
ſuch ſort as AD may be equal toAC, and let C D be draw 

Demonftr. Foraſmuch as the angle BAC is given, eac 
of the angles ADC and ACD, Which is the half thereo 
ſhall be alſo given; and therefore the other angle DA 
is alſo given: Therefore () the triangle AC is given 
kind. Wherefore the ratio of AC to CD is given. An 


foraſmuch as the angle ADC is given: Let each of 7 
angle 
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angles DEC and AFC be made + equal to the ſaid 
ADC: Therefore ſeeing that the angle BDC is equal 
o the 2 DEC, and the angle DBE is common to 
the triangles DBE and DBC, the other angle BDE is 
rec equal to the other angle BCD ; and therefore the trian- 
11 re gle BDE is equiangled to the triangle BDC. Therefore 
eau) as EB is to BD, fo is BD to CB: Wherefore the rect- 
eagle of EB and CB, that is to ſay, (p) the rectangle of 
e tf EC and CB, (2) with the ſquare of CB is equal, (7) to 
"here che ſquare of BD, that is to ſay, to the ſquare of the line 


therefore the reftangle of EC and CB with the ſquare 
of CB, that is to ſay, the ſquare of the line compounded 
of BAC is greater than the ſquare of the rectangle of 
BC and CE: I ſay therefore that the ratio of the ſaid 
tectangle of BC and CE to the triangle ABC is given. 
Foraſmuch as the angle BDE is equal to the angle 
BCD, and the angle ADC equal to the angle ACD, 
the other angle CDE is equal to the other angle ACB : 
Zut the angle DEC is equal to the angle AFC; therefore 
the remaining angle CAF is equal to the remaining 
angle DCE. Wherefore the triangle AFC is equian- 
gled to the triangle DGE; and therefore (5) as CA is 
„ AF, ſo is CD to CE; and by permutation, as ACis 
tw CD, ſo is AF to CE. But the ratio of AC to CD 
s given: Therefore alſo the ratio of AF to CE is given. 
From the point A let AH be drawn perpendicular to BC: 
Foraſmuch ' as the angle AFC is given, and the angle 
was AHF alſo given, the third angle HAF is yon : 
18 Wherefore (7) the triangle AHF is given in kind; and 
FA conſequence the ratio of AF to AH is given. But 
t ſpack the ratio of AF to CE is alſo given: Therefore (2) 
Bae i de ratio of AH to CE is given ; and therefore the 
to th ntio of the rectangle of AH and BC (x) to the 2 * 
aof BC and CE is alſo given. But the ratio of the 
ecdangle of AH and BC, to the triangle ABC is like- 
7 vile given; (for the rectangle (y) is double to the tri- 
4 ;Y*ogle) and the rectangle of BC and CE is that whereby 
the ſquare of the line compounded of BAC is greater 
than the ſquare of BC. Therefore that ſpace by which 
the ſquare of the line compounded of BAC is greater 
14 the ſquare of BC has a given ratio to the triangle 


Scholium. 


compounded of BAC; for AD is equal to AC; and 


O 4. 6. 
p. 2: 


q 5. 2. 


r 17. 6. 


>, 


® 29. I. 


line BE; and therefore the angle DEC (z) is 


Eu clip E DAT 4: 


nterpreter pretending to ſhew the con: 
Aruction of the angle DEB equal to ih, angle ADC, ſaith 
that on the line BD and in the point D, the angle BDE 
ought be made equal to the angle BCD, and that the right: 
lines BC and DE be drawn until they interſect in E, in futh 
fort as he fuppoſeth the angle BCD, to be given, but it if mit, 
The ſame Interpreter afterwards fhtws how there 
may univerſally from a given point be drawn à right- 
line, given in poſition to a right-line, making an ang: 
to a given angle: But wwe will alſo rejed thi 
way, ſeeing we have elſewhere fhewn another more « 
and eaſy. For example, if we would from the point 
draw to the line BO given in poſition a right-line, 'making 
an angle equal to a given angle ADC, @s is here required, 
abe e no more to do but to aſſume the point K in the 


S cholium. 
+ The 'antient 1 


| faid line BC, and there make the triangle CKL equal t 


the given angle ADC : If the line KL doth meet with the 
foint D, it foall be the line required. But if it meet nt 
with it, from the point D let there be drawn the line DE 
parallel to the ſaid KL, cutting BC prolonged in E, and 
the angle DEC ſhall be equal to the given angle ADC, for 
on the two parallel-lines, LK and DE, there” doth fall — 
10 . 
angle LKC, which hath been made equal to the given 
angle ADC; and by conſequence the ſame angle DEC i alſo 
equal to ADC, | Mey} + 


"PROP. LXVIII. Plate VIII. Fig. 32, 38. 


If two parallelograms AB and CD have to ont andther 
& given ratio, and that a fide hath alſo a given ratio to a 
4 the other fide ſhall have likewiſe a given ratio to tht 
other fide. 02. i nas 

Gt. Let the ratio of BE to FD be given: I ſay 
the ratio of AE to FC is alſo given. For to the right- 
line EB let there be applied the parallelogram EH, equal 


to the parallelogram CD, and conſtituted in ſach fort 
parallelogr 1 0 


as AE and EG may make one right-line : F 
KB and BH will alſo make one right-line. © 
Demonſtr. Foraſmuch as the ratio of AB to CO is 
given, and that EH is equal to the ſaid CD; the ratio 
of (a) AB to EH is given ; and therefore the ratio of AE 
to EG is alſo given. Seeing therefore that EH is — 
a 


'EverriDss DAT A. 

ho. equiangled to CD, as (5) EB is to FD, ſo is FC 
to EG. But the ratio of EB to FD is given: There- 
fore alſo the ratio of FC to EG is given. But the 
ratio of AE to the ſame EG is alſo given : Therefore 
the ratio of AE to FC is given. 


JE | Scholium. 


h + EUCLIDE having pofited AE and EG dirtly in one 
of, right-line, preſently concludes that KB and BH /hall alſo 
ere make @ right-line ; but wwe ſball demonſtrate it thus Seein 
. i the lines AE and EG are poſited directly, the angles AEB 
zi WH and BEG (c) are equal to, tao right-angles ; and ſeeing 
that AB is a parallelogram, the lines AK and EB are 
5 tarallels, on which the line AE doth fall; and therefore 
the two internal angles A and BEA (d) are alſo equal to 
two right-angles, and taking away the common angle BEA, 
there ewill remain the angle A, equal to the angle BEG; 
and conſequently their oppoſite angles EBK and H are alfo 
equal to one another. Again, ' ſeeing that BG is a paral- 
llogram, the two lines BE and HG are parallels, on which 
BH 971 3 and therefore the two internal angles H 
and EBH are equal to two right-angles. But it hath been 
demonſtrated that H is equal to EBK : Therefore the two 
angles EBK and EBH are alſo equal to two tight-angles ; 
and therefore (e) the two lines KB and BY meet di- 
rely according to EUCLIDE. © 26 


OTHERWISE. Plate VIII. Fig. 34, 35. 


ſeeing that the ratio of A to B is given, let the ſame 
be made of K to L; therefore the ratio of K to L is 

uſo given. | 
Demonftr, But K is given; therefore (/) L is alſo given. 
Again, ſeeing that the ratio of CD to EF is given, let 
the fame be made of K to M: Therefore the ratio of K 
o Mis given. But K is given, therefore (g) M is alſo 
given; and therefore the ratio of L to M is given. 
Now ſeeing that A is equiangled to B, (5) the ratio 
of the ſaid A to B is compounded of that of the fides, 
that is to ſay, CD to EF, and of CG to EH. Bat 
uſo the ratio of K to L is compounded of K to M, 
ind of M to L; therefore the ratio compounded of 
CD to EF, and of CG to FH, is the ſame with that 
Faich is compounded of K to M, and of M'*to. L (the 
8 NX 


Conftr. Let the given right-line K be expoſed, and 


c 13. 1. 


d 29. 1. 


e 14. 1. 
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ratio of K to I. being the ſame as of A to B:) But 
the ratio of CD to EF is the ſame as of K to M: There. 
fore the other ratio of CG to EH is alſo the ſame as of 


M to L. But the ſaid ratio of M to L is given: There- 
fore alſo the ratio of CG to EH is given. 


PROP. LXIX. Plate VIII. Fig. 36, 37. 


if two parallelograms, CB and EH, having the angles 
D and F given, and that a fide hath alſo a given ratio to 
a fide ; in like manner the other fide ſhall have a give 
ratio to the other ſide. 4 
Conſtr. Let the ratio of BD to FH be alſo. given: I 
ſay that the ratio of AB to EF is given. For if Ck be 
equiangled to HE, it is manifeſt by the precedent Pro- 
ſition ; but if it be not equiangled thereto, let the 
right-line DB be conſtituted, and in the given point 
B therein, let the angle DBK be made equal to the 
| angle, EEH, and finiſh the parallelogram DK. 
772 . Foraſmuch as each of the angles BKI. 
and BAK is given, I the other angle KBA is given: 
2 40. prop. Wherefore the triangle (a) ABK is given in kind ; and 
therefore the ratio of AB to BK is given. But the 
b 35. prop. ratio of CB te EH is ſuppoſed to be given, and (5% CB 
is equal to DK; therefore the ratio of DK: to EH is 
given; and lecing that DK is equiangled to EH, and 
the ratio of the {aid DK to EH is given, as alſo. that 
C 68. prop. of DB to FH, (c) the ratio of BK to FE is given. But 
the ratio of the ſaid BK to BA is alſo given: There- 
d 29.1. - fore (4) the ratio of AB to FE is given. 


3 * Scholium. 1 

+ EUCLIDE ſuppoſeth here, that a parallelogram having 
one angle given, all the other angles are alſo given, and 
as | awell the antient Interpreters at others "give. the rea- 
. ſons why, the angle F being given, the other angle E ſhall 
be. alfa given, it being the remainder . of two _rightranglts, 

2 | for that on the pas -lines EG and FH. there falls the 
e 29.1. ine EF, which makes (e) the two internal angles (of tht 

r part) F and G, equal ts two right-augles. But 10 
f 34.1. thoſe angles (f) the oppoſite angles G and H are cual 
; and therefore they are alſo given. 

From whence it follows that the angles BDC ,and F 
being given, by ſuppoſition, all the other angles of the two 
pa". CB and EH, are alſo given : Therefore the 
angle BBK having been made equal to the angle F, the 
angle K ſhall be equal ta the angle E, and given as that 

I 


45 7 


E#6cutor: D774 


ut MW ©; But the angle BAL, which is oppoſite to the given angle 
re- BDC, i alſo given ; and therefore BAK, which is the re- 


of mainder of two right-angles, ſhall be alſ given; in ſuch. 


re- fort as in the triangle ABK, the two angles BAK and 
BKA are given, as EUCLIDE declaris in this place. 


PROP. LXX. Plate VIII. Fig. 38, 39. 


IF of two parallelogramt AB and EH, the ſides about 
the equal angles, or about the unequal angles (yet never 
el given angles) have to one another à given ratio, 
to wit, (AC to EF, and CB to FH) alſo the ſame paralle- 
lograms AB and EH all have to one anotber a given 
ratto. 

Conſtr. For let AB be prolonged to EH, and on the 
right-line CB let the parallclogram CM be applied equal 
to the paralleiogram EH, in ſuch ſort as AC may be 
direMy to CN; that is to ſay, that AC and CN make 
one right-line ; and by conſequence DB ſhall be (a) di- 
rectly with BM. | 

Demonſtr. Foraſmuch then as CM is equiangled and 
equal to EH, the ſides about the equal angles ſhall be 
reciprocally (5) porportional : Wherefore as BC is to HF, 
ſo is FE to NC. But the ratio of BC to HF is 
given, 

Therefore the ratio of FE to NC is alſo given. 
But the ratio of AC to the ſame EF is given: 
Therefore (c) the ratio of AC to NC is alſo given. 
Wherefore the ratio of AB to CM is given : (for it is, 
the ſame (4) as of AC to CN.) But CM is equal to EH: 
Therefore the ratio of AB to EH is given; 

Conftr. Now ſuppoſe AB not to be equiangled to EH, 
dn Oy and on the right-line CB, and in the given point C 
and therein, let there be conſtituted the angle — — 
| Gall 8 angle F, and ſo finiſh the parallelogram 
a , | 
Demonſlr. Foraſmuch as the angle ACB is given 
Us the WY ind the angle BCK alſo given, the remaining angle 
of the ACK is given: Therefore the triangle ACK (e) is given 
but % in kind: and therefore the ratio of AC to CK is grows : 
equals I But the ratio of AC to EF is alſo given; Therefore the 
p ratio of CK to EF is given, But the ratio of BC to HF 
and 5 alſo given, and the angle BCK is equal to the angle 
be tu F; therefore (by the firſt part of this propoſition) the 
; 2 of CL to EH is given. But to the ſaid CL, AB 1s 
F, „ qual: Therefore the * of AB to EH is Un. 57 


a {ch. 68, 
Prop, 


b 14. 6. 


C 8. prop. 
d 1. 6 


e 40. prop. 
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b 34. Prop. 


A 29. 1, 


b 70 prop. 
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PROP. LXXI, Plate VIII. Fig. 40, 41. 


If of two triangles ABC and DEF, the fides about 
the equal angles A and D, or elſe about the unequal an- 
gles (yet nevertheleſs given angles) have to one another a 
given ratio (to wit, AB to DE, and AC to DF) the ſame 
triangles Hall hawe alſo to one another a given ratio 
ABC t DEF. T th 
 Conftr. Let the parallelograms AG and DH be /4 
finiſhed. 5 4 

Demonfir. Seeing that the two parallelograms AG and L 
DH, have the ſides about the equal angles A and D, o B 
elſe about the unequal angles (nevertheleſs given) i CN 
a given ratio to one another, the ratio (a) of the paral azz; 


lelogram AG to the parallelogram DH is given: Bull C 
the triangle ABCis the half of the parallelogram AG AB 
and the triangle DEF the half of the parallelogram D to / 
Therefore the ratio of the triangle ABC to the trian D 
DEF is given, H to F 
| are 

| 7 put « 

PROP, LXXII. Fig. 42,43- equa 

| to thi 

the r. 


If of two triangles ABC and DEE, the baſes BC is alt 
EF, are in a given ratio, BC to EF, and that from the a Cy: 
A and D, there be arawn to thoſe bajes the right-limes I be eq 
and DH, making the angles AGC and DHF equal, er conſti 
unequal ¶ yet nevertheleſs given) which ſhall haue to one aFBCK, 


ther given ratio's AG to DH, thoſe triangles ABC lelogr: 
DEF Sail have alſo a given ratio to one another,” to f Dey 
ABO Y DEF. RCS! 


Confir. For let the parallelogr ams K and I 

finiſhed. ale A 

Demon fir. Foraſmuch as the angles AG C and ind: 
are equal, or unequal (yet given) and that the ut the 
AGC (a) is equal to the angle KBC, and alfo the rhereff 
DHF equal to the angle LEF, the angles at the pouing that 
and E are equal, or elſe unequal (yet given,) and befhich 
the ratio of AG to DH is given, and AG is equifengle E 
KB, and DH is equal to LE, therefore the ratio of Mparallel 
LE is given. But the ratio of BC to EF is alſo the firſt 
and the angles at the points B and E are equal, L is 
unequal (yet given:) Therefore (5) the ratio 0 2 f 
. m P vel 


But lc 


Evct1Des DATA 


parallelogram KC to the parallelogram LF is given ; and 
therefore the ratio of the triangle ABC to the triangle 
DEF is given, ſeeing thoſe triangles (c) are the one half 
of the parallelograms. 


PROP. LXXIII. Plate VIII. Fzg. 38, 39. 


ratio If of two parallelogram AB and EH, the fides about 

the equal angles C and F, or eſſe about the unequal angles 
I def (Ent a eſs given) are in ſuch ſort to one another, that 

as the fide CB of. f, is to the fide EH of the ſecond ; ſo 
3 and the other fide EF of the ſecond, is to ſome other right-line CN. 
But —2 4 the Af fide AC, hath alſo to the ſame right-line 
CN a given ratio, thoſe parallelograms will have alſo to one 
another a given ratio AB to EH. 

Confir. For in the firft place, let the parallelogram 
AB be equiangled to EH, and * laced CN directly 
to AC: Let the parallelogram CM be finiſhed. 

Demonſt. Foraſmuch hen as CB or NM its equal, is 
to FH, fo is EF to CN, and that ar angles N and F 
are equal (for N is equal to the angle ACB, which is 
put equal to F) the N CM and EH (a) are 


equal: But as AC to CN, fo ( Oh the 8 AB; is 


to the parallelogram CM or EH : Therefore ſeeing that 
the ratio of AC to CN is given, the ratio of AB to EH 
Y is alſo given. 
* Contr. 2. Now ſuppoſe the paralletogram AB not to 
de Ty; led to the parallelogram EH, and let there be 
conſtituted at the. given point C in the line CB, the angle 
CK, equal to the angle EFH, and fo finiſh the paral- 
lelogram 4 
Demonſtr. 2. Seeing that each of the angles ACB and 
KCB is given, the remaining angle ACK is alſo given. 
* 15 But (c) the angle CAK is given, as "a the remaining an- 
Isle A C: Therefore (4) the triangle ACK is given in 
and kind: and therefore the ratio of 90 to CK p given. 


the Put the ratio of the fame AC to CN is alſo given: 
the Therefore (2) the ratio of CK to CN is, given. And ſee- 
he bon ng that as CB is to FG; fo is EF to the right- line CN, to 
and beqQQvhich the other fide KC hath a given ratio, and that the 
eg angle BCK is equal to the angle F, the ratio of the 
io of K 13 CL to the parallelogram EH is given (by 
| _ he 92 part of this propoſition) but the parallelogram 


ual to the parallelogram AB: Therefore the 


PROP, 


7 of  paralelogram | * to the parallelogram EH 


307 


e 41. 1. 


a 14. 6. 
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C ch. 69. 
r 
d 40. prop. 


E 8. prop. 


a ſch. 68. 
Prop. 


Þ 1.6. 


e 14. 6. 
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PROP. LXXIV. Plate VIII. Fig. 38, 39. 


IF tavo parallelograms AB and EH, in equal angles 
C and F, or elſe in unequal angles ( yet nevertheleſs gi- 
ven. angles) have a given ratio to one another, as one fide 


CB of the firſt ſhall be to one fide FH of the ſecond, ſo 


 #he other fide EF of the ſecond, ſhall be to that to the 


aubich the other fide AC of the firſt hath a given ratio. 

Conflr. For either AB is equiangled or not; ſuppoſe 
it in the firſt place to be equiangled, and to the right-line 
BC let there be applied the parallelogram CM, equal 
to the parallelogram EH, and 0 poſited, as that AC and 
CN may be direct: Therefore (a) DB and BM ſhall be 
alſo direct (that is, as one right- line.) | 

Demonſtr. Seeing that the ratio of AB te EH is gi- 
ven, and that CM is equal to EH, the ratio of AB to 
CM is alſo given; and therefore the ratio of AC to CN 
is given (ſeeing AB is to CM, (4b) as ACis to CN; 
and as CM 1s equal and equiangled to EH, the 


| ſides about the equal angles of the parallelograms CM and 


EH. (c) are reciprocally proportional ; and therefore as 
CB is to FH, ſo is EF to CN. But the ratio of AC 
to CN is given: Therefore as CB is to FH, ſo is EF to 
that to which AC hath a given ratio. | 
Confir. 2. Now ſuppoſe AB not to be equiangled to 
EH, and in the given point C of the line CB, let there 
be conſtituted the angle BCK equal to the angle EFH, 
and finiſh the parallelogram CL. | | 
Demonſty. 2. Seeing then that the ratio of AB to EH 
is given, and (4) that AB is equal to CL, alſo the ratio 
of CL to EH is given, and the angle BCK is equal 
to the angle F, and therefore CL (e) is equiangled 
to EH: Therefore (by the firſt part of this propoſi- 
tion) as CB is to FH, ſo is EF to that to the which CK 
hath a given ratio. But the ratio of AC to, CK 
is given ; (as appears by what hath been demonſtra- 
ted in the latter part of the precedent propoſition.) 
Therefore as CB is to FH, ſo is EF to that to 
which AC hath a given ratio, * 


PR OP. 
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PROP. LXXV, Plate VIII. Fig. 40, 41. 


If two triangles ABC and DEF, in equal angles A 
and D, or elſe unequal (yet nevertheleſs given) have to 
one another a given ratio, as the fide AB of the firſt, ſhall 
be to the fide DE of the ſecond, fo the other fide DF of the 
ſecond, ſhall be to that right-line to the which the other 
fide AC of the firft hath a ow ratio. 
| Conftr. For let the parallelograms AG and DH be 
niſhed. 

Demonſir. Foraſmuch as the ratio of the triangle 
ABC to the triangle DEF is given, alſo the ratio of 
the parallelogram AG to the parallelogram DH is gi- 


5 ven. 

4 Seeing therefore that the two parallelograms AG and 
( DH in equal angles, or unequal angles {nevertheleſs gi- 
) ven) have to one another a given ratio; as (a) AB is © 74. Prop. 
1 to DE, ſo is DF to that to which AC hath a gi- 
8 ven ratio, 

2 

0 P R O P. LXXVI. Fig. 4. 
0 

If from the top A of a triangle ABC, given in kind, 
L N. 15 drawn to the baſe BC. 3 line AD, 
* that line AD ſhall have to the baſe BC @ given ratio. 
H | Demonftr. For ſeeing that the triangle ABC is gi- 
10 ven in kind, the ratio of AB to 50 is given; 
al and the angle B is alſo given. But the angle ADB 


is given; therefore the other angle BAD is given. 
Wherefore (a) the triangle ADB is given in kind: 
K and therefore the ratio of A B to AD is given. 
| But the ratio of AB to BC is given: Therefore (5) 
the ratio of AD to BC is given. 


PROP. LXXVII. Fig. 44, 45. 


If two figures ABC and DEF, given in k:nd, have 
to one another a given ratio, the ratio alſo ſhall be given 
of which you pleaſe of the fides of one of the figurer, to 
which you pleaſe of the ſides of the other figure. 


P. 


U3 cant. 


a 49. prop. 


b 8. Prop. 
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Conftr, For on the right-lines BC and EF, let there 
be deſcribed the ſquares BG and EH. 

Demonftr. Foraſmuch as on one and the ſame right. 
line BC, are deſcribed two figures ABC and BG gi- 
ven in kind, (a) the ratio of the ſaid ABC to BG 
is given. In like manner the ratio of DEF to EH 
is given; and ſeeing that the ratio of ABC to DEF 
is given ; and alſo that of the ſame figure ABC to 
BG ; and again the ratio of DEF to EH: (6) the 
ratio of BG to EH is given ; and therefore the ratio 
of BC to EF is alſo given. | 


PROP. LXXVIII. Plate VIII. Fig. 46, 47: 


If a given figure ABC, hath a given ratio to ſome 
redtangled figure DF, and that one fide BC hath a gi- 
ven ratio to one fide DE, the refangled figure DF is 
given in kind. 

Conftr, For on the right-line BC let the ſquare BH 
be deſcribed, and to the right-line DE, let the pa- 
rallelogram DK be applied equal to BH, in ſuch a 
manner, as that GD and DI may be placed directiy, 


a /ch. 68.prop. (a) and by conſequence FE and EK alfo directly. 


b 49, prop. 
c 8. prop. 


emonſtr. Therefore ſeeing that on one and the ſame 
right-line BC are deſcribed the two rectiline figures ABC 
and BH, given in kind, (5 the ratie of ABC to BH is 
given. But the ratio of the ſaid ABC to D is alſo gi- 
ven : Therefore (c) the ratio of BH to DF is given. But 
BH is equalto DK : Therefore the ratio of DK to DF 
is alſo given. And ſeeing that BH is equal and equian- 
led to DK, both the one and the other being rectangles, 
4) the ſides of thoſe figures are reciprocally porportional; 
and as BC is to, DE, ſo 1s DI to GH. But by ſuppoſi- 
tion, the ratio of BC to DE is given; therefore allo the 
ratio of DI to CH is given; but the ratio of DI to. DG 
is alſo given : (for Dt is to DG (e) as DE to DFH: 
Therefore (/) the ratio of DG to CH is given. But 
| CH is equal to BC, ſeeing that BH is a ſquaxe ; there- 
fore the ratio of the ſame BC to DG is given: But the 
ratio of the ſame BC to DE is alſo; given ; therefore the 
ratio of DE to DG is given, and the _—_—_ D is aright 


geb. 61.prop angle: Therefore (g) DF is. given in Kind. | 


PROP. 
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PROP. LXXIX. Plate VIII. Fig. 48, 49. 


1 If two We ABC and EFG, have an angle B equal 
6 2 an angle F. And from the equal angles B and F there Th 
H Jaun e e, BD and FH, to the baſes AC and 
; EG; and that as the baſe AC of the firſt triangle ABC, is 
to 1 perpendicular BD, % alſo the baſe EG ” the other 
triangle EFG, is to the perpendicular FH, thoſe triangles 
ABC and EF © ov equiangled. 

Corfir. For about the triangle EFG let there be de- 
ſcribed the circle EFLG, then on the right-line EG, 
and in the point E given therein, let there be made the 
angle GEL, equal to the angle C, and let FL and LG 
be drawn, and the perpendicular LM. 

Demonſtr. Seeing then that the angle GEL is equal 
to the angle C, and the angle ELG is equal to the angle 
EFG, (a) they being in one and the ſame ſegment of the 
circle ; z the third angle EGL is equal to the third angle 
A. Wherefore the triangle ABC 1s alike to the triangle 
ELG, and the perpendiculars BD and LM are drawn : 
Therefore + as AC is to BD, ſo is EG to LM; but by 
ſuppoſition as AC is to BD ; fo is EG to FH: Therefore 
(6) LM is equal to FH. But the ſaid LM is 2 mom 
to FH : Therefore (4) FL is alſo parallel to 7a 
therefore the angle FLE (e) is equal to the angle 120. 
But the angle C 1s alſo equal to the ſaid angle LEG, and 
the angle FLE to the angle FGE 5 Therefore alſo the 
angle 85 is equal to en angle FGE. But by ſu Ifo poſition 
the angle ABC is equal 10 the angle EFG: Therefore 
the third an gle BAC is equal to — third angle FEG: 


Wherefore th e triangle is equiangled to the trian- 
ele EFG. | 


Scholium. 


+ Now that as AC is to BD, ſo EG is to LM, it is by 
ſome thus demonſtrated. Foraſmuch as the angle Cs 
equal to the angle GEL, and the angle BDC to the angle 
LME, each being a right-an angle, the be ther angle CBD is 
= to the ah an - EI Therefore (g * EM Ii to 
L, ſo is CD to Again, ſeeing 13 angle ABC is 

1 'to the angle ELG, Ky the an * CBD 75 the angle 
ELM, the remaining angle ABD. is . to the remai 
angle 'MLG ; but the angle ADB ts alſo equal to . 
evgle LMG; and * ho third angh A is equal to the 
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a 21. 3. 


b 7. 5. 
c 28. 8 
d 33. Te 
e 29. 1. 
f 21. 3. 


84. 6. 
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1 14 5. 


f 9 40. prop. 


b 1. 6. 


C 41. 1. 


d 8. prop. 


e 1. 6. 


f 8. af. 
4 af, 

h 2. prop. 
e y 


k 28. prop. 
125. prop. 


EUcLID E' DAT A. 
third anole LGM : Therefore (h) as AD is to DB, þo i; 


CM to ML. But it hath been demonſtrated, that as CD 


is to DB, /e EM to ML: Therefore (i) as AC is to BD, 
Jo is EG t LM. | 


PROP. LXXX. Plate VIII. Fig. go, 51. 


IF a triangle ABC hath one angle A given, and that the 
rectangle contained under the fides AB and AC, compriſing 


the green angle A, hath a given ratio to the ſquare of the 


other fide BC, the triangle ABC is given in hind. 

Conjſir For from the points A and B, let there be 
drawn the perpendiculars AD and BE. 

Demonſir. Foraſmuch as the angle BAE is given, and 
alſo the angle AEB, the triangle ABE is given in (a) 
kind; and therefore the ratio of AB to BE is given: 
Therefore the ratio of the rectangle of AB and AC to 
the rectangle of BE and AC is alſo given (for it is the 
ſame ratio (5) as of AB to BE.) But the rectangle of 
AC and BE is equal to the rectangle of BC and AD; 
for that each of thoſe rectangles is (c) double to the 
triangle ABC. Therefore the ratio of the reQangl- of AB 
and AC to the rectangle of BC and AD is alſo given. 
But the ratio of the rectangle of AB and AC to the 
ſquare of BC is given: Therefore (4) alſo the ratio of 
the reftangle of EC and AD to the ſquare of EC is 
ven ; and therefore the ratio of the right-line EC to 
the right-line AD is given. (For that (e) the rectangle 


is to the ſquare as AD to BC.) Now Jet the right-line 


FD, given in poſition and magnitude, be expoſed ; 


and thereon let there be deſcribed the ſegment of a 
circle FID; capable of an angle equal to the angle A. 
And ſeeing the ſaid angle A is given, alſo the angle in 
the ſegment FLD ſhall be given; and therefore // the 
ſame ſegment is given in poſition. From the point D 


let there be erected at right-angles on the line FD, the 


line DH, which (g) is given in poſition : Let it be ſo 
made, that as BC is to AD, fo FD may be to DH and 
ſeeing that the ratio of BC to AD is given, alſo that of 
FD to DH is given But FD is given: Therefore (#) 
DH is given in magnitude. But it is alſo given in po- 
ſition, and the point D is given: Therefore the point 
H is (7) alſo given. Now throy 

there be drawn HI, parallel to FD 
ſhall be given in (4) poſition. But the ſegm 


„and that line HI 
ent of the 


circle FID is alſo given in poſition, Therefore (/) the 


pon * 


the point H let 


Evcrivpre's DAT A. 


point I is given. Let the right-lines IF and ID be 
drawn, and the perpendicular IE: Therefore IE is given 
in poſition, Burt the point I is given, as alſo each of 
the points F and D: Therefore () each of the lines 
FD, FI, 2nd ID is given in poſition and magnitude : 
Wherefore (2) the triangle FID is given in kind; and 
ſeeing that as BC is to AE, ſo is FD to DH, and (o 
that to DH, IE is equal; as BC is to AE, fo is E 
to IE, and the angle A is equal to the angle FID : 
Therefore (p) the triangle ABC is equiangled to the 
triangle FID. But FID is given in kind: Therefore 
alſo the triangle ABC is given in kind. 


OTHERWISE. Fg. 52, 53. 


Canſir. Let the triangle ABC, whoſe angle A is gi- 
ven, and the ratio of the rectangle contained under AB 
and AC, to the ſquare of BC be given: I ſay that 
the triangle ABC is given in kind. 

Demonſtr. For ſeeing the angle A is given, that ſpace 
by which the ſquare of the line compounded of BAC is 
greater than the ſquare of BC, (2) hath a given ratio 
to the triangle ABC. Now let that ſpace be D : There- 
fore the ratio of D to the triangle ABC is given. But 
the ratio of the triangle ABC to the rectangle of AB and 
AC is given; (7) ſeeing the angle A is given: There- 
fore ) the ratio of the ſpace D to the rectangle of 
AB and AC is given. But the ratio of the 3 * 
of AB and AC to the ſquare of BC is alſo given: 
Therefore (3) the ratio of the ſpace D to the ſquare of 
BC is given. Wherefore by compounding, (7) the ratio 
of the ſpace D, with the ſquare of BC the ſaid ſquare 
of BC is given : Therefore the ratio of the ſquare of the 
line compounded of BAC, to the ſquare of BC is given; 
(for that the ſpace D with the ſquare of BC is equal 
to the ſquare of the line compounded of BAC;) and 
therefore (2) the ratio of the ſaid line compounded of 
BAC to BC is given. But the angle A is alſo given: 
Therefore (x) the triangle ABC is given in kind, 


P R O P. LXXXI. 


IF of three rigbi- lines A, B, and C, A D 
proportional to three other proportional w— w__m—m—— 
roht-[ines D, E, and F „ the extremes B E 
A and D, C and F, are in a given ra- — 
tio, (to wit, as A to D, and Ce F,) C F 


eſo the means, B and E ſhall be in ak r. —Lͥ 
ſiven ratio, and if one extreme hath a given 
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m 26. prop. 


n 39. prop 
0 34. prop. 


p 79+ Fro» 


and therefore (c) the ratio of the line B to the line E is 


alſo the ratio of D to F is given. ſeeing that as 


EvcriDdts DATA. 


given ratio to an extreme, and. the mean. to the mean, the 


other will have alſo a given ratio to the other. 

Demonftr. Foraſmuch as the ratio of A to D, and of 
C to F is given, the rectangle of A and D (a) ſhall have ] 
a given ratio to the * * of C and F. But the 
rectangle of A and D is equal (5) to the ſquare of B; and any 
the reclangle of C and F to the ſquare of E. Therefore E, 
the ratio of the ſquare of B to the ſquare of E is given; D, 


alſo given. | | 

Again, let the ratio of A to D, and B to E, be given: a- 
I ſay that the ratio of C to F is alſo given. For ſeein 
that the ratio of A to D, and of B to E is given, alſo 
the ratio of the ſquare of B (4) to the ſquare of E is gi- 
ven. But the ſquare of B is equal to the rectangle of A 
and C, and the {quare of E to the rectangle of D and F: 
Therefore the ratio of the rectangle of A and C to the 
rectangle of D and F is given. But the ratio of a fide 
A to a fide D is given: Therefore (e) the ratio of the 
other ſide C to the other fide F is alſo given. 


— 


PROP. LXXXII. 


If there be four right-lines A,B,C, and A 
D, proportional, as the firſt A Hall be to B 
that line to which the ſecond B hath a G 

E 


— — — 


given ratio, ſo the third C ſhall. be to 
that to which the fourth D hath a gi- 
ven ratio. 5 F 
Conftr. Let E be the line to which B hath a given 
D let it be ſo as that B may be to E, as D 
is to F. 
Demonſir. Now the ratio of B to E is given, therefore 


A is to B, ſo is Cto D. And again, as B is to E, fo 
1s D to F, by ratio of equality, as A 1s to E, ſo is Cto 
F. But E is that line to which B hath a given ratio, 
and F that to which D alſo hath a given ratio: There- 
fore as A is to that to which B hath a given ratio, ſo C 


is to that to which D hath a given ratio. 


PROP. 
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PROP. LXXXIII. 


x A 

If four right-lines A,B, C, and D, 
are in ſuch fort to one another, that of B 
C 


| 

| 

a 
| any three of them A, B, C, and. a' fourth — 
] E, taken proportional, to which that line 
3 
$3 


D, which remains of the four lines, hath ———————— 
a given ratio, it ſhall be as the fourth D is D 
— 


to the third C, ſo the ſecond B ſhall be to — 
that to which the firfl A hath à given 


ratio. 2 


5 

[= Demonſtr. Foraſmuch as A is to B, as C is to E, the 
A roctangle contained under A and E (a) is equal to the 
: WW rectangle contained under B and C; and ſeeing that the 
he Wl ratio of D to E is given, alſo ſhall be given the ratio of 
de the rectangle of A and D to the rectangle of A and E 
he (for (5) it is the ſame ratio as of D to E.) But the rectan- 
cle of A and E is —_—_ to the rectangle of B and C. 
Therefore the ratio of the rectangle of A and D to the 
rectangle of B and C is given. Wherefote (c) as D is to 
C, ſo is B to that to which A hath a given ratio. 


PROP. LXXXIV. Plate VIII. Fig. 54. 


If tao right-lines AB and AF, comprehending a given 
hoe A5 in 5 given angle BAE, and that 21.48 AB be 
greater than the other AE by. a given line CB, alſo each of 
the lines AB and AE is given. 

s D Demonftr, For ſeeing that AB is greater than AE by 
the given line CB, the remainder AC is equal to AE : 
efore Finiſh lelogram AD. 'Therefore ſeeing that 
at 45 WF AE is equal to AC, the ratio of AE to AC is given, 
L 10 and the angle A is alſo given: Therefore (a) AD is given 
Cto Win kind. Wherefore the. given ſpace AF is applied 
ratio, to the given right-line CB, exceeding it by the given 
here- e O given in kind; and therefore (5) the breadth 
ſo Ci o the excels is given. Therefore AC is given, But 
CB is alſo given: Therefore the whole AB is given. 
But AE is alſo given: Therefore each of the right- 
ines AB and AE is given, 1 


PROP. 


2 16. 6. 


b 1. 6. 


C 56. prop. 
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PROP. LXXXV. Plate VIII. Fig. 54- 2 


If two right-lines AC and CD, comprehend à gi 
ſpace AD in à given angle ACD, the 2 . * 
thoſe lines AC and CD is given, alſo each of thoſe lines 801 
AC and CD ts given. line 
Confir. For let AC be prolonged to the point B, and WW ratio 
let CB be put equal to CD, then through the point 
B let BF be drawn parallel to CD, and ſo finiſh the 
parallelogram CF. Rk = 
_— Seeing then that CB is equal to CD, and 
the angle DCB is given; for that angle that follow HBC i 
a /cb.61, i the given angle; and therefore (4) the parallelogram w ti 
prop. DB is given in kind: and again, ſeeing that the line 
compounded of ACD is given, and CB is equal to Þ 
CD, alſo ABis given. And thus to the right-line AB Wh. f 
hon there is applied the given ſpace AD, deficient by the ine 
58. Pep. figure DB given in kind: and therefore (5) the breadths e 
of the defects are alſo given: Therefore the right- lines AC 
DC and CB are given. But the compounded. line Ii ei. 
C 4- frop. ACD is alſo given: Therefore (c) each of the lines AC WI; 85 
ö ‚ we given 
and CD is given. 4 


PROP. LXXXVI. Eg. 55. 


F two right-lines AB and BC, comprehend a given 
ſpace AC, in a given angle ABC, the ſquare of the one 
ts Ay than the ſquare of the other AB, by a 
ven ace (yet in à given ratio,) alſo each-of thoſe lines 
45 2 BC Hall 3 IE 7 
Demonſir. For ſeeing that the ſquare of BC is greater 
than the ſquare of AB by a given ſpace (yet in à cer- 
tain ratio:) Let the given ſpace be taken away, that 
is to ſay, the rectangle contained under CB and BE: 
2 11. % Therefore (a) the ratio of the remainder, (+) which is the 
b 2. 2. rectangle contained under BC and CE to the ſquare 
| of is given. And foraſmuch as the rectangle 
WR + under AB and BC is given, and alſo that of CB and 
1. prop, BE, their (c) ratio is given. But as the rectangle under 
43.6 AB and BG is to the rectangle under CB and EB, (4) ſo If 
Ag is to BE; and therefare the ratio of AB to BE 1s 
e 50. prep. given: Wherefore (e) the ratio of the ſquare of AB to . H. 
ve ſquare of BE is alſo given. But the ratio of the a 
ſquare of AB to the rectangle under BC and CE is gi- We .; 
f 8. prop. ven: Therefore (/) alſo the ratio of the reftangle un = 
| 1 
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BC and CE to the ſquare of BE is given. . Wherefore 
the ratio of four times the rectangle under BC and CE 
to the ſquare of BE is given; and by compounding, (g) 
the ratio of four times the rectangle under BC _F CE, 
with the ſquare of BE the ſquare of BE is given 
But four times the rectangle of BC and CE, with the 
of WU ſquare of BE, (Z) is the ſquare of che compound line 
nes BCE: Therefore the ra io of the ſquare of the compound 
line BCE to the ſquare of BE is given: Wherefore; :) the 
and ratio of the line compounded of BC and CE to BE is 
given, and by compounding (4) the ratio of the com- 
pound of the lines BC, CE, and BE, that is to ſay, 
the double of BC to BE is given ; and therefore the 
ratio of the only line BC to. BE is alſo given. But as 
BC is to BE, (0 fo the rectangle under BC and BE is 


ram to the ſquare of BE : Therefore the ratio of the rectan- 
line fc under BC and BE to the ſquare of BE is given. 
to But the rectangle of BC and BE is given: Therefore (22) 
AB Wie 1 7 of BE is alſo given, and conſequently the 
the une BE is given. 19 — BC is alſo given, ſeeing 
ichs wat the ratio of BE to BC is given. But the ſpace 
mes AC is given, and alſo the angle B: Therefore () AB 
_ s given. Wherefore each of the lines AB and BC is 


„ 
Scholium. 


5 + Inſiead of ſaying in this place [what is under, c.] 
ven ve have uſed this word rectangle, it being manifeſt by 
what fallows that ſuch was the intention of EUCLIDE, 
keing that be makes uſe in the ſaid Demonſtration of the ſecond, 
ad eighth propofition of” the ſecond Element; and alſo 
that - - ſpace or parallelogram being given not rectangled, 
it may be reduced thereto, making on JC, and in the gi- 
ven point B, a right-angle CBA, ſ as that there qoill be 
ku paralle lograms con{titued on one and the ſame baſe 
, and between the ſame parallels, as in the 69th propo- 
on, by means whereof this conclufion is drawn. 


Note, This ſerves alſo for the next Prop. 
PROP. LXXXVII. Fig. 56. 


If two right-lines AB and BC, comprehend a. gi- 
| e AC, in a given angle B, the ſquare of the 
ww BC is greater than the ſquare of the other AB, by 
given ſpace; alſa each of thoſe lines AB and BC Gal 
given.  Demonſir. 


h 8. 2. 


b 1. 65. 
e 50. prop. 


BC and CE, with the ſquare of BE, (e) is the ſquare of 
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Demonfr. For ſeeing that the ſquare of BC is greater 
than the ſquare of AB by a given ſpace: Let the given t 
ſpace be taken away, and let the rectangle be contained j 
under BC and BE: Therefore the remainder (a) Which | 
is the rectangle of BC and CE, is equal to the ſquare of 
AB. And ſeeing that the rectangle of BC and BE is 

ven, and alſo the ſpace or rectangle AC, the ratio of 

e ſaid rectangle of BC and BE to AC is given. But 
as (5) the 3 7 of BC and BE is to the rectangle 
of AB and BC, fo is BE to AB : Therefore the ratio of 
BE to AB is given, and therefore (c) the ratio of the 
ſquare of the faid DE to the ſquare of AB is alſo given. 
But to that ſquare of AB the rectangle of BC and CE 
is equal: Therefore the ratio of the ſaid rectangle of 
BC and CE to the ſquare of BE is given ; and therefore 
the ratio of the quadruple of the ſaid rectangle of BC 
and CE to the ſquare of BE is alſo given; and by 
compounding (4) the ratio of four times the rectangle 
of BC and CE, with the ſquare of BE to the ſaid 
fquare of BE is given. But four times the rectangle of 


the r line BCE: Therefore the ratio of the 
ſquare of that compound line BCE to the ſquare of BE is 

o given; and therefore the ratio /) of the compound 
line BCE to BE is given. Wherefore by compounding 
2 the ratio of the ſaid compound line BCE and EB, 
that is to ſay, twice BC to BE is alſo given; therefore 
the ratio of the only line BC to BE is given. But the 
ratio of the ſame BE to AB is alſo given: Therefore 
(>) the ratio of AB to BC is given. And ſeeing that the 
ratio of BC to BE is given, and that as the laid BC is 
to BE, ſo is the ſquare of BC (7) to the rectangle of BC 
and BE, the ratio of the ſquare of BC to the reftangle 
of BC and BE is alfo given. But the ſaid rectangle of thi 
BC and BE is given, it being that which' was taken 
away, and which was given. Therefore the fquare f the 
BC (4) is given, and therefore the line BC is given. th: 
But the ratio of the ſame BC to BA is given, therefore WM gi; 
AJ Rs.” TS | 


PROP. LXXXVIII. Plate VIII. Eg. 57. any 


Tf in a circh ABC, | Nee there be drawn T 
a right-line AC, which ſhall tale away a ſegment ABC in 
avhich doth comprehend a given angle AEC, to line AC 

is given in magnitude. 5 


| Canftr 


i 
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\Conftr. For let D be the center of the circle ; and let 
the- diameter thereof, ADE be drawn, and let EC be 


joined, 


Demonſir. The angle ACE is given for (a) it is a right- 
angle. But the angle AEC is alſo given, and there- 
fore the other angle CAE is given. Cher the tri- 
angle ACE (6) 1s given in kind ; and therefore the 
ratio of EA to AC is given. But AE is given in 
magnitude, ſeeing thay the circle ABC is given in mag- 
— Therefore (c) AC is alſo given in magnitude. 


P ROP. LXXXIX. Plate VIII. Fig 57. 


If i in a circle ABC, given in magnitude, there be drawn 
a right-line AC, given in magnitude, that line AC will 
take away a ſegment ABC, comprehendi ng à given angle. 

Conſtr. For having taken the point D for the center 
of the circle, let the diameter ABE be drawn; as alſo 
the right-line EC. | 

Demonſtr. Foraſmuch 4 as each of the ri ;oht-lines AE 
and AC are given, the ratio of the line AE to AC (a) is 

iven ; and the angle ACE is a right-angle : Therefore 
b) the triangle ACE is given in kind, and therefore 
the angle AEC is given. 


PROP. xc. Fr. 58. 


If in the circumference of a circle ABC, gi ven in poſition 
and in magnitude, there be talen à given point B, and that 


from the 7 nt B to the —— of the cirele ABC. a 


right-line BAC be infleed ſo as to make a given ang 1 BAC, 
the other extremity C of the infleted-line ſhall be 

Conftr. For let the center of the circle be ** let 
the right-lines BD and BC be drawn. + 

Demonfir. Foraſmuch as each point B and D is given, 
the right-line BD, (4) is given 2 poſition; and ſeein 
that the - angle BAC is given, the an e BDC is alſo 
given, Wherefore to the right-line BD, given in poſi- 
tion, and in the point D'given therein, there is drawn 
the right-line CD; which makes the given angle BDC; 
and therefore (3) the line DC is given in poſition, 
But the circle ABC is given in poſition and magnitude: 
3 ) the right- line DC is given in poſition and 


in = e. But the point is D given: Therefore (4 
— C is alſo given. * 


PROP. 


3109 


2 31. 3. 
b 40. prop. 


c 2, Props 


a 1. prop 
b 43. prope 


a 26. prop. 


b 29. prop. 


c 6. def. 
"27-8 


the right-line CD (a) is given in poſition and in mag- | 


through the point A: Let it then-paſs through that 


| Cnftr. For from the point D let the right-line DA 


magnitude; and therefore the ſquare of the ſaid DA is 
rectangle of BD and DC Therefore the ſaid rectangle a 


the ſame center let there be drawn from the point D ; 
the right-line DA. © e 


Evclides DAT 4, 


*. 


P RO. P. XCI. Plate VIII. Fig. 59. 


If from à given point C, there he drawn a right-line © 
CA, which, ſhall touch a circle AB, given in pofition ; that 
line CA is given in poſition and in magnitude. 2 

Conftr. For having taken the point D for the center 
of the circle, let the right - lines DA and DC be drawn. 
Demonfir. Foraſmuch as each point C and D is given, 


nitude. But the angle CAD (6) is a right-angle ; and 4 
therefore the ſemicircle deſcribed on CD fhall paſs 


point, and let the ſemicircle be DAG : Foraſmuch as 
the ſame DAC q is given in poſition, and alſo the 
circle ABE, (4) the point A is given. But the point 
C is alſo given: Therefore (e) the right-line AC is 
given in poſition and in magnitude. . 


PROP. XCII. Fig. 60. 


F without a circle ABC, given in poſition, there be taken 
ome point P, and from that given point there be drawn 4 
right-line DB, cutting the circle, the refargle compriſed Þ 
under the whole line BD, and the part DC, betxveen the © 
point D, and the convexity of the circumfbrence AC, ſhall 
: 
a 


o 
» 
o 
"od 
n 
» 


be dtawn, which ſhall touch the circle in the point A. 
- Demonſtr. Therefore DA (a) is given in poſition and : 


I 


(5) given. But the ſaid ſquare of DA is equal (c) to the 
of BD and DC is alſo given. 


OTHERWISE. Fg. 61. 
Conf. Let E be the center of the circle, and through 


« 
* 
Ed 
- 
3 
* 


7. Foraſmuch as each point D and E is given, . 
the-right-line DE is (4) given in poſition and in 3. N 
tude. But the circle ABC is given in poſition — in 


Demon 


I 


magnitude: Therefore each point A and F (e) is given, ; 


and the point D is alſo given; and therefore eac ri | 


— *% AC „„ 


MT 


„ 9 


- 
A 
= 
* 

— — — 3 

4 
— 2 — —— — 
p = 


4 „4 
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Therefbre the rectangle of DB and DC is given. 
PRO r. XCIfI. Plate IX. Fig. 1: 


If in a tircle givin in poſition there be taken a given point 


AD and FD is given. Whetefore the rectangle of the 
lines AD and DF is alſo given. But the ſaid rectangle 
of AD and DF is equal to the rectangle of DB and DC: 


A, and through that point A there be drawn a right-line BC 
to [the circle, the reftngle compriſed under the ſegments 


the ſame line BC, Hall be given. 


Confir. For let D be taken for the center of the circle, 
and having drawn the right-line AD prolong it to the 


point E and F. 


PROP, XCIV. Fig. 2. 


tomprehends a given angle BAC, and that the 
angle in the ſegment is cut into two e 


Demonſtr. Foraſmuch as each point A and D is given, 
the right-line AD (a) is given in poſition, But the circle 
BEC is alſo given in poſition: Therefore each point E 


and F is alſo given in poſition, and the point A is gi- 
ven. Wherefore each line (5) AE and AF is given: 


Therefore the rectangle of the ſame lines AE and AF is 
iven, and is equal to the rectangle (5) of AB and AC: - 
herefore the ſaid rectangle of AB and AC is given. 


If ini a circle ABC, given in magnitude, there be drawn 
a right-line BC, which takes away a ſegment which 


ſaid 


fe ual parts, the line 
compounded of the right-lines BA and AC , which comprehend 


the given angle BAC hall have a given ratio to the line 
AD, which divides that angle into two equal parts ; 


and the refangle contained under the line compounded of 


thoſe lines BA and AC; comprehending the given angle 
BAC, and that part ED of the interſecting- line which is 
below the ſegment between the baſe BC and the circumfe- 


rence, ſhall e given. 
Confte, Let BD be drawn. 


in two equal parts by the right-line 


Demonſir. Foraſmuch as in the circle ABC given in 
magnitude; there is drawn the right-line BC, which 
takes away the ſegment BAC, comprehending the given 
angle BAC, that line BC (a) is given; and therefore BD 
is alſo given: Therefore the ratio of BC to BD'(5) is 
piven, And ſeeing that the given angle BAC is cut 
a D, as 8 ) 3 
% to CA, fo is BE to CE; and by 2 as 

X AQ 
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cover, I ſay that the rectangle under the compound-line 
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BAC is to CA, ſo is BC to CE; and by permutation, 
as BAC is to BC, ſo is CA to CE. And ſeeing that b 
the angle BAE is equal to the angle CAE, and the 4 
angle ACE (4) to the angle BDE, the other angle AEC 

is equal to the other angle ABD ; and therefore the p 
triangle ACE is equiangled to the triangle ABD: = ** 
Therefore (e) as AC is to CE, ſo is AD to BD. But f 
as CA is to CE, ſo the line compounded of BA and C 
AC is to BC. Therefore as the compound-line BAC I ©! 
is to BC, ſo is AD to BD; and by permutation, as the 7 
compound-line BAC is to AD, ſo is BC to BD. But 4 
the ratio of BC to BD is given: Therefore the ratio of 
the compound-line BAC to AD is alſo given. More- © "7 


BAC and ED is given. For ſeeing that the triangle 5 
AEC is equiangled to the triangle BDE, (for the angle MW © 
ACE (4) is equal to the angle BDE, and the angle AEC 
to the angle BED) as BD is to DE, fo is AC to CE. 
But as AC is to CE, ſo is alſo the compound-line BAC 
to BC: Therefore as the compound-line BAC is to BC, 
ſo is BD to DE. Wherefore the rectangle of the com- 
pound-line BAC and DE (g) is equal to the rectangle 
of BC and BD. But the rectangle of BC and BD is 
iven, (for that thoſe lines BC and BD are given:) 
herefore the rectangle under the compound-line BAC 
and ED is alſo given, | | 


OTHERWISE. Plate IX. Fig. 4. 


Conſir. Let CA be prolonged to the point E, and let 
AE be put equal to BA, and let BE and BD be joined. 
Demonſtr. Foraſmuch as the angle BAC is double to 
each of the angles CAD and AEB (for the angle BAC 
is cut into two equal parts by the line AD, and equal 
(4) to the two angles ABE and AEB, which (i) are 
equal) the angle ASE is equal to the angle CAD), that 
is to ſay, (4) to the angle CBD ; adding therefore the 
common angle ABC, the whole angle ABD ſhall be 
equal to the whole angle FBE. But the angle ACÞ 
is (4) equal to the angle ABD: Therefore the thir« 
angle AEB is equal to the third angle BAD; and 
therefore the triangle CEB is equiangled to the trian 
5 ABD : Wherefore as CE is to 25 ſo is AD 9) 
D. But the right-line CE is compounded of the two, 
lines CA and AB: Therefore as the compound-linq 
BAC is to CB, ſo is AD to BD; and by permutation 
| 45 
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| as the compound-line BAC is to AD, ſo is CB to BD: 
But the ratio of CB to BD is given, ſeeing that each of 
N thoſe lines is given: Therefore the ratio of the com- 
f pound-line BAC to AD is alſo given. And ſeeing that 
; the triangle CEB is equiangled to the triangle FBD 
(for the angle AFC is equal 69 to the angle BFD, 
4 the angle ECB (n) to the angle ADB) as EC is to 
C CB, ſo is BD to DF. But EC is equal to the com- 
und-line BAC : Therefore as the compound-line 
* BAC is to CB, ſo is BD to DF. Wherefore (2) 
5 the rectangle of the compound-line BAC and DF is 
xs ual to the rectangle of CB and BD. But the rectan- 
e of CB and DC is given, fince each of the lines 
B and BD is given; Therefore the rectangle of the 
compound-line BAC and DF is given. 


OTHERWISE. Flate Ix. Hg. g. 


Conftr. Let AC be prolonged to F, and let CF be put 
_ to AB, and let the right-lines BD and DF be 

awn., 

Demonſtr. Foraſmuch as BA is equal to CF, and (o) BD 
to DC, the two ſides AB and BD are equal to the two 
ſides CD and DF, each to his correſponding fide, and the 
angle ABD is equal to the angle DCP, () ſeeing that the 
four ſided figure ABDC is within the circle: Therefore 
the baſe AD is () equal to the baſe DF, and the angle 
. DAB to the angle DFC. But the angle BAD is given, 
1 let being the half of the given angle BAC, therefore the 
d eagle DFC is ſo alſo. But DAP is alſo given: There- 
fore the triangle ADF is given in kind. Wherefore 

AC the ratio of FA to AD is given. But AF is the com- 
B ws und of BA and AC, for that CF is equal to AB : 
9 herefore the ratio of the compound- line BAC to AD 
n s given: The ſame demonſtration will ſerve to ſhew 


that the rectangle contained under the compound-line 
zu be BAC and ED is given alſo. 


'B * , . - 
5 PROP. XCV. Fig. 6. 


If in the diameter BC of a circle ABC given in poſi⸗- 
hon, there be taken a given point D, and from that point 
D there be drawn a rigbi-line DA, to the circumference of 
e circle. And if from the ſection of the ſaid line there 
*. te drawn a ri ght-line AE, perpendicular thereto, and 

a through the point E where wy perpendicular meets aui - 
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the circumference, there be drawn a parallel EF, to the fot 
line drawn AD, that point F in which the parallel meets 
with the diameter, is given; and the rectangle contained 
under the parallel-lines AD and EF is alſo given. 
Conftr. Let the right- line EF be 123 to the point 
G, and let the right-line AG be drawn. . 
Demonſtr. Foraimuch as the angle AEG is a right- 
angle, the right-line AG is the diameter of the circle. 
But BC is alſo the diameter: Therefore the point H is 
the center of the circle. Now the point D is given; 
and therefore (a) the line DH is given in magnitude. But 
ſeeing that AD is parallel to EG, and AH equal to GH; 
b) DH is equal to FH, and AD to FG: (for the angles 
HD and FHG (e) are qu and DAH and FGH (d are 
alſo equal.) But the line DH is given: Therefore FH is 
alſo given, But each of thoſe lines DH and HF is alſo 
iven in poſition, and the point H is given : Therefore 
G) the point F is alſo given, And ſeeing that in the 


given in poſition, is taken the given 
int F, and through the ſame is drawn the right-line 
FG; the rectangle under EF and FG (/ is given. 
But FG is equal to AD. Therefore the r le com- 
prehended under AD and EF is given. Which was to 
demonſtrated. 


The End of Euclipz's DATA. 
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(Added by FLUSS AS) 


O F 


Regular Solids: 


when each of them is trafsformed into other 
| Solids, keeping ſtill the form, number and 
nclination of the bats, which they before had to 
ne another ; ſome of which yet are transformed into 
ux'd Solids, and others into Cle. Into mix'd, as a 
vodecaedron and an Icoſaedron, which are transform- 
Vor altered, if you divide their ſides into two equal 
arts, and take away the ſolid les ſubtended | 

jane ſuperficial figures, made by the lines coupling thoſe 
uddle ſections; for the Solid remaining after the tak- 
v away of thoſe ſolid angles, is called an Icoſidode- 
edron, If you divide the fides of a Cube and of an 
| Octoedron 
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Octoedron into two equal parts, and couple the ſections, b 
the ſolid angles ſubtended by the plane — made i1 
by the coupling-lines, being taken away, there ſhall be C 
left a Solid, which is called an Exoctqedron. So that Ii 
both of a Dodecaedron, and alſo of an Icoſaedron, the th 
Solid which is made ſhall be called an Ieoſidodecaedron; ar 
and likewiſe the Solid made of a Cube, and alſo of an Fe 
OQtoedron, ſhall be called an Exoctoedron. But the tri 
other Solid, to wit, a Pyramis or Tetraedron, is trans- wi 
formed into a ſimple Salid, for if you divide into two N] 
equal parts each of the ſides of the Pyramis, triangles is a 
deſcribed of the lines which couple the ſections, and K 
ſubtending and taking away the ſolid angles of the W fqu 
Pyramis, are equal. — like unto the equilateral trian- nur 

les left in each of the baſes, of all which triangles the 
is produced an Octoedron, wiz. a fimple, and not a 
compoſed Solid. For the Oftoedron hath four baſes, 
like in number, farm, and mutual inclination with the 
baſes of the Pyramis, and hath the other four baſes 
with like ſituation oppoſite and parallel to the former, 
Wherefore the application of the Pyramis taken twice, 
maketh a ſimple Octoedron, as the other Solids make 
a mix'd compound Solid. | 


DEFINITIONS. 


I. 
An Exoctoedron is a folid figure contained under fix equal mete; 
ſquares, and eight equilateral and equal triangles, 


4 II. 
| An Kofidodecaedran is a folid Joe contained under twelut 


equilateral, equal, and equiangied Pentagons, and tweut 
equal and equi ateral triangles. a 4 


PROBLEM I, PlateIX. Fig. 7. 


| | To both an equilateral and equiangled Exoctocdeun 
1 and to contain it in a given ſphere, and to prove that ti 
| 2 of the (phere is double to the fide of the faid Exopiry dr 
[ eden. | | | 
i Mr. Suppaſe a Sphere whoſe diameter let be AB 
| and about the diameter AB let there be deſcribed a ſqu 
x a 6. 4. (a) and upon the ſquare let there be deſcribed a Cube ( 
bt. 13. which ler be DEF TVR; and let the diameter theret 
CO 
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be QR, and the center S. Divide the fides of the Cube 
into two equal parts in the points G, H, I, K, L, M, N, 
O, P, &c. of; join the middle ſections by the right- 
lines IN, NO; OP, PI, and ſuch like, which ſubtend 
the angles of the ſquares or baſes of the Cube; and the 
are equal (c) and contain right-angles, as the angle NIP. 
For the angle NID, which is at the baſe of the Iſoſceles 
triangle NDF, is the half of a right-angle, and ſo like- 
wiſe is the oppoſite angle RIP. Wherefore the reſidue 
NIP is a right-angle, and ſo the reſt. Wherefore NIPO 
is a ſquare. And for the ſame reaſon ſhall the ret NMLK, 
KGHI, Sc. inſcribed in the baſes of the Cube, be 
ſquares, and they ſhall be fix in number, according to the 
number of the baſes of the Cube. Again, foraſmuch as 
the triangle RIN ſubtendeth the ſolid angle D of the 
2 Cube, and likewiſe the triangle KGL the ſolid angle 
es, C, and ſo the reſt which ſubtend the right ſolid angles 
he of the Cube, and theſe triangles are equal and equilateral 
ſes (to wit) being made of equal ſides, and they are the li- 
er. mits or borders of the ſquares, and the ſquares the limits or 
ice, borders of them; as hath been before proved. Where- 
ake fore LMNOPHGE is an Exoctoedron by the definition, 
and 1s equilateral, for it is contained by equal ſubtendant 
lines; it is alſo equianyled, for every folig angle thereof 
is contained under two ſuperficial angles of two ſquares, 
and two ſuperficial angles of two equilateral triangles. 
Demonſtr. Foraſmuch as the oppoſite ſides and dia- 
equal meters of the baſes of the Cube are parallels, the plane 
extended by the right-lines QT and VR, ſhall be a 
parallelogram. And becauſe alſo in that plane lieth QR, 
the diameter of the Cube, and in the | mars plane alſo 
is the line MH, which divideth the ſaid plane into two 
veto} equal parts, and alſo coupleth the oppoſite angles of the 
:aweuttfl ExoRtoedron : this line MH therefore divideth the diame- 
N ter into two equal parts (4); and alſo divideth it ſelf 
in the ſame point, which let be 8, into two equal parts (e). 
And by the ſame reafon may we prove that the reſt of the 
lines which join the op fte angles of the Exoctoedron, 
do in 8, the center of the Cube, divide one another into 
two equal parts, for each of the angles of the Exoctoe- 
dron are ſet in each of the baſes of the Cube. Wherefore 
making the center the point S, with the diſtance SH or 
SM deferibe a Sphere, and it ſhall touch every one of 
the angles equidiſtant from the point 8. 
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And , becauſe AB the diameter of the ſphere rn. 
is put equal to the diameter of the baſe of the cube, to 
wit, to the line RT, and the ſame line RT is equal 
to the line MH (/ ) which line MH coupling the oppoſite 
angles of the Exoctoedron, is drawn by the center. 
Wherefore it is the djameter of the Sphere given which 
containeth the Exoctoedron. — 

Laſtly, foraſmuch as in the triangle RFT, the line PO 
cuts the ſides into two equal parts, it ſhall cut them 

roportionally with the baſes, to wit, as FR is to 
Fr, ſo ſhall RT be to PO. (gz) But FR is double ta 
FP by ſuppoſition: Wherefore RT, or the diameter 
HM, is alſo double to the line PO, the fide of the Ex- 
octoedron. Wherefore we have deſcribed, c. Which 
was required to be done. 


PROBLEM UI. Plate IX, Fig. 8. 


To deſeribe an equilatera! and. equiangled Icaſidodecaadron, 
and to ag xxmge it in a ſphere given, and to prove that the 
diameter being divided in extream aud mean proportion, 
maketh the greater ſegment double to the fide of the Teofi- 
dodecaearon. | 

Conftr. Suppoſe that the diameter of the ſphere given 
be NL, (a) divide the line NL, in extream and mean 
Proper in the point I, and the N ſegment there - 
of let be NI, and upon the line NI deſcribe a Cube; (5) 
and about this Cube let there be circumſcribed a Dode- 
caedron; 4 and let the ſame be ABCDEFHKMO, and 
divide each of the ſides into two equal parts in the points 
Q,R,S,T,V,X,Y,Z,P, e, 3, G, Sc. and join 
the ſections with right-lines, which ſhall ſubtend the 
angles of the Pentagons, as the lines PG, GV, VQ,, Q. 
YR, RQ, VT, IX, XV, and fo the reſt. 
Demonſir. Foraſmuch as theſe lines ſubtend equal an- 

les of the Pentagons, and thoſe equal angles are con- 
Pined by equal fides, to wit, by the half of the fides 
of the Pentagans ; therefore thoſe ſubtending lines are 
equal. (4) Wherefore the triangles Gay » YQR, and 
WMI. and the reſt, which take away ſolid angles of 
the Dodecaedron, are equilateral. | 
Again, foraſmuch as in every Pentagon are deſcribed 
five equal right-lines, coupling the middle ſections of the 
fides, as are the lines QV, VT, TS, SR, and R. 
they deſcribe a Pentagon in the plane of the Pentagon 
the Dodecaedron. And the aid Pentagon is contained 
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in a circle, to wit, whoſe center is the center of a Penta- 


gon of the Dodecaedron. For the lines drawn from that 


center to the angles of this Pentagon are equal, becauſe 
they are perpendiculars upon the baſes cut. () Wherefore 
the Pentagon QRSTV, is equiangled. (/// And by the 
ſame reaſon may the reſt of the Pentagons deſcribed in the 
baſes of the Dodecaedron, be proved equal and like. 

Wherefore thoſe Pentagons are twelve in number : 
And foraſmuch as the equal and like triangles ſub- 
tend and take away twenty ſolid angles of the Dodecae- 
dron; therefore the ſaid triangles ſhall be twenty in 
number. Wherefore we have deſcribed an Icoſidodeca- 
edron by the definition, which Icoſidodecaedron is equi- 
lateral; for that all the ſides of the triangles are equal 
and common with the Pentagons ; and it 1s alſo equian- 

led: For each of the ſolid angles is made of two ſuper- 

cia angles of an equilateral Pentagon, and of two ſu- 
perficial angles of an equilateral triangle. | 

Now let us prove that it is contained in the given 
ſphere whoſe diameter is NL. Foraſmuch as perpendi- 
culars drawn from the centers of the Dodecaedron, to 
the middle ſections of its fides, are the halfs of the lines 
which couple the oppoſite middle ſections of the ſides of 
the Dodecaedron, (g) which lines alſo (4) do in the center 
divide one another into two equal parts. Therefore 
right-lines drawn from that point to the angles of the 
Icofidodecacdron (which are ſet in thoſe middle ſections) 
are equal ; which lines are thirty in number, accordin 
to the number of the ſides of the Dodecaedron, for eac 
of the angles of the Icoſidodecaedron are ſet in the mid- 
dle ſections of each of the ſides of the Dodecacdron. 
Wherefore making the center of the Dodecaedron, and 
the ſpace, any one of the lines drawn from the center to 
the middle ſections, deſcribe a ſphere, and it ſhall paſs 
through all the angles of the Icofidodecaedron, and 
ſhall contain it. g 

And foraſmuch as the diameter of this ſolid, is that 


right-line whoſe greater ſegment is the ſide of the Cube 
inſcribed in the Dodecaedron, (i) which fide is NI by 
ſuppoſition. Wherefore that ſolid is contained in the 
ſphere-given, whoſe diameter is put to be the line NL. 
Now let us prove that the great ſegment of the diame- 
ter is double to Q the fide of the ſolid. Foraſmuch as 
the ſides of the triangle AEB are in the points Q and v 
divided into two equal parts, the lines QV and BE are 
parallels, (4) Wherefore as AE is to AV, ſo is EB (1 BE 
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( But the line AE is double to the line AV. Where- 


the line BE is double to the line QV. (n) Now 
the line BE is equal to NI, or to the fide of the Cube ; 
(2) which line NI is the greater ſegment of the diameter 
NL. Wherefore the greater ſegment of the diameter 
given is double to the ſide of the Icoſidodecaedron in- 
cribed in the given ſphere. Wherefore we have de- 
ſcribed, &c. Which was required to be done. 


| ADVERTISEMENT. 

To the underſtanding of the nature of this Icoſidode- 
caedron, you muſt well conceive the paſſions and pro- 
prieties of both theſe ſolids, of whoſe baſes it conſiſteth, 
to wit, of the Icoſaedron and of the Dodecaedron. And 


_ altho' in it the baſes are placed oppoſitely, yet have they 


to one another one and the ſame inclination. By reaſon 
whereof there lie hidden in it the actions and paſſions 
of the other regular Solids. And I would have thought 
it not impertinent to the purpoſe to have given the in- 

criptions and circumſeriptions of this Solid, if want of 
time had not hindered. But that the Rea der may the 
better attain to the underſtanding thereof, I have here 
following briefly ſhewn, how it may in or about every 
one of the five regular Solids be inſcribed or circumſcri- 
bed ; by the help whereof be may, with ſmall labour, or 
rather none at all, having well poiſed and conſidered the 
Demonſtrations appertaining to the foreſaid five regular 
Solids, demonſtrate both the inſcription of the ſaid Solids 
in it, and the Inſcription of it in the ſaid Solids. 


Of the Inſcriptions and Circumſcriptions of an Icaſidodeca- 
edron. 


An Icoſidodecaedron may contain the other five regu- 
lar bodies, For it will receive the angles of a Dodecae- 
dron in the centers of the triangles which ſubtend the 
ſolid angles of the Dodecaedron, which ſolid angles are 
twenty in number, and are placed in the ſame order in 
which the ſolid angles of the Dodecaedron, taken away, 
or ſubtended by them, are. And for that reaſon it ſhall 
receive a Cube and a Pyramis contained in the Dadeca- 
edron, when as the angles of the one are ſet in the an- 
gles of the ther. 

An Icoſidodecaedron receiveth an Octoedron, in the 


angles cutting the fix oppoſite ſections of the Dodecac- 
dren, even as if it were a fimple Dodecaedron. rt 
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And it  containeth an Icoſaedron, placing the twelve 
angles of the Icoſaedron in the ſame centers of the twelve 
Pentagons. 


It may alſo by the ſame reaſon be inſcribed in each of 


the five. regular bodies, to wit, in a Pyramis, if you place 
four triangular baſes concentrical with four baſes of the 
Pyramis, after the ſame manner that you inſcribed an 
Icoſaedron in a Pyramis ; ſo likewiſe may it be inſcribed 
in an Octoedron, if you make eight baſes thereof con- 
centrical with the A baſes of the Oftoedron, It ſhall 
alſo be inſcribed in a Cube, if you place the angles which 
receive the Octoedron in it, in the centers of the baſes of 
the Cube. Again, you ſhall: inſcribe it in an Icoſaedron, 
when the triangles formed of the Pentagon baſes, are 
concentrical with the triangles which make a ſolid 
angle of the Icoſaedran, 
aftly, it ſhall be inſcribed in a Dodecaedron, if you 
place each of the angles thereof in the middle ſections of 
the ſides of the Dodecaedron, according to the order of 
ts conftruftion. | 
The oppoſite plain ſuperficies alſo of this ſolid are 
parallels. For the oppoſite ſolid angles are ſubtended by 
8 — ſuperficies, as well in the angles of the 
ecac 


on ſubtended by triangles, as in the angles 


of the Icoſaedron ſubtended by Pentagons, which thing 
may eaſily be demonſtrated. Moreover, in this ſolid are 
infinite properties and Fass ſpringing from the ſolids 
whereof it is compoſed. 


Wherefore it is manifeſt, that a Dodecaedron and an 


Icoſaedron mixed, are transformed into one and the 
ſelf ſame ſolid of an Icoſidodecaedron. A Cube alſo and 
an Octoedron are mixed and altered into another. ſolid, 
to wit, into one and the ſame Exoctoedron. But a Py- 
ramis is transformed into a ſimple and perfect ſolid, to 
wit, into an Octoedron. | 

If we will frame theſe two ſolids joined together into 
one ſalid, this only muſt we obſerve. 

In the Pentagon of a Dodecaedron inſcribe a like 
Pentagon, and let its angle be ſet in the middle ſections 
of the Pentagon circumſcribed, and then upon the ſaid 
Pentagon inſcribed, let there be ſet a ſolid angle of an 
Icoſaedron, and ſo obſerve the ſame order in each of the 
baſes of the Dodecaedron, and the ſolid angles of the 
Icoſaedron, ſet upon theſe Pentagons, ſhall produce a 
ſolid conſiſting of the whole ecacdron, and whole 
Icoſaedron. 'Þ like manner, if in every baſe of the Ico- 
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ſaedron, the ſides being divided into two equal parts, be 
inſcribed an equilateral triangle, and upon each of thoſe 
equilateral triangles be ſet a ſolid angle of a Dodecae- 
dron, there ſhall be produced the fame ſolid conſiſting of 
the whole Icoſaedron, and of the whole Dodecaedron. 
And after the ſame order, if in the baſes of a Cube be 
inſcribed ſquares ſubtending the ſolid angles of an Octo- 
edron, or if in the baſes of an Octoedron be inſcribed 
equilateral triangles fubtending the ſolid angles of a Cube, 


there ſhall be produced a ſolid conſiſting of either of the 


whole ſolids, to wit, of the whole Cube, and of the 
whole Octoedron. 

But equilateral triangles inſcribed in the baſes of a 

mis, having their angles ſet in the middle ſections 

of the fides of the Pyramis, and the ſolid angles of a 

Pyramis, ſet upon the ſaid equilateral triangles, there 


| ſhall be produced a ſolid conſiſting of two equal and like 


amids. | 

And now if in theſe ſolids thus 3 you take 
away the ſolid angle, there ſhall be reſtored again the 
firſt compoſed ſolids, to wit, the ſolid angles taken 
away from a Dodecaedron and an Icoſaedron compoſed 
into one. there ſhall be left an Icoſidodecaedron, the 
ſolid angles taken away from'a Cube and an Oftoedron 
compoſed into one ſolid, there ſhall be left an Exoctoe- 
dron. Moreover, the ſolid angles taken away from two 
Pyramids compoſ:d into one ſolid, there ſhall be left an 
Octoedron. 


Of the natu-e of a trilateral and equilateral Pyramis, 
1. A trilateral equilateral Pyramis is divided into two 


| con parts, by three equal ſquares, which in the center 
© 


the Pyramis cut one another into two equal parts, 


and perpendicularly, and whoſe angles are ſet in the 


middle ſections of the fides of the Pyramis. 

2. From a Pyramis are taken away four Pyramids like 
unto the whole, which utterly e away the ſides 
of the Pyramis, and that which is left is an Octoedron, 
inſcribed in the Pyramis, in which all the ſolids inſcri- 
bed in the Pyramis are contained. | 

3. 8 drawn from the angle of the Pyra- 
mis to the 
inſcribed in it. 

4. And a right-line joining the middle ſections of 
the oppoſite fdes of the Pyramis is triple to the fide of 
the ſame Cube. "Some 


aſe, is double to the diameter of the Cube þ 


REGULAR SOLIDS, 


5. The fide alſo of a Pyramis is triple to the diames 
ter of the baſe of the Cube. - 


6. Wherefore the ſame fide of the Pyramis is in power 


double to the right-line which joins the middle ſection 


of the oppoſite ſides. * $ R 1 

7. And it is in power ſeſquialter to the perpendicular 
which is drawn from the angle to the baſe. 

8. Wherefore the perpendicular is in power ſeſquiter- 


tia to the line which joins the middle ſections of the 


oppoſite ſides. 
9. A Pyramis and an Octoedron inſcribed in it, alſo 
an Icoſaedron inſcribed in the ſame Octoedron, contain 


one and the ſame ſphere. 
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Of the nature of an Octoedron. 


1. Four perpendiculars of an Oftoedron, drawn in 
four baſes thereof from two oppoſite angles of the ſaid 
Octoedron, and joined together by thoſe four baſes, 
deſcribe a Rhombus, or Diamond figure ; one of whoſe 
diameters is in power double to the other diameter. 

2. For it hath the ſame proportion that the diameter of 
the Octoedron hath to the ſide of the Octoedron. 

3. An OQtcedron and an Icoſaedron inſcribed in it, 
do contain one and the ſame ſphere. | 

4. The diameter of the ſolid of the Octoedron is in 
power ſeſquialter to the diameter of the circle which 
containeth the baſe, and is in power duple ſuperbiparti- 
ens tertias (that is, as 8 to 3,) to the perpendicular or 
ſide of the foreſaid Rhombus ; and moreover is in length 
_ to the line which joins the centers of the next 

ES. 

The angle of the inclination of the baſes of the 
Ofcedron, doth, with the angle of the inclination of the 


baſes of the Pyramis, make angles equal to two right- 


Jangles. 


Of the nature of a Cube. 


1. The diameter of a Cube is in power ſeſquialter to 
ze diameter of his baſe. 

2. And is in power triple to his fide. 
3. And unto the line which joins the centers of the 
next baſes, it is in your ſextuple. 

4. Again, the fide of the Cube, is to the fide of the 
coſaedron inſcribed in it, as the whole is to the 4. 
Elen 5 nato 
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g. Unto the fide of the Dodecaedron, it is as the 
Whole is to the leſſer ſegment. 


* ua ſide of the Octoedron it 4s in power 
le. | 
ads Unto the fide of the Pyramis it is in power ſub- 
e. | 
b. Again, the Cube is triple to the Pyramis, but to the 


Cube the Dodecaedron is in a manner double. Where- 


fore the ſame Dodecaedron is in a manner ſextuple to 
the ſaid Pyramis. | 1 
Of the nature of the Troſaedron. 


1. Five triangles of an Icoſaedron; make a ſolid 
angle, the baſes of which triangles make a Pentagon. 
If therefore from the oppoſite baſes of the Tcoſacdron 
be taken the other Pentagon by them deſcribed, theſe 
Pentagons ſhall in ſuch fort cut the diameter of the 
Teoſaedron which joins the foreſaid oppoſite angles, 
that that part which is contained between the planes of 
theſe two Pentagons ſhall be the greater ſegment, and 


the reſidue which is drawn from the plane to the angle, 


ſhall be the leſſer ſegment. 

2. If the oppoſite angles of two baſes joined together, 
be coupled by a right-line, the greater ſegment of that 
right-hne is the fide of the Icoſacdron. 

3. A line drawn from the center of the Icoſaedron to 
the angles, is in power quintuple to half that line which 
is taken between the Pentagons, or of the of half that 
line which is drawn from the center of the circle which 
containeth the foreſaid Pentagon, which two lines are 
therefore equal. | 
4+ The fide of the Ièoſaedron containeth in power 
either of them, and alfo the leſſer ſegment, to wit, 


| the line Which falleth from the ſolid angle to the 


5. The diameter of the Icoſaedron containeth in power 


the whole line, which eoupleth the oppoſite angles of the 
baſes joined together, and the greater ſegment thereof, 
to wit, the fide of the Icofaedron. | 
6. The diameter alſo is in power quintupte to the 
line which was taken between the Pentagons, or to the 
_ is drawn from the center to the — 
of the circle which comaineth the Pentagon | 
the fidcs of the Icoſaedron. F 
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The dimetient containeth in power the right-line 
which coupleth the centers of the oppoſite baſes of the 
Icoſaedron, and the diameter of the circle which contain- 
eth the baſe. 

8. Again, the ſaid dimetient containeth in the 


diameter of the circle which containeth the Pentagon, 
and alſo the line which is drawn from the center of the 


ſame circle to the circumference : that is, it is quintuple 
to the line drawn from the center to the circumference. 

9. The line which coupleth the centers of the oppoſite 
baſes containeth in power the line which coupleth the 
centers of the next baſes, and alſo the reſt of that line of 
which the ſide of the Cube inſcribed in the Icoſaedron 


is the greater ſegment. 


10. The line which coupleth the middle ſections of the 
Wein ſides, is triple to the fide of the Dodecaedron 
inſcribed in it, 

11. Wherefore, if the fide of the Icoſaedron and the 
greater ſegment thereof be made one line, the third part 
of the whole is the fide of the Dodecaedron inforied in 
the Icoſaedron. 


Of 1 he Dodec atdron. 


1. 'Thediameter of a Dodecaedron containeth in 
the fide of the Dodecaedron, and alſo that right-line to 
which the ſide of the Dodecaedron is the leſſer ſegment, 
and the ſide of the Cube inſcribed in it is the greater 
N which line is that which ſubtendeth the angle 
of the inclination of the baſes, contained under two 
perpendiculars of the baſes of the Dodecaedron. 

2. If there be taken two baſes of the Dodecaedron, 
diſtant from one another by the length of one of the ſides, 
a right-line coupling their centers being divided in ex- 
treme and mean proportion, maketh the greater ſegment 
on right-line 2 1 As coupleth the centers of the next 

a Es. 

3. If by the centers of five baſes ſet upon one baſe, 
be drawn a plain ſuperficies, and by the centers of the 
baſes which are ſet upon the oppoſite baſe, be drawn 


alſo a plain ſuperficies, and then be drawn a right-line, 


coupling the centers of the oppoſite baſes, that right-line 
is 10 cut, that each of his parts ſet without the plain 
ſuperficies, is the greater ſegment of that part which is 
contained between the planes, 


4. The 
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4. The fide. of the Dodecaedron is the greater ſeg- 
ment of the line which ſubtendeth the angle of Xx 


Pentagon. 8719 5 

5. E drawn from the center of the 
Dodecaedron to one of the baſes, is in power quintuple 
to half the line which is between the planes. 

6. And therefore the whole line which coupleth the 
centers of the oppoſite baſes is in power quintuple to 
the whole line which is between the ſaid planes. | 
7. The line which ſubtendeth the angle of the baſe of 
the Dodecacdron, together with the fide of the baſe, 
are in power quintuple to the line which is drawn from 
the center of \ circle which containeth the baſe, to the 
circumference. 2 
8. A ſection of a ſphere containing three baſes of the 
Dodecaedron, taketh a third part of the dlameorer of he 
ſaid are, | 

9. 


he fide of the Dodecaedron and the line which 
ſubtendeth the angle of the Pentagon, are equal to the 
right-line which coupleth the middle ſections of the op- 
Polite ſides of the Dodecaedron. * 
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Concern g the Sphere and Cylinder, 

eſtigated by the Method of idw. 
5 and briefly demonſtr 14 by the 
Reverend and . — Dr. IS AA c 


of : 7 — . . 
- 


a Doki. of See his Treatl/e o 
F 1225 and Cylinder, is to wialve thee fore 
0 
57 he proporti he ſuper, ſphere 
E as les 92775 e * 
* ven ſphere: 
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Here to any * - ae circle 3 or to circle equal 
e a her tion of it felf (or of its 

o find on | 

145 content) to any 2. here linger 3 or ts 


find a Cons or Cylinder equal to 6 givven ſphere. 
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To find the proportion of a ſegment of a ſobere to 
deere Coe 8 or to find a Cone or Cylinder | 
equal to a 

Theſe four r Problem ems 3 proſecutes ſeparately, 
and lays down Theorems immediately ſubſervient to their 
ſolution; but we reduce them * two: For fince an 
Hemiſphere is the ſegment of ay here, and the method 
of finding out its relations, io ol to the ſuperficies 
and ſolid content, is comprehended in we general me- 
thod of inveſtigating the proportion of the ſegments : 
And from the ſuperficies and ſolid content of an Hemiſ- 

here already found, the double of them, (chat is the 
— and content of the whole ſphere) is at the 
ſame time giren. And indeed tis ſuperfluous and fo- 
reign from the Laws of Method, to inveſtigate 
their relations diſtinQly and ſeparately ; ſo that if i it were 
not à crime, I might on this account blame even A- 
chimedes himſelf. al 

- "The whole matter therefore is due d to theſe two 
Problems. 

1. To find the proportion of the ſuperficies of any ſegment 
of a ſphere to a 8 1 5 to find a circle 
fo the ſuperficies of a given - 


2. To id this. phophrtion Pike lids 9 of any ſegment 
a ſphere. to any determinate 2 ft 62.43 or to find a 7 


Cone or Cylinder equal to an . of a Ipbere. 

I ſhall alive | theſe Problems by 333 much eaſier 
and ſhorter method: In which the order being inverted, 
firſt, I ſhall ſeek the ſolidity of à ſegment, and from 
thence deduce its ſuperficies ; a thing which is in m 
judgment well worth obſerving, and perform'd (as 
Lis of) by none. 

Firſt therefore, for finding the ſolidity of a ſegment, 
I ſhall lay down two, commonly known and receiv d, 
Serre „ vix. 

. That a ſeries of magnitude ile in Arithmnatical 
Progreſſion from nothing (incluſs ue] or whoſe common diſſe- 
rence is equal to the leaft magnitude, is ſubtuple of as many 


greateſt term and number of terms :) 80 that 
if the ſum of the terms be called æ, the ag verm B. 

r of terms n, 2 N | * 
N TH 0 1 2 | wy 
er =. eee 
2 


end che 


1 | 
The truth of this Propoſition will eaſily appear by ex- 
prefling the ſeries twice, and inverting the order; 
| o, a, 2a; 3a, 4a. | | 
42, 3a, Za, a, 0. 


For ſo the difference always being equal to the leaſt 
quantity, twill be evident that each two correſpondent 
terms taken together are equal to the greateſt term; and 
alſo, that the ſeries taken twice is equal to the greateſt 
term repeated as many times as there are terms, i. e. 
the laſt term drawn into the number of terms. | 

We have in a triangle a very clear and eafy example 
of this moſt uſeful Propoſition, which is prov'd hence, 
; to be half. a paralllogrom having the ſame altitude, and 
Landing on the ſame baſe, | 


Suppoſe the altitude AE (Plate IX. Fig. 9.) of the 
triangle AEZ to be divided into parts indefinitel many 
and femall, AB, BC, CD, DE, and parallels BZ, C2, 
if DZ, RZ, drawn thro' the points of Diviſion ; all theſe 
o/ WH proceed from nothing in an Arithmetical progreſſion, and 
conſequently the ſum of them all, (that is, the triangle 
of AEZ) is ſabdyple of the, 2 EZ drawn into the 
« Wl altitude AE, by which the ſum of the terms is expreſs d, 
that is ſubduple of the Parallelogram EY, whoſe baſe is 
EZ, and altitude AE, | 


But the illuſtration of the Rule will conduce more to 
dur deſign. by inferring hence, That a circle is equal to 
half” of the radius drawn into the circumference, after this 
manner. Conceive. a circle to conſiſt of as many con- 
centric Peripheries as there are points or equal parts in- | 
definitely many and ſmall in the radius, Theſe Periphe- || 
ties, as well as their radii, proceed from the center Cs 
or nothing in an Arithmetical progeſſion; and therefore 
their ſum, that is, the whole circle is equal to half the 
preateſt (or extreme circumference) drawn into the 
number of terms, that is, the radius, 2 


g 


2 WA. After 
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After the ſame. manner we may ſuppoſe the ſector AEZ 
(Fig. 10.) to conſiſt of as many concentric Arcs BZ, CZ, 
52 EZ, as there are points (or equal parts indefini- 
tely ſmall) in the radius AE, which Arcs, as their radii, 
proceeding from a point or nothing in an Arithmetical 
progreſſion, the ſector alſo will be equal to half the ra- 
dius drawn into the extreme Arc EZ. Which may be 
made evident alſo after this manner: Let us ſuppoſe 
the right line EY to be perpendicular to the radius 

E, draw the right-line AY, and from the points 
B. C, D, of dvifon in the radius, draw BY, CY, 
Dy, parallel to EY, and terminated at AY. Becauſe 
EV: DY (:: rad. AE: rad AD) : : Ac. EZ: Arc. 
DZ, andiEY = EZ, then will DY = Arc. DZ; and 
'in like manner will CY = CZ, and BY — BZ. 
Whence the triangle AEY Will be = to the ſeftor 

AE X EY[AEXES? ee" xs 
AEZ, that is,... ſector AEZ. By 


2 2 | x. 
this means we collect that celebrated Theorem of Archi. 
medes, that a circle is equal to à triangle whoſe baſe is 
equal to the radius, and altitude equal to the -peripbery 
of the circle ; and that without any inſcription. or 
circumſcription of figures, by only ſuppoſing chat the 
Area or Superficies of the circle confiſts of infinitely 
many concentric Peripheries. Which method of Indivi- 
fibles, (now firſt of all known to me) ſeems no lels 
evident (nay more evident) and perhaps leſs fallacious 
than that wherein planes are ſuppoſed to conſiſt of pa- 
rallel right-lines, and ſolids of parallel planes ; as here- 
after ſhall be evident, when we fall collect, by this me- 
thod, the proportions of ſpheric and finditc g 
to one another, by knowing the ſolid content; and on 
the other hand, the ſolid content, by knowing the ſuper- 
ficies, with admirable facility, and full ſatisfaftion in 
nas things which are with difficulty obtained by pure 
2. Let us 42 4 ſeries antities to proceed fram © 

(intl ve) 2 3 e e 25 FI 
©, 1, 4, 9, 16, &c. the ſquares of s in a fn 


Arithmetic progreſſion, o, I, 2, 3, 4, Kc. And ttt 
triple of this ſeries "will always exceed the greateſt term 
multiplied oy _ of terms; but the number of 
darms. increaſmg, the profurtion continually approximates, 
till at laſt ** to an equality, _ the number 0 
terms is increaſed in inſinitum. 
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As for example, if che terms are two, the triple of the 
v terms will be to the greateſt term drawn into the number 
„of terms as z to 2; if there be three 
„i four, as 7 to 6; if five, as 9 to 8, and fo continually : 
3 So, that the antecedents of theſe proportions. always mu- 


ET” I e 


the proportion tends to uality. 
99 is leſs diſtant from the proportion © equa- 
the number 
„„the triple of quan- 
proportion (or as the 
©, 1, 2, 3 4x Se.) will be 
ties equal to the greateſt term. 
The ſame, as to the ſubſtance of it, is laid don 

Archimedes in his Book of 8 as the Foundation of 
marly Argumentations, in that, and other Boots, and is 
well demonſtrated by ou learned C man Dr: Wal} : 
However, I thoaght fit to illuſtrate the matter by this 
method, as being not unworthy our Confideratiof, and 
ple WY very . and intelligible in this, chat tis free 
ae from Fractions: And by the way tis obſery'd, that from 
hencs we may eaſily find the proportion of a feries triple 
to as many terms equal to the greateſt, wiz. as twice the 
number of terms leſs one, to twice the number of terms 
leſs two. So * if the 5 of the terms be 6, the 
proportion of a eries triple to as many terms equal to 
he ole will be as 11. * 
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It will be a very eaſy and apt Illuſtration of this Rule, 
if we infer hence, Thar a Cone is ſubtriple of a Cylinder, 
having an equal baſe and altitude. For let us ſuppoſe 
the aſticude AE (Fig. 11.) of the Cone Z to be divided 
into equal and indefinitely number of parts, by as many 
parallel right-lines ZY, and the lines ZY will be as the 
numbers 1, 2, 3, 4. Sc. and the ſquares or circles 
conſtituted upon the diameters ZV, as 1, 4, 9, 16, &c. 


| whence. all thoſe circles, or the whole Cone AZY d 

_ {made up of the ſame) will be ſubtriple of as many | 
circles equal to the greateſt, conſtituted on the greateſt 
diameter ZEV, that is, ſubtriple of a cylinder whoſe 4 
baſe is AEY, and altitude | £ 


There occur two other moſt apt examples of this ? 

Rule, wiz. by inferring, That the complement of a Se. 

miparabola is . > god of a parallelogram having the i 
hat the pace comprehended ] 


' ſame baſe and beight; as alſo, 

- by the Spiral and Radius is ſubtriple of the circle in which 

© the Spiral is generated: But of theſe in another place. 2 
- Wherefore to go on with what we „ theſe two 
Rules being ſuppoſed ; let us conceive ZAY (Hg. 12.) 

to be a ſegment of a ſphere, X its center, AT its 1 


diameter, and ZAYT à great circle paſſing thro" the 
. vertex; and the part AE of che Axe to be' vided int t 
an indefinitely number of equal parts; and let us imagine | 
 parallel-lines to be drawn thro" the points of diviſion 
generating circles in the ſphere, whoſe Radii let be 
BZ, CZ, DZ, and diameters Zy. I ſuppoſe the ſeg- 
ment of a ſphere to conſiſt of all theſe parallel circles, 
whoſe number is as great'as that of the points, or equal 
indefinitely ſmall parts in the Axe AE, according to the 
known Method of Indiviſibles, 5 


But nor for brevity's ſake, let the diameter AT be 
called 4, and the radius of the ſphere 7, (if need be) and 
the Axe AE, by which the number of terms is expreſs'd, 
call a, and one of the equal parts « ; which being ſet- 
tled, tis evident, ( che Elements) that N= = AB 
X BT 8 4X dn a = ad om a?, and in like manner CZ* 
'=—ACXCT=—=2 aXd4—2 a= 2ad— 4 a, and by the 
ſame reaſoning DZ* = AD x DT =3 4-9 and 
EZ? NET = 16 4%, Kc. that is, that 


Mm a == 


tho 


. * | : , 
2 : a - - ” - 2 = 14 4 - : 
. * 
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the ſquares of the radii of the circles ZV are to one ano- 
ther as the rectangles, ad, zad, 3ad, 4ad, &c. (which 

eed in an Arithmetical Progreſhon from o) leſs by the 
2 a*, 4a*, ga?, 16a*, &c. which go on as the 
ſquares. of the number, 1, 2, 3, 4, Cc. But by our 
firſt Rule, all the Rectangles o, ad, 2ad, zad, 4ad, &c. 
are equal to half as terms equal to the greateſt AE 
* | | , XI ; 
X AT or 24, that is, —_— 


£4 B. | 2 

Moreover, by our ſecond Rule, all the ſquares o, a“, 
4a?, ga, 16a*, Cc. taken together, are equal to a 
third part of as many terms equal to the greateſt AE* or 


; n*X x 


*, that is, — 


22 


| A gp | 

Wherefore all *he ſquares deſcribed upon the radii 
BZ, CZ, DZ, EZ, conjunctly, are equal to the diffe- 
rence — — —, (or the terms being reduc'd to the 


9 3 | 
zudu—2 nm | 
ſame denomination,) = and their quadruple, 


that is, all the ſquares deſcribed upon the diameters ZV, 
132 8 13 6 ndn—4 n* 
are equal to —————— or — — Whence 2 
4 N | 6 > | 3 0 
22 of a ſphere is equal to a Cylinder, the diameter 
whoſe baſe is the fide of a ſquare equal to 6 »4—4z*, 
and altitude is +»; or to a Cone having the ſame baſe, 
but the altitude u, or which is all one, having a baſe 


1 6 . A n* 2 5 
"whoſe radius is / — Of v4 nd— nn, and al- 


— N 4 : . 

titude n as before. Which Cone we may change into a 
Cone upon the ſame baſe ZY with the ſegment ZAV, by 
ſaying, as ZE“ (i. e. dn —#*) to 4 24 — 2 or (both 
terms being divided by n) as - to 3 4 -, ſo is recipro- 
cally z to the altitude of the Cone ſought: Or in the 
figure by making, as TE te TE + XA, ris EA te ES. 
For ES will be the altitude of the Cone ZSY equal to the 
— of the ſphere ZAY. ich is that noted" Theorem 
of Archimedes, demonſtrated by him with ſo much labour 
— and prolixity. _ 

Y 4 Hence, 
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' Hence, if the given 
n dor r, then dor 27 will be the altitude of a 
Cone, Which having a baſe equal to the baſe of the He- 


mi (ar to the greateſt cirde in. the ſphere) will be 
_—— - '4 baſe js double 
| greateſt circle, and the altitude 2 r, or the Cylinder 

whoſe baſes is 4 of the greateſt circle, and altitude 2 - 


ual to the Hemiſphere. . And a'Conewho 
the 


will be equal to the whole Sphere Whence the whole 


Sphere is ; of a Cylinder, the diameter of whoſe baſe is 


27, and the altitude alſo 2 . And this is the chief 
TR of Archimedes, viz. That a ſphere is fubſe n 
of that Cylinder, whoſe Altitude and Diameter of - the | 

is equal to the Diameter of the Sphere. 
Furthermore, not to paſs over any thing in our Au- 
thor which ſeems to be to our purpoſe : & 


If to the ſum firſt found, repreſenting. A ſegment, 


. *, a 
1. — — — we add ——— . 


4— 22 41 


* ——8 3 Z=; * xt) reprefenting, the ( Cone ZXY, : 


2 
the a ate 4 4 J a will repreſent the Seftor ef the 
Sphere ZXYA, which for that reaſon will be equal to a 


Cylinder, the diameter of whoſe baſe is . 4, and the 


= 4, or to a Cone, the diameter of whoſe baſe is 

dn, and the altitude 2d, or alſo to a Cone, the Ra- 
* of 7 2 and the 4 4 r (it 
eing reciprocally as dn : 2 24: + 4.) that is, to 2 
8 the Radius of 5 baſe is the Line AZ, drawn 
from the vertex to the circumference af the baſe of the 
ſegment, (for AZ* == TA x AEz=en,) and the altitude r. 
And this is the next famous Theorem of Archimedes, con- 
cerning the ſolidity of the ſector of the Sphere, wiz. That 


the ſeftor of a ſphere it equal to a Cont whoſe baſe is 4 
circle 2 4 22 qual to a y drawn 


the 4 20 ference of the 6 the e, 
and debe altitad, Hs to the Radic 35-4 bores 
And thus I think I have — that which be- 


2 pg Be alk 1 8 


ae „ ohation 2 4 2 = '6ther Problem, which 
r the ſurſace of the ſe df a 

pos and th the whole. ſphere. To obtain this, 
as we ty fuppole] bete, a Circle to. conſiſt of concentric 
| Poripheris, 


ſegment be a Hemiſpbere, and ſo 


wuESnmnstop oprtarngcgogo 2 
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Peripheries, and the eee of a Circle of contentrie Arcs, 
(in the number of which; the greateſt, and the leaſt, 
or a point is reckon'd : 80 now we ſuppoſe ſpheres to 
conſiſt of concentric ſpherical ſuperfleies, and Sector 
of _ of like concentric ſuperfieies; as for example, 
the ſeQor of the ſphere ZAE (Fig. t3.) of the ſuperficies 
BZ, CZ, 'DZ, EZ, &e.) which ſuppoſition indeed 
ſeems ſo eafy and natural, that in my judgment "tis 
ſufficient: only to propoſe it; neither is a expli- 
cation wanting to gain an aſſent to it. IRS 

2. We ſuppoſe ſpherical ſuperficies to be in a 
duplicate Ratio of the Radius of the ſpheres : This is the 


common affection of all like ſaperficies, and it ſeems to 


agree very well with the ſuperſicies of ſpheres, becauſe 
they appear to be moſt uniform and ſimilar. Bat this 
Su might eafily be evinc'd and eftabliſh'd by the 
fame ſort of arguing, as ſpheres are proved to be in tri - 
licate proportion to their Diameters or Radii z or might 
ave been join'd as a Corollary to Prop. 17. and 18.Elem. 12. 
where the | ſuperficies of like — 2 are ſuppos'd to be 
inferibed in ſpheres, having as well the ſuperficies in a du- 
plicate, as the ſolidity in triplicate Ratio of the Diam- 
eters of the Spheres. Theſe being premis'd let us 
* AE a Radius, or the fide of the Sector of a Sphere 
EAZ, to be divided into equal and indefinitely man 
ſmall parts, and the ſector AEZ to conſiſt of theſe ſpheri- 
2 — BZ, < - EZ, it will be —_— that 
all thoſe ſaperficies in the Progreſſion are as the ſquares 
of the Ridii, that is, as IAN, O, IB, ABT, S. 
or as the ſquares of the numbers 1, 2, 2 vwhence 
by our fecond Rule, the ſam of all theſe fuperficies, that 
is, the fector AEZ, will be of as many ſuperficies equal 
to the greateſt EZ, that is, 4 of the greatet EZ, drawn 


into „the number of terms, Whence a ſeftor is equal 


to a Cylinder, whoſe baſe is of the or extreme 
ſuperſicies of the ſeftor, and whoſe altitude is »: Or tö 
a Cone whaſe Baſe is equal to the cies of the ſec· 
tor, and its altitude 5, which'is the laſt of Zib. f. but 
we jaft now -prov'd that a ſeftor is equal to à Cone 
whoſe altitude is », and baſe a circle, defcrib'd by the 
Radius YE, drawn from the vertex of the f EYZ 
to the circumference of the baſe. Wh IN 
whoſe altitude is 7, and baſe equal to the fuperficies 

the ſeftor, is equal to a Cone of the fame altitude, whoſe 
baſes ce GER bythe Radius . 


= 
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And ſo the ſuperficies of the ſector EVZ is equal to a 
circle deſcrib'd by the Radius VE. Which certainly is 
the principal Theorem of all thoſe-that occur in the 
Books of Archimedes, nor is there found a more  excel-. 
lent one in all Geometry; wiz. That the ſuperficies of any 
Segment. of a ſphere is equal to a circle whoſe Radius is a 
right-line drawn from: the vertex of the ſegment to the cir- 
cumference of the baſes : And hence, that the ſuperficies of 
a Hemiſphere is double to the-baſe, or equal 
cirles of the ſphere. ; 
Fior in this Caſe YEE <= AZ -þ- AY* = 2 AFF, and 
conſequently a circle deſcribed by the Radius YE (Fig. 14.) 
— equal 14 _ circles deſcrib'd by the Radius AE. 
ence alſo, the ſuperficies of the whole ſphere is quadruple, 
a circle © having the ſame Radius with the ſphere, that is, 
quadruple the greateſt \ circle in the ſphere; and equal to a 
us is the diameter of the ſphere: From 
hence it follows, that the ſuperficies of a ſphere is equal to 
the ſuperficies of a Cylinder of the ſame height and breadth ; 
for the ſuperficies of that Cylinder is quadruple to the 
baſe as we ſhall ſhew hereafter. theſe are the 
moſt noted Theorems of Archimedes. Nay, from hence 
all thoſe things follow, which he has written concern- 
ing the ſuperhicies of ſpheres, and their ſegments. 80 
that from- theſe few and eaſy Suppoſitions, I have de- 
monſtrated whatever ſeems to be of any Note in the 
Books of 'the Sphere and Cylinder: A 1949 81985 
I will only add, that aſter by the method of Arcbime- 
des, (for I think 3 other can be invented, beſides 
ours, for finding the ſolidity) the ſuperficies of ſegments 
are found to the circle deſcribed by the Radu 
VE; hence it will plainly follow, that the ſuperficies of 
ſpheres, and thence of like ſeQors are in a duplicate ratio 
of the Radii of the f z and contin from the 
ſuperſicies thus found, the contents of ſegments, and of 
whole ſpheres may be mutually deduced, and that very 


clearly and expeditiouſly, after this manner, Becauſe in 
the ſeftor EAZ (Fig. 1 3.) the ſuperficies BZ, CZ, DZ, 
EZ, proceed as 2 ſquares deſcrib'd upon AB, AC, 


AD, AE, chat is, as 1, 4, 9, 16, &c. the whole ſeftor 
will be equvl to Kh many ſuperficies equal to the 

EZ, or 1 EZ xi, that is, to a Cylinder whdſe 
baſe is EZ, and altitude r, or to a Cone whoſe bale 
is EZ, and altitude r. But EZ is ſuppoſed equal to 2 


- 


circle 'wholp Radius is VE, wherefore the ſeftor BA? 


to two great © 


;I D 


_ thoſe Peripheries, 2. e. 
AX x BD AX x Periph. BCD 
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is equal to a Cone whoſe baſe is a circle deſcribed by 
the Radius YZ and altitude -: Which is Archimedes's 
univerſal Theorem for the contents of Sefors, Whence 
if from this the Cone ZAE ftanding on the baſe of the 
| ſegment EYZ, and having the vertex at the center of the 
ſphere A, be ſubducted, you'll have that ſegment EVZ. 
But when the ſector EVZ is a Hemiſphere, there will be 
no ſuch Cone to be ſubducted; and for that reaſon a 
Cylinder whoſe baſe is # EZ, and altitude , or the 
Cone whoſe baſe is 2 EZ, and altitude likewiſe , will 


| wy nal to the whole ſphere. But the Superficies of 


emiſphere EZ, is proved to be equal to two of the 
teſt circles in the ſphere, whence the whole ſphere 
given. This is Archimedes's firſt and principal Theorem, 


for the content of a ſphere; whence tis eaſily deduced, 


that a ſphere is 3 of a circumfcrib'd Cylinder, that is, 
of a Cylinder whoſe altitude and diameter of its baſe is 


equal to the diameter of the ſphere. 


The Doctrine of our author [ Archimedes] ſeems to 
make, againſt, and ſubvert the new and celebrated Me- 
thed , indiv/ibles, and is preſs'd to that end by Tacguet ; 
for inſtance, (Prop. 2. {61 2. Cylindy.) For the uſual pro- 


ceſs of that method ſeems to exhibit the dimenſions of 


the ſuperficies of a Cone, (as alſo of a ſphere, and of 
other Curves) different enough from what our Author 


and others have demonſtrated: As for example, let us 


ſuppoſe ABCD (Fig. 15.) af right Cone, whoſe Axe is 
AX, baſe BCD, and plane 5 4 drawn, at pleaſure, 


allel to the baſe BCD. And fince, as Diam. BD: 
eriph. BCD : : Diam. bd.: Periph. bxd, and ſo ev 
where it will be (according to the Method of Indivi- 
les, and by 12+ 5.) as Diam. BD, to Periph. BCD, 
© is the triangle ABD, conſiſting of thoſe parallel Di- 
ameters, to the Conc Superficies ABCD, conſiſting of 
Diam. BD: Periph. BCD: : 


Whence 


3 — —_— „ A — oy 


Vo F 
AX x Periph. BCD 
— —— will be equal to the ſuperficies of 


the Cone; which is falſe and contrary to what was de- 


monſtrated juſt now. For we demonſtrated that the 
Ae AB x Periph. BCD 
ſuperficies of the Cone was 
"vl 
129 x In 


number of which may 


| many 
alone, ov another line equal to it ſelf, nor can it 
f - 4 
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Tas anſwering this | Od ion, we toy, that the Method 
of Indiviſibles, ſpeculation of Perimeters, and of 
Curve Surfaces, 0 FF otherwiſe than in the ſpecula- 
tion of plane Surkae aces and ſolid Contents. It does in- 
deed fuppole that the Area of platie Figures confiſts as 
it were of, parallel right-lines, and the contents of ſq 
lids of 4 Planes, and that their number may be 
expreſs'd by the altitude of the Figures: But it by no 
means ſþpoſes, that the Perimeters of plane figures con- 
ſiſt of points, or the Aan of ſolids of lines, che 
expreſs'd by the altitude of 
the figure. As for example, altho* the triangle A 
(in the laſt figure) conſiſts of lines parallel to BD, 


the number of which is ex ah A by the e of points 


* je ndicular AX, that is, the Be - 75 
5 ular : Vet it would be Wurd 
ref The line AB conſiſts of 77 whoſe wude Lag 
be expreſs'd by the number 9 ints in a leſs line AX. 
For altho* the right-lines FH F drain; this” each inf 
nitely {mall part of AX, divide AB into as many infi- 
nitely ſmall parts, yet thoſe parts are not of the ſame 
Denomination, or Quality with the parts of AX, but 
ſomewhat greater than them; ſo that if the parts of 
AX be logk'd upon as polls, | the 5 of AB are not 
to be called points, but greater an points; and on 
the SY the parts of AR bd cated pon, 
| ts of AX are 10 be Locle d upon as leſs chan 
2 15. if it be lawful to ſpeak fo. For the points 
which are treated of in the Method of Indivifibles abe 
not abſolutely points, but indefinitely ſmall pates 
which uſurp the name of points, becauſe of their 
affinity to 3 Since therefore points don't admit 
of greater and leſs, the name of points is not at the 
fas time to be attributed to the parts of different mag- 


nitudes ; conſequently, tho” che number of the greater 
2 ef AB may be expreſs d by the number of the 


er parts of AX, yet the number of points in | AB 
can no ways be expreſſed by the number. of polnts in 
(that is, by the number 75 parts in AX, equal to 


AX,. 
het "number of parts in AB, which are called points.) 


'Fhe line AB has as points as there are in i it ſelf 


any other meaſure. Aſter the ſame 
manner, this method don't ſuppoſe the conic Surf; 5 
ABCD' to confiſt of as many parallel 2 


- 1 
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renal increaſing from the vertex A, or decreaſing 
rom the baſe BD, as there are points in the Axe AX, 
. but rather of as many thus increaſing or decreaſing as 
there are points in the ſide AB. For in the Revolution 
of the line AB about the Axis AX, (whereby the ſuper- 
ficies of the Cone is generated) every point in the line 
AB produces a circumference, and conſequently more 
circumferences are produced than the points contained 
in the Axis AX. Therefore if you would extend the 
Method 4 Indivifibles to the ſuperficies of ſolids, and 
ſuppoſe thoſe ſuperficies to conſiſt of parallel-lines, you 
ought not to compute this by the parallel Areas conſti- 
tuting the ſolids, that is, not to number thoſe Areas by 
the altitude of the ſolid, but by other lines agreeable ta 
the condition of each figure. Which lines, in figures 
that are not irregular, may eaſily be determined : For 
inſtance, 'in the equilateral Pyramid ABCD, (Eg. 16.) 
whoſe Axe is AX, ſuppoſing that the lateral ſurface of 
the Pyramid conſiſts of Perimeters of triangles, parallel 
4 to the baſe BCD, theſe can neither be computed by 
the altitude AX, nor by the ſide AB, (for by the former, 
the thing required would be wanting of the true Di- 
menſion, and by the latter twould exceed it) but by 
the line AE drawn from the vertex A pependicular ta 
the fide BC of the baſe: The reaſon of which is, 
that every plane fide of a Pyramid, as ABC, conſiſts 
of parallel right-lines computed by the altitude AE. 
After the ſame manner, ſuppoſing that the ſuperficies of 
the Hemiſphere BAD, (Fig. 17.) conſiſts of Peripheries 
of circles parallel to the baſe BCD, the number of them 
is not to be computed by the Axis AX, but by the 
2 Are AB, becauſe that every point of the Arc 
AD in revolving produces a circumference ; and fo any 
ſuperſicies, whether plane or curv'd, which is conceived 
to conſiſt of equidiſtant right or curv'd lines, is to be 
computed by a line cutting thoſe equidiſtant lines per- 

ndicularly. For fince thoſe equidiſtant lines, in this 
Method of Indivifibles, are not conſidered abfolutely as 
lines ' having an infinitely ſmall breadth, which is the 
ſame with the breadth or thickneſs of the point de- 
fcribing thoſe equidiſtant lines in their Circumyolution, 
and fince the ſame equidiſtant lines divide the line 
cutting them perpendicularly into parts meaſuring its 
breadth, thoſe parts are to be locked n as ſuch 
ſort of points, and conſequently the number of equi- 


T 


3 
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diſtant lines, or the ſum of thoſe breadths is to be 
computed by the number of points in. the line cut- 
ting them perpendicularly, that is, by the length of 
that line, and not by a line of any other length, for 
that will confiſt of more or leſs points. 

Hence therefore in the ſpeculation of the a 251 
cies of ſolids, the Method of Indiviſibles is not unuſeful, 
but rather very commodious, provided it be rightly 
underſtood, and applied according to the Rule pre- 
| ſcribed. For by the help of it even theſe ſuperficies 
may be found, if we have ſome convenient Data pre- 
ſuppoſed, on which the reaſoning may be founded : 
For inſtance, we might, by the help of it, inveſtigate 
the ſuperficies of a Cone, by reaſoning after this 
manner. 

If the ſuperficies of the Cone ABC (Fig. 15.) 
be divided into innumerable Peripheries of circles 
6 x d parallel to the baſe BCD, the breadth of 
thoſe Peripheries taken together, make up, the ſide 
AB cutting them perpendicularly, and conſequently 
there will be as many Peripheries as there are points in 
the line AB, that is, their number may be expreſs'd 
by the number of points in AB, or by its length. 
Wherefore if you draw perpendiculars equal to the 
Peripheries to every point of AB, a ſuperficies will be 
made out of thoſe perpendiculars equal to the ſuperficies 
of the Cone; but that ſuperficies will be a triangle 
whoſe height is AB, and baſe equal to the greateſt 
Periphery BDC, and ſo the ſuperficies of the Cone 
will be — AB Xx Periph. BDC, which concluſion 
agrees with the things laid down and demonſtrated 
by Archimedes. * 

After the ſame manner, if you take any right- line 
eb (Fig. 18.) equal to the quadrantal Arc AB of the 
Hemiſphere (Fig. 17.) and to each of its points let 
the perpendiculars 1 be erefted equal to the Radii 
MN of the parallel circles MOM paſling through the 
correſponding points M of that quadrantal Arc, the 

teſt of which 5 x let be equal to the Radius BX 

of the baſe of the Hemiſphere : The figure @ 6 x will 

contain the Radii of all the circles of whoſe Periphe- 

ries the ſuperficies of the Hemiſphere conſiſts, And 

if the perpendicular , ô 4 be erected equal to the 

Peripheries MO, BD, there will be made the figure 
; 
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a 6 4 equal to the ſuperficies of the Hemiſphere. The 
dimenſion of which figure if you can by any means 
find (as in this caſe you are to find the Area of the 
_—_ a b x) thence you will eafily deduce the content 

the ſegment of the ſphere, agreeing to what you 
would gather by any other genuine method of rea- 
ſoning. Which Obſervation, I think, will not be 
unuſeful in Geometry. | 


a * _—_— 83838 - 8.323585 «cc 
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APPENDISNY 


The NATURE, ConsTRucTton, 
and APPLICATION 


| OF 
LOGARITHMS. 
L. are a ſet of artificial numbers {6 propor- 


tioned among themſelves, and adapted to the natural 
numbers, ſo as to perform the ſame things by addition 
and ſubtraction, as theſe do by multiplication and diviſion. 

From this definition it follows, 1. That in any ſyſtem or 

table of Logarithms whatever, the Logarithm of unity or 1, 

will be nothing: for as one neither increaſes nor diminiſhes 
the number multiplied by it, ſo neither will its Logarithm 
either increaſe or diminiſh the Logarithm to which it is ad- 
ded ; and conſequently the Logarithm of 1 muſt be nothing. 

2. For a like reaſon, the Logarithm of a proper fraction 
will always be negative; for ſuch a fraction always dimi- 
niſhes the number multiplied by it; and therefore its number 
will always diminiſh the Logarithm to which it is added. 

3- This property of Logarithms, affords us no ſmall 
compendium in multiplication ; for whenever one number 
is to be multiplied by another; it is but taking out their 
Logarithms, and adding them together, and their ſum wall 
be a third Logarithm, whoſe natural number being taken 
out of the tables will be the product required. | 

4. The ſubtraction of Logarithms anſwers to the diviſion 
of natural numbers ts which they belong; that is, when- 
ever one number is to be divided by another, it is but 
ſubtracting the logarithm of the diviſor from the Logarithm 
of the dividend, and Vo I will be the PT 


— 
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of the quotient ; and becauſe every fraction is nothing elſe 
but the quotient of the numeratof divided by the deno- 
minator, its 4 will be found by ſubtracting the 
Logarithm of the denominator from the Logarithm of the 
numerator. To demonſtrate this let the number x be di- 
vided by the number 5; and let the quotient be the 
number z; and let the Logarithms of the numbers x, y, z, 
be a, 6, c, reſpectively; I ſay then that a—b=c; for 


fince by the ſuppolition = =2, we ſhall have x = y E, and 
a =b-þ c by the ackniton ; whence a - Bc. 

5. As every fourth proportional is found by multiplying 
the ſecond and third numbers together, and dividing the 
product by the firſt, ſo the Logarithm of every ſuch fourth 

roportional will be found by adding the Logarithms of the 
lecand and third numbers together, and ſubtraQting from the 
ſum the Logarithm of the firſt This renders all the ope- 
rations by the rufe of proportion very compendious and 
eaſy ; this compendium is chiefly uſeful in 'I'rigonometry, 
both yon and ſpherical, which it renders very eaſy ke 
ormed. 


6. IF x be any number, whoſe Logarithm is a, chen 
Logarithm x* will be 24, that of &“, 3a, &c. that of — 
1 | £D x 

— 2, that of — — 2a, &c. And univerſally, the Loga- 

| 3! x*, | pot 

ridim-of. n will be ax =; amd that, whether the index 
be intregal or fractional, affirmative or negative: on the 
other hand if 3 be the Logarithm of any power of x, as of 
**, then Twill be the Logarichm of x. The teaſqn of all 


1 


this is plain; for as * is the product of + multiplied into 


added 


itſelf, ſo its Logarithm will be the Logarithm of x 


to itſelf or doubled, that is æ ; and fo of the higher powers, 

Again, as is the quotient of unity divided by x, its Loga- 
x | RE 

rithm will be found by ſubtracting 2 from o, the Logarithm'of 


1, which gives — a; and ſo of the other powers. Laſtly, 


as Vr, When multiplied into itſelf produces x, ſo its Loga- 
rithm when added to itſelf ought to make 4; therefore the 
f * 2 „ will be 2 4, and ſo of all the other 


onal powers. 


J. If any ſet of numbers 1, x, xx, x, Ke. be in conti- 
nual geometrical progreſſion, their vs 


ogarithms, o, 2, b, CG 
&C, 


— — 
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&e. will be in arithmetical progreſſion : For ſince by the 


ſuppoſition 1 is to x, as x'is to xx, as XX is to x3 ; that is; 


# * : 
fince —== 2 we ſhall have a= 0=b = a=t 
1 XX 


—3 by the d conſectory ; therefore 0; a; b; c; are in 
arithmetical progreſſion, 

In the progrefſional ſeries of geometrical proportionals, if 
between the terms 1 and x be inſerted a mean proportional, 
which is /x, its index or Logarithm will be £, becauſe 
its diſtance from unity will be but one half of the diſtance 
of x from unity, and conſequently the root of x will be 


2 by . In like manner, if between x and x* * | 


a mean proportional, its index will be 1 and Z or 4 
becane its diſtance from unity is once and half the diſtance 
of x from the ſame place of unity. 


Again, if between 1 and x be inſerted two mean pro- | 


portionals ; the firſt of ' theſe will be the cube root of x or 
3 x, and its index will be 2, becauſe its diſtance from the 
anits place is but one third of the diſtance of x from the ſame 


place of unity; and conſequently V is expreſſed by x3 3 
whence it follows, that the index, or Logorithm of unity 


is nothing, as we have before obſerved ; becauſe unity 


cannot be removed at any diſtance from itſelf. 

And the ſame ſeries of geometrical proportionals may be 
continued on the” contrary” ſide of unity, or towards the 
left-hand, and which will therefore decreaſe in the ſame 
proportion as the terms P on the right-hand increaſes. 


I I I I 

For the terms —; * Fe F th 7 I; , X x*, &), 
x*, x*, Kc. are in the ſame geometrical progreſſion con- 
tinued; and have all the ſame common ratio; therefore 


is poſitive, or. dan I, the diſtance of - — Roch unity d 


the left-hand, which is equal to = former, is negative, or 


332 
—5 conſequently the index of — — may be writtenx + 


Alſo, becauſe * Is on tho right fide of unity, and its | 


index ＋ 2, the index of 2. which is as far diſtant from 


unity an the contrary kde, or towards the left-hand, will 


be ws, and conſequent ar in he fame with 4+. +16 


oF | X's like 


335 


356- | 


* 2 of the geometrical means reſpectively. | 
ut how tedious and opperoſe. this method is, may be 
© eafily imagined, by any one who has been at the pains to 
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3 wm | 
like mannerx is the ſame with _ ,andx the ſame 


with = ; whence it follows that theſe negative indices 


ſhew that the terms to which they belong, are as far diſtant 
from unity towards the left-hand, as the terms whoſe indices 
are the ſame and poſitive, are removed from unity on the 
contrary fide, or towards the right-hand. | 

Again, if between 1 and x, in the ſeries increaſing from 
unity there be inſerted a mean proportional as V, and 
between this mean proportional, and unity be inſerted 


another mean proportional, as 7 x, and between this 
lat mean proportional and unity be inſerted another mean 


proportional as x, Sc. thoſe reſpective indices will be 


I, 2, 8. &c. likewiſe if between unity and the next term 
— decreaſing be inſerted a mean proportional, — 75 „ the. 


correſpondent index will be -; and if between this mean 
proportional and unity be inſerted another mean proporti- 
” I g 


onal as = the correſpondent index will be — 2, Sc. And 
va | 

as the ſame may be done between any other two terms of the 
eſſion, it follows, that between any two terms may be 
inſerted an infinite number of mean proportionals, whoſe 


reſpective indices will become the Logarithms of the re- 


ſpeQtive terms to which they belong: And theſe mean 


proportionals the greater they are in number, between the 


two terms of any ratio, the nearer they approach to a ratio 


of equality, with their correſpondent indices or exponents. 
Hence we ſee the reaſon of the ancient method of making 


ithms, and which was prafticed by their firſt inventors, 


Which was, to extract the ſquare root, out of the ſquare root, 
c. of any number, in order to find a ſeries of continual mean 


geometrical proportionals ; till the number of cyphers contain- 


. ed bewteen unity, and the firſt ſignificant figure of the root, 
was equal to the number of places the intended Logarithm 
' ſhould conſiſt of; and at the ſame time to find out a like num- 


ber of correſpondent arithmetical means, which would be the 


extract the root of a large number; and may be 


gathered 
1 from this, that to find a Logarithm to ſeven places only, 


requires 
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* 


requires at leaſt 25 extractions of root out of root, che ſquare ' 


donſiſting of 16 figures at leaſt z and if in any one of the ope- 
rations an error happens, the whole work muſt be repeated. 
From what has been ſaid we may obſerve. that the 
Logarithm of any number, is the Logarithm of the ratio 
of unity, to the number itſelf ; or it is the diſtance between 
unity and the ſame number, in the geometrical ſcale of 
2 and is meaſured by the number of proporti- 
onals contained between them: Logarithms therefore ex- 
pound the place or order that every number obtains from the 
units place in the continued ſeries or ſcale of proportionals, 
infinite in number. . 
Thus, if between unity and the number 10, there be | | 
ſuppoſed 10,000,000, &c. mean proportionals, that is, if 4 
the number 10 be placed in the 10,000,000th the place from 
unity, between 1 and 2 there will be found 30103900 of 
fuch proportionals ; that is, the number 2 will be placed 
in the 30103ooth place from unity; between 1 and z, 
there will be found 4771213 of the ſame proportionals, or 
the number 3 will ftand in the 4771213th place, in the 
infinite ſcale of proportionals, which numbers 10000000, 
3010300, 4771213, are therefore the Logarithms of 10, 2, | 
and 3; or, more properly, the Logarit of the ratio's 
of thoſe numbers one to the other. 
Again, if between unity and the number 10 there be 
ſuppoſed an infinite ſcale of mean proportionals, whoſe 
number is 23025851, Cc. that is, 1 the number 10 be 
8 in the 2302585 iſt place from unity, in the infinite 
ſcale of proportionals between 1 and 2 there will be found 


* — = 
—— —— — 


— EE Re 


L234 ka. had 


"F to be 6931471, Cc. ſuch proportionals ; and between r and 
\ three 10986122, &c. of the ſame proportionals ; ſo that 
2 if the firſt term of the ſeries be called x, the ſecond term 
) will be x*; the third x3, Cc. and if the number 10 be 
4 ſappoſed to be the 100000004 term in the ſeries, the number 
£ 2 will be the 301030044 term, and the number 3 will be 
, the 477121355 term in the ſame ſeries ; and conſequently 
* x10909000 = 10, x3919399 —2, and & 77123 3, &c, 
n and again, if the number 10 be ſuppoſed the 2302585 1 
- 2 the ſeries, the number 2 will be the 89 ky 
t, term, and the number 3, the 1098612224 term in 
n ſeries; and conſequently, in this caſe, 4*3 93595: — 10, 
L- x5 93 1471 —=2, and 1 96422 235 e. 
E And as the infinite number of mean proportionals between 
any two numbers may be aſſumed at pleaſure, hence Loga- 
e * of as many different forms (that is, there 
3 may be as many different ſcales of Logarithms) as there 
d 2 3 C can 
Ys 
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# "can be affimed different ſcales of mean proportional be. 


"tween any two numbers, oy er erefore is ſome 
certain power of that number which is placed next to unity, 
in the infinite ſcale of proportionals between unity and the 
given number, and the index of that power is the Logarithm 
of the number. . th: | 
Logarithms therefore may be of as many ſorts as yon 
can aſſume different indices of the power of that number 
whole Logarithm is required, | 
And becauſe the ratio of unity to any number is meaſured 
dy the number of ratiuncula contained in that ratio; we 
may therefore yalue ratio's by the number of ratiuncula 
contained in each ratio, and may conſider them as Quantates 
ſal generis, beginning from the ratio of 1 to 1 So, being 
affirmative when the root is increaſing, but negative when 
decreaſing. | 6E 
So that ratio's are to each other as the number of like 
and equal ratiuncula contained between the two tetms of 
"the ratio; wherefore, if the ratio of 1 to 10 contain 
' LIo000000, &c. equal ratiuncula, that of its duplicate, or 
of 10 to 100, will contain 20000000, Cc. hat of 'its 
triplicate, or of 100 to 1000, 30000000, Wc. of the fame 
ſimilar and equal ratjuncula ; ſo that the Logarithms of 
numbers, or the values of ratio's, are in an arithmetical 
progreſſion; and hence ariſeth the common definition of Lo- 
*garithms, viz. that' Logarithms are a ſeries of numbers in 
an arithmetical progreſſion fitted or aſſigned to a rank of 
numbers in a geometrical progreſſion, *' | 
If the diſtance between unity and any number be ſuppoſed 
to conſiſt always of the ſame number of mean proportionals 
as 10000000, We. or, which is the ſame thing, if we make 
the ratio of unity to any number, to confiſt always of the 
ſame infinite number of ratiuncula, the magnitudes of each 
in this caſe, will be, as their number in the former; fo that 
if between unity and any number propoſed, there be taken 
an infinity of mean proportionals, the infinitely ſmall aug- 
ment or decrement of the firſt of thoſe means from * unity, 
will be a ratiuncula; and becauſe this is always proportional 
to the momentum or fluxion of the ratio of unity to the 
ſaid nummber ; and ſince in theſe continual proportionals all 
the Tatiuncula are equal, their ſum, or the whole ratio, will 
be as the ſaid momentum or fluxion is directly; wherefore-if 
che root of the infinite powers be extracted out of _ num- 
ber, the difference between that root and unity, will be as 
the Logarithm of that number; ſo that the infinite root of 
any number being found, the Logarithm of that number 
| 1 | 13 


* 
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is eafily computed. 'How the infinite root 1 121 nymber | 
may be found, muſt be next conſidered. ' 
Let y x be a given quantity whoſe u root is to be ex- 


trated ; where 2 * for any power or number taken 
at pleaſure. 


: * 
* 9 
. L 6 - 
£ 
* * 


* 


wf Tx DN IN. 
Aſſume 1+ 7 1 + Ax Ba* + Cx? + D Ex“, Cc. 


——M—1 . 


Then Xi Arrak x4-3Cx% x44 Dx; 
Ex+ x, &c. 4 1 
—— 1 Ex, Oe. 
And n xi pa As 4-5 Du? +5 
| — 1 (E x#, c. 
zXipÞx_ A aBrb308 +4 Dz3 +5 
—— mmm 
— | e ＋5=4 
1 Ex, &c. 


And » 1 * Ax - + x By? Feſt Ce3 * Dea, &e =Aþ 2By 
28 Dx3 ＋L5⁵ EI, 

Alſo » = A, and A2 4A. Alſo a B = 3 Co 2B. 
" And A —A=2B. And aB — 2B=3Cc. 


And —1XAz2B. And v 2 XK B 3 C. 
And 1 X Ag. And 1 B . 


Alſo C ADY z C. Alſo »D a= 5, E + 4 D. | 
And 2 C- 3 CID, And »D —{D—=(5 E. 1 
W l . And 4X D= 5 K. I 
And Tm C=D. Ad x Þ E. 1 
| I! 

ONE CARES e and E =# X It 
2 3 4 | 

5 | | 

x 2 2 — 8 | ls | 

77 nay. x == x — oY S | 


. $12 33 4 


8 = 7 * 8 cc 


. | And li 
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" — | 1 —1 1 1 
Ard, e nu X eien 
? 2 
— NIE x*, Se. 
— — 7 221 


1 + 27 rn +» * 


py — 1 2 
— * — , &c. 


2 
: Nt am 1 SB] 
Put “ = = A, of a= Bux nn * == ©, 1X —— 
1 * - 
1 — 2 4 
— x3 . 
* . r 12 1 1 x 224 
Then tee rr 
— = 


Se. Which i is the celebrated binomial 


ſeries | 3 by the illuſtrious Sir Iſaac Newton, for raiſing 
a given quantity to any given power, or extracting any 
root out of the ſame quantity; becauſe » ſtands for any 
number whether it be a whole number or a fraction. When 
— 12 1— 3 α＋ t - 22 
ain 1 r + 1 + 
8 BW 2 wn 6 #3 
1—6z+ 11 12 — 1 
—ͤ— — , &c. but when it is infinit 
24 me ut When! te 


— £ U 1 1 I 2 


14275 + —__ 3 12 Sc. 


un being infinitely infinite, and eee whatever is 
divided by it vaniſhes ; whence it follows, that x multiplied 


into gow i gt loi gi — | w+, Sc. is the augment of the 
firſt of the mean proportionals between unity _ 1+ x, and 


is therefore the Logarithm of the ratio of 1 1 to 1»þg, 
* 1 


— 


But becauſe the infinjte root of 1 —#, or 1 —x is 


ny ** 259 2 tg, Ec. there- 
a ſore 


J AS hy - 199 a6... 


42 
in 
1 
7 
of 
2 
iz 
cor 
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fore =X into 142 #3 4 2 x3 1 x+-|-1 x*, Ec. will be the 


Logarithm of the ratio of 1 to 1—x, or the Logarithm of 
2 number leſs than unity; and whereas the infinite index x 
may be taken at pleaſure, the ſeveral ſcales of Logarithms 


to ſuch indices will be reciprocally as 2 > or as the ſeveral 


indices, and if the index be taken == 10000000, c. the 
reſpective Logarithms will be ſimply, 
1 th 


I I 
z+b— ＋— 2 4 — 1 ＋— x, &.. 
2 * * 


4 5 
Let à repreſent the leaſt of any two given numbers, 3 
the greateſt, z the ſum of the two numbers, and 4 the 
difference, and let us ſuppoſe the ratio of à to 5, to be di- 
vided into that of a to + xz, and of £ S to 6b; that is into 
the ratio of à to the arithmetical mean between the two 
numbers, and the ratio of the ſaid arithmetical mean to 


1 


the greater number 6; then becauſe * the 
' - 2 


Logarithm of — + Log. F = Log. of 5 or becauſe 
Tag b * KR. 2% . 2 
* * = the Log. of 5 + Log. = Log. —; that 


a Ex | 

Is, the ſam of the Logarithms of theſe two ratio's will be the 
50g of the ratio of ata ; and to find the value of each of 
theſe ratio's in the terms of 1 and 1 + x we muſt ſay, as £z : 


b—iz 4 
Z 


2 


„and ſubſtituting 1 
8 2 
in che room of x, in each of the former ſeries, we ſhall have 


. 4 43 a4 a5 

77 + I+ fn Ec. for the Log. 
, | I Fu a 

of the ratio of ato f x, and -- X=— 4 — 

| A Z 222 38 


| . 243 
conſequently the ſum of theſe two ſeries Ke por + — 


2 327 525 7z7 ge9 
will be the Logarithm of the ratio of 2 to 5, whoſe 


difference is 4, and ſum =; whence to find the Logarithm 
of any prime number we have this general rule, Te 


362 
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10 e wats number add 1 for a denominttor”or 
0 diviſor, ſubtract 1 from the ſame number for a 
* numerator or dividend, then of the vulgar fraction thence 
« reſulting, compoſe all the odd powers thereof, theſe will 
* form a ſeries of numbers which being divided by their 
5 reſpective exponents, Vi%. 1, 3, 5, 7, 9. Oc. will produce 
* a ſeries of quotes, *whoſe, ſum, will be the natural Loga- 
** rithm of the number propoſed, and being doubled, will 


give the Logarithm of the fame number, according to 


« Neper's form. | 

This rule is not only very eaſy to be retained in memory, 
but very proper for the practice of making Logarithms, which 
it performs with the greateſt expedition, and is ſo very plain 
that it may be taught to perſons of a mean capacity. 


For example, Let it be required to find the Logarithm of 


2, the firſt prime number. 

Becauſe @==1, and 6 ==2, therefore d — b — @==1, 
| a rr. a? 1 
and x =2a=+b =; wherefore—, = —» and — 


Eg PASS 
1 1 1 1 1 1 MEN 5 
fins ld Ä! A obo. no ne Wh 
2 3 557 5 243 7 187 
1 


==+ 8 * he JET „ > Will be the natural Loga- 


1215 15309 
rithm of 2, and conſequently 75 _ 225 »+ moe 
Se. will be the Logarithm of the ſame number 1 
form; wherefore if the ſeveral fractions be added together, 
and reduced into an equivalent decimal, we ſhall have the 
Logarithm of the given number; but becauſe to multiply by 
+ and divide by:!9 is the ſame thing, if the firſt fraction be 
reduced into a decimal, and that Trvided by q, and each 
ſucceſſive quotient by the ſame," we ſhall have à ſeries of 
quotients, which being divided by the ſeveral co-efficients 
1, 3, 5, 7:19, Sc. the ſum of theſe laſt quotients will he the 
Logarithm of the number given; and in order to obtain 
the Logarithm true to any number of places, it will be 
to continue the fraction to one or W] 
places, than the intended number of places the Dae 
is to conſiſt of; ſo that to have the Logarithm true 40 
10 places, it will *be convenient to find the value of ; in 
decimals to 11 or 12 places, as in the following operation. 


9 6 " -* £ s * 

# ” þ © 4 
8 | * 
* 1 < : 

* 1 11 

1 i a 

. 0 — " 

$+,8 - 1 


8 


Ses c e ee tat. 


„ 
— 


7 
* 
7 


An APPENDIX. 


i 


2533. 333: 333-333, „ 
1237. 037.7 226 —— I 
7 =—4- 115. 226 337 its 5 


Whence the natural Log, r 2 is Fr 573. 590. 280 


"= 333. 333» 333" 333 * 
==—12. 345. 079. O12 » 


= ——'823. 045. 268 — 
7 9 . 
7g = — 457. 247-3718 = 65.321. 053 
þ 2 yo. Bog. 25 its 8 = 5. 645. 029 + 
== — 645. 620 * FR bo 513.183 — 
x — — 62 225 its 1 8. 248 
2 —— . — 69 r its 11 S — 4. 46 
N e ee een 
4 = ——— 0 165 1 Ba — 4; + 
5 nennt — 006 its £2 — bn A ov the 


"IJ 


And the Neper's Log. of 2 53 147. 180. bo 
Hence if the Neper”s — of 2 be doubled will give 


1386. 294. 361. 120, for 


the Log. of 8, Sc. 


of: x2 


e Neper's Log. of 4, and this 
again being doubled will'give 2772. 


Neper's Log. of 16, Sc. Or 1 'the 
or multiplied by 3, we ſhall have 2079. 441. 541. 680, for 


588. 722. 240, for the 
Log. of 2 be trebled, 


And, $f che [ogarithin of 8 be multiplied by the 


14 1 we have a= 118 14124. whence * , and 4 = 


and conſequently 2 n 
the Log. of 10 will be foind as 


3 = 111.111.111 101, 


i. 5 74. 112 its 4 
FR = — 85 5. 087 its | 
i” == - 209, 875 its þ 
1 =. | —2. 851 its 5 
HE — it 32 1 1 


The natural Log. of 11 is 


fi follows, 


„de mall have che Log. of 10; and to find the Log- 


From whence 


Ss 705. 371 


== 3. 387. 017 
— — 29.8 868 

— — — 287 
= _ = 3 


rite 571-775; 657 


AM he Ker Log: of 1} i-— 725, 745: $37. IT 


Kits? e r 
2 ** ks lenk, 


the 4 j thvetith r 0 . 
calculation as" ebuld be wiſhed, 
with the {Mftdhce* of Mr. 


Hemy Bri 
and müde the Logarithm df 10 to 


ld found being added to the Log. of 8 found 
Ang 21 en. — hen 994, 457 th = 


the Neper's 
ogarithms, nor thoſe of Mer, 


arithms, are ſo proper for 


the Lord Meer kimſelf, 
s, altered their form, 


1,0000900000, Te. 
3 2 and 
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and not 2.30258509299, Cc. that. is, he made the number 
10 the 10000000000th term in the ſeries, whence the Lo- 
garithm of 100 will be 20000000000, c. and the Loga- 
rithm of 1000, will be 30000000000, Wc. whence the 
Logarithms between 1 and 10 will begin from o, that is, 
they will have o for the firſt term towards the left-hand, 
becauſe they are each df them leſs than the Logarithm of 
10, which has unity or 1 in the firſt place; in like manner 
the Logarithms of all numbers betwixt 100 and 1000 begin 
from 2, becauſe they are greater than the Logarithm of 
100, which is fixed at 2, and leſs than the Logarithm of 
1000, Which is made equal to 3, Qc. * | 
The firſt figure of every Logarithm towards the left-hand, 
which is ſeperated from the reſt by a point, is called the 
index of that Logarithm ; becauſe it points out the higheſt 
or remoteſt place of that number from the place of unity in 
the infinite ſcale of proportionals towards the left-hand. 
Thus if the index of the Logarithm be one, it ſhews that 
its higheſt place towards the leſt-hand is the tenth place 
from unity ; and therefore all Logarithms which have 1 fer 
their index will be found between the tenth and hundredth 
ace in the order of numbers. And for the ſame-reaſon 
all Logarithms which have 2 for their index will be found 
between the hundredth and thouſandth place in the order of 
numbers, &c. whence the index or characteriſtic of any 


dd ws oa as _ ©: © 


Logarithm is always leſs by one than the number of figures © 

in whole numbers which anſwer to the given Logarithm. t. 
As all ſyſtems of ithms whatever are compoſed 

ſimilar quantities, it will be eaſy to form, from any ſyſtem 

of Logarithms another ſyſtem in any given ratio, and con- a 


ſequently to reduce one table of Logarithms into another of 8 
any given form. As for inſtance, in the ſyſtem given let 
a, 6, and c be the Logarithms of the three given numbers 
A, B, and C, whereof the third is equal to the product of 
the other two multiplied together. Then will a + 6 — c by 
the definition we have given of Logarichms. Let us now 
imagine all the Logarithms of this given ſyſtem to be dou- 
bled, then will a, 5, and c be changed into 2a, 26, 2c; 
but as a+6 was equal to c in the former ſyſtem, ſo in the 
latter 2++26 will be equal to zac. Whence it follows that 
we may reduce- one 9 em of Logarithms into another of 
any given form ying, as any one Logarithm in the 
| — form is to its correſpondent Logarithm in the new 
form ; ſo is any other Logarithm in the given form, to its 
correſpondent Logarithm in the required form ; and hence we 
are taught how to reduce either Neper's or the natural L 
rithms into the form of Briggs, and the contrary. 0 
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For as 2. 302. 585. 092. 994, the Neper's me of 
10, to 1.0000060000, the Brigg's Logarithm of 10; ſo is 
any other Logarithm in Neper's form, to the correſpondent 
tabular Logarithm in Brigg's form: And becauſe the two 


firſt numbers conſtantly remain the ſame ; if the Neper's Lo- 


garithm of any one number be divided by 2.302.585, &c. 
or multiplied by 434. 294. 481. 903, the ratio of 1.00000, 
Ec. to 2. 302. 58, Sc. as is found by dividing 1.000000, 
Sc. by 2. 302. 58, Cc. the quotient in the former, and the 
product in the latter will give the correſpondent Logarithm 
in Brigg's form, and the con And after the ſame 
manner the ratio of natural Logarithms to that of Brigg's 
will be found = 868. 588. 963. 806. 


If infead of finding a decimal fraction equal to £ we 


F 2 

divide the reciprocal ratio of the Neper's or the natural Loga- 
rithms, to that of Brigg's by the reciprocal ratio of 4 to x, 
and divide that quotient by the ſquare of x, we ſhall have 


a ſeries of quotients, which being divided reſpectively by 
the ſeveral co-efficients 1, 3» Fi 7, 9, c. will produce a 
new ſeries of quotients, whole ſum will give Brigg's 


ithm of the number propoſed. 


it therefore be required to find the Brigg's Logarithm 


of 2 to ten places, from the reciprocal ratio of the natural 
to the Brigg's ithm. | 


Put R868. 588.963. 806, and becauſe a1, Bz, 4—1, 
Ln ne Faye Ke Bri: 
and therefore Rx A.- X A&A x —— 
Kg 3 theretore KK i 
Sc. == the Logarithm of 2. 
L RSD 289. 529. 654. 60 
— = 32. 169. 961. 62 its | 
7 


== 289. 529. 654. 60 
= 10. 723. 320. 54 


y — 3.574. 440- 18 its == — - 888. 04 
5 397. 160, 02 ts = — 56. 737. 14 
1 44. 128. 89 its 57 = 4. 903. 21 
5 — — 4.903. 21 its; == — 445.75 
5 54. 80 its rf 2 — 41. 91 
7 60, 53 its 14 — 4. 03 
5 _ 6. 72 Its —+ = 40 
32 - 74 73 = 22 


The Log. of 2 in Brigg's form is — 307. 029. 995. 66 


: 


Again, let it be required to find Brigg's Logurithm of 3. 
2 « 


Becauſe a==1, b==3, d=2, and z=4 ; therefore — = — 


And 


365 


366 


And = + +> x N. We. will be the Loga- 


33 


32 

rithm of 3.3 om 20 1 R be divided by 4s and each 
quotient ſucceſſively by the ſame number, and thoſe again by 
the indices of the odd powers, the ſum of theſe laſt-quotients 
will be the Brigg's Logarithm of 3; but becauſe this _ 
converges very low, the ſame Logarithm of 3 may be foun 

much quicker, by finding the difference between the Loga- 
rithm. of 2 already known, and the Logarithm of 3 required. 


Put therefore a=2, and 3.23, then will Z=5, an 41, 


4 
and = the common multiplicator equal to 75 wherefore 


if R Ve divided by 1 and that quotient by 25, Cc. and 
theſe ſeveral quotes by 
laſt quotients added to the LOG of 2, will re. the 


I, 3, $» 7, Sc. the ſum of | theſe 


Logarithm of 3. on | 
}R=173- 713. 292. 76 =174. 715 792.76 
3 — 948. 711. 71 its 16 316. 237. 7 
11 —— 277. 948. 47 its 7 9 539-09 
1 — 444- 73 is — 49. 41 
* — | 1 79 its x = — 1. 62 

Zx — — 71 i of = * 


Dif | between = Log. of 2 and 3 = 176; 697. 259. or 
Wherefore if to the Logarithm df; 2 = 301. 029. 955. 66 
the difference juſt found, be added, we ſhall have the Loga- 
rithm of 355 477+ 123. 254- 71. 
Again let it be required to find the Log. of 7. 
Put a=6, b = 7, then will F iz, and d=1, whence 


4* I 
72 and e 1 814. 535. 68, 


conſequently. 

66. 814. 535. 68 ==: 66. 814. 535.4 68 
129 — 395 352. 28 its; = — 131. 784. 2 
12. 339. 36 its T == 476. 87 
» 3 — wo a its + . it 1. | 

— 8 its 8 — A, an 

Wherefore 
To the Log. of 6 a WT 


Add the diff. Found — = 66. 946. 789. _ 63 


The ſum is the Log. of / — = $45. 098. —_— 


»D au a. . oa 


6 


658, 


which therefore being ad 
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The Logarithm of all compoſite numbers, that is, all ſuch. 


as ariſe from the multiplication of others called factors, are 
eaſily found by the addition of the Logarithms of thoſe 
factors; Thus the Log. of 4 — Log. 2 -+ Log. 2, and the 
Log. 10 = Log. 24 Log. 5, and therefore the Log. of 

= Log. 10— Log. 2; the Log. 6 = Log. 2 + Log. 3; 
Las: 8 = Log. 2 Log. 4; and the Log. 9 = Log. 3+ 
Log. 3. Therefore from the Logarithms of the prime 
numbers 2, 3, and 7, which we have already found, all 
the Logarithms of the numbers under 11, may be compu- 
ted by addition and ſubtraction only. And after the ſame 
manner may the whole cannon be- conſtructed, the prime 


numbers being eaſily computed by the Theorems we have 
laid down. 


* 


The excellence of this method will be the more conſpicu- 
ous if we compare the foregoing computations of the prime 
numbers with each other ; for then it will appear, that as 
the prime number itſelf increaſes, the operation decreaſes, 
and the fewer ſteps are requiſite ; till at laſt the fir ſte 


will be ſufficient to find the difference to any number 
places requiſite. 


Thus in the common tables, which extend but to ſeven 


places in decimals, when the difference 4 becomes equal to 
the one two hundredth part of the ſum =, the firſt ſtep, 


2 R, will give the difference between the Logarithms 
true to the ſame number of places, 


For if 868. 588. 9 be divided by 201, the ſum of the 
numbers 100 and 101, the quotient 0043213, will give the 
difference between the Log. of 100 and 101, true to 7 places, 

to 2.0000000, will give 2.00- 
43213, for the Logarithm of 101; ſo that the Logarithms 
J the prime numbers under 100 being found, the Loga- 
rithnis of all the prime numbers above 100 may be found 
by one fingle diviſion, and the Logarithms of any intermedi- 


ate numbers by addition and ſubtxaction only. 


As the Logarithms 1, 10, 100, 1000, 10000, c. in 
Brigg's form are o, 1, 2, 3, 4, Cc, it is eaſy to conceive 
chat the Logarithms of all numbers which increaſe or de- 
creaſe in a tenfold proportion, differ from each other only 
in their indices or charactereſtics, the fraftional number 


remaining conſtantly the ſame : And hence it is that the 


fractional number. 30to2999566, which is the Logarithm of 
2, when the index is a cypher, becomes the Logarithm of 
20 When the index is 1, of 200 when it is 2, of 2000, 


wy a Ao 
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when it is 3, Se. Alſo the ſame Logarithm when its index 


is i becomes the Logarithm of =, when the index is = 2 


of — when —3 of — Sc. the fraktional number ill 


remaining the ſame ; for becauſe as 1:2::10:20; : 
100: 200: : 1000 : 2000, Sc. the diſtance between 1 and 
2, 10 and 20, 100 and 1000, 1000 and 2000, c. are 
equal to each other, and the number of terms in the infi- 
nite ſcale of proportionals between the numbers 1 and 2; 
10 and 20, ioo and 200, 1000 and 2000, that is, the 
Logarithm of that diſtance will be the ſame ; and fince the 
Logarithm of 1 is 00000000000 of 10 is 1.0000000000, of 
100, 2.0000000000, and the Logarithm of 2 is .30102999566, 
the Logarithm of 20 will be 1.301029y9566, o 200, 
2. 49102999500: Se. | 
nd becauſe the numbers 37251, 3725-1, 372-51, 37-251, 


3.7281, 37281, 037251, 0037251, Cc. are continual 
ee. in the ratio of 10 to 1, the number of terms 


r 
* mc each in the infinite ſcale of proportionals will be 
equal: and therefore ſince the Logarithm of 371251, is 
4- 5711379358, the other numbers will be 3.5711379358, 
2.5711379358, 1.5711379358, 05711379358, — 1.5711- 


$, —-2.5711379358, —3. 5711379358, Oc. 
574 5 of — 5 the ſame n for the I 


rithms of an infinite ſeries of numbers by er- or 
diminiſhng the characteriſtic by unity is peculial to Brigg's 
Logarithms, which renders preferable to any other 
yet invented. ; 

It has been already ſhewn, that —X —=— * ＋ 4 

n | 

x+, Ee, equal to 1 + x —1 will be the Logarithm of 
* ratio of 1 to 1+ x, where » repreſents any infinite index, 
and x any number taken at pleaſure, Now if L be pat 


1 . 


for the Logarithm itſelf, then will 1+ —1 AL. conſequent- 


ly, 1-+x will be equal to Li,. and 1 +x=L + 5 

; n un — #3 222 
and becauſe L + 1 =1 + nLoþ ——L*+ hed L 
2 


6 
* 6 ＋ in 62 = > 
3 mona L* Ee. the eral 
1 + 1 , (by Thom 
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Theorem in page 360) when u is finite, when #= becomes 


We r 1 ; | 1 ; — 2 
infinte L + 1 will be equal to 1 PLATZ A LI 6, 


1 e ons It > — =Þ 
1 L + * _— * ＋ 5578 


„Li, Ge Allo becauſe = x a + 
ws | nr 


—- 42 4 Rog + xs oc. = 1 — E is the 
3 4 5 6. . 
Logarithm of the ratio of 1 to 1—=x, therefore 1 — 1 — x 


IL, and conſequently 1 —x — 1 L, and t = x — 
7 | —2 1 
1 L, wherefore by the ſame theorem 1—x=1—L, will 


be equal to 1 — Lz * L* & L3 4 24 n* Lan 


— 154 — 16 L — — 1* L., See. 
120 . 


Whence 1 I + a Ea Lp ma E La += 


„L. L., Gt. will be a genert Theotem for 


finding the number front the Logarithm given, of any form | 


whatſoever. | 
And becauſe 2 100booo, c. in Neper's form, 1 ＋ x 


Derr M 
w=_1 L+ =L RAR 6 L _ 8 . Sc. will 


give the number anſwering to any Logarithm in Neper's form? 
Hence any one term of the — L is the Loga- 


_ rithm being given, the other term will be readily found; 
for by putting @ for the leſfer of the two terms, and 6 for 


the greater, ax 1+ L -þ« +> L® þ — L3 141 18 


120 


L*, &, will give the greater, and x 1— L. þ+ = Lf == 


6 
L + 1 L — 55 L5, Cc. will give che leſſer, in Neper's 
form. FA 
A 2 Or, 


36g 


ER. CT *. — 
* 
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LL . 
Tag L., Be 3b cond X „Leg = of DoS, 
5 85 * 1 _ = " Lf, We —ain rom... 
Let 4= the difference between the given Logarithm and 
the next neareſt tabular Logarithm ; chen will a x14 44 


1 | I . 
—_ — 4 
7 r a TEL 


A, SN. Or, 

120 
DT . E.. 
4 ee 120 


| 4 
N, the number required in Neper's-form,, Or a X 1 þ# d-þ- 


19 9 ALS 9, FEE" Se oi 
725 rA Hp d, Se. N. 


And bx1 nd + . == 12 ＋. A [7-2 


— 25 4, Sc. = N, the correſpondent number in Loga- 
rithras of any | ies. ; We F ad 
Let it, for = be required to find the number an- 
ſwering to . 13749280 in Bs form. 
— _ . 3710453, the . tabular number to this 
isJeſs than the given number, put 37271000, the number 
anſwering to it = a, and 06c0029827, the difference, ber 
tween the two Logarithms == d, then Will = = 230258 Fc. 
multiplied by 3727 1000, the next neareſt number in the table, 
give op00068683 ; which being increaſed by 1, and! Multi- - 
plied by 3727 160d, the next neareſt number in the table, 
will give 3727125 5.988 for the number anſwering to tha 
given Logarithm:: Or, if oo0006868 3 be multiplied hy 
3727 1000 2 a, the product 255. 998, added to a 2 3727 100 
will give 3727125 5.988 for Lo e required, the ſame - 
as pefore, _ ! - 7M | 
Hence, and from the general Theorem, may the number 
anſwering to any Logarithm be found, and conſequently an 
anti-logarithmic canon be conſtructed, ſhewing the natural 
numbers anſwering to every Logarithm ; whence the num- 


bers anſwering to any 2 might be found with the 


ſame eaſe as we find the Logarithm of any number in the 


common Logarithmic Cannon. Such a Cannon has been 
lately publiſhed by the ingenious Mr. Dodſen, which has 
rendered the Logarithmic Tables compleat. Having 


— — 


— IE. ²˙ 444 > + br ra awe. 


- 
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Having thus ſhewr' the wethod, of conſtrufing the Lo 
rithmic Tables, we ſhall now proceed to ſhew how the 
garithmic ſines, tangents and ſecants are computed ; but it 
will be requiſite previouſly to explain the manner how the 
natural fine, tangent, ſecant, &c. of any arch may be found. 
In order to which let C (Plate IX. Fig. 19) be the center 
of a circle, CA — CS — 1 the radius, AS— a any arch 
thereof, of, Sr — its right fine ; then will Cr, the co- ſine 
2 VII, by the 47.1. 

Let CM be another radius of the circle, infinitely near to 
CS ; then will M = be the fluxion of the fine S 7, and 


the infinitely ſmall arch MS= a, the fluxion of the arch 
A8. And becauſe the triangles CS r and MS are ſimilar, 


it will be as C: C8: Ma SM; that is / 1—5 : 1 2 


4 45 e —— that is, if the fluxion of 
— 55 

the right-ſino be divided by the ſquare root of 1s, the 
intregal, or owing quantity of the quotient will be the 
arch itſelf, _ 

eme N root of i. being extrafed will be 1 — 
1 
=O — 2 3 „Ee. by which the fluxion 5 muſt be 


8 
divided, which will give the landen of the arch SA, as follows, 


nn * "iy 42 LEVY. 8. 35 a 15 &6 


5 tc. 
2 n — 2 © 
8% s A W 7 — z Wer 
. bas he 6 
42 | 
rere in 25 — — 
+34; —4 76 5 Sr. 
8 16 
3 1 5 > nn 
KS, Oe. 
f | 16 
Aa Conſequently 
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* Conſequently 5+ —3* 5+ S . 165, Et. ha, 
the 8 of * wes whoſe - or p flowing r is 


po Neb B+ > 6 U Se. 


n 5 37, c. or a = 


112 
1 * 1 8 50 IXI XZXZ Xx 


z? 
+ N= NAN 5 NA K 1, G. 


Hence we may find the length of any arch of a circle, the 
ian: of that arch being given. 

And becauſe/the radius or ſemidiameter of a circle is 
equal to the ſide of a hexagon inſcribed, in a circle (Cor. 1. 
Prop. 15. Book 4.) or chord of 60 degrees, therefore the fine 
of 30 Sow will be equal to half the radius: And conſe- 

ently when the radius of a circle is given, the line of 3 

d rees is given alſo. 
| t it therefore be required to find the length of the ck 
of thirty degrees, to ten decimal places, which 1s. abundant- 
ly ſufficient for any common purpoſe, the radius being — 1. 
Becauſe the radius 1, the fine of 30 deg. =, will be 
, and conſequently its ſquare 2, its cube 3, C. And 
as to multiply by 1, and divide by 4, is the ſame thing, it 
Follows that if the right-fine = 7 = be divided by 4, 
and the E —— reſulting from thence be multiplied 


by 1, 37 2 , Er. tie ſum of theſe produtts will be the 


length of * arch require t. 

ooo, 0000, 000 — ——— ,5000, 0000, 000 

53 == 1250, o, 000 its 3 — 208, 3333, 333 + 
2= 312; 5000, 000 its 25. — 23, 4375. 000 

* = _78, 1250, odo its rr 3. 4877, 232 + 


. 1 


19, $312, 5d its riß 5933, 974 — 

3114, 8828, 125 its 2154 — 1092, 391 == 
S$TIz2——1, 2207, 031 its 13114 —211, 826 — 
1 3851, 758d its rute 42, 617 4. 
31 2 —— 762, 939 its 25811. &0, ————8, 813 + 
. wr —=m=m 10 735 its 1215110 I, 863 — 
Eg 47, 684 its 278751, Ke. 400 
** ii, 921 its 91474 &c. — 87 

22 2, 980 its 171181 &c. — 19 
$3 ey en — 745 its 351838. K. 4 


9 length of of the arch of 30 deg. 2 ; 5235, 9877, $59 1. 
I 
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Ir this arch be multiplied by 6, we ſhall have the length 
of the arch of the ſemicircle when the radius is 1, or the 
length of the whole circumference when the diameter is 1. 


=" 5235, 9877, 559. 


3. 1415, 9265, 354 


The: abſolute neceſſity of finding, as near as poſſible, 
the proportion between the diameter and circumference of 
2 circle, for exactly true it never can be found, has engaged 
ſome of the greateſt Mathematicians to approximate 2s 
near as poſſible to the truth. Van Ceulen carried it to 32 
decimal places, which he ordered to be engraved on his 
Tomb-ſtone, as a memorial of ſo great a work. His num- 
bers are as follows, | | | 

| 1 NN be ee en the circumference 
will be 3. 141 692, 653589, 7932 38, 462643, 383279, 50288. 
Since Van — the indefationdle Mer. — 850 
has carried it to twice the number of places, and ſhewn 
us that if the diameter be 1.0000000, c. the circum- 
ference will be 3. 141592, 653 589, 793238, 462643, 383279. 
2 197169, 399375. 105820, 974944, 592307, 816405, 
2 


And the learned Mr. John Machin, has carried it to 100 


places, which is a degree of exactueſs far exceeding all 
imagination. And is as follows. 


If the diameter of a circle be 1,000, Fc. the circumference 
will be 3.141592,653589,793238,462643,383279,502884, 
197169, 399375» 105820, 974944, 592307, 816405, 286208, 
998628,034825,342117,0079 + of the ſame parts. 


* SOT Tx 8-00 9 af pry | 
Becauſe a= 5 o+ 5 * ＋ „Oc. Therefore, 


= anal + * 45 3 a), Sc. 


| 120 5040 

Or, 

| 3824 — 2 a3 + — | CONE 4 — — . a",&c, 
2X3 2X3X4X5 2X3X4X 5X0 | 


For put - =A a+ Bea! + Cas, Ge. 


I I I 
| Then = i 2+ A a) + — A* Ba#, &c. 


And 2 $3 — + 3 AS 45, Sc. 
1 40 
Aa z Conſequently 
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1 3 
Conſequently A ca, and A = 1 3 alſo Bo =" A3 


| =O, and B = 2 Alſo C + SABLE A 


6 
0. And C az — At B 2A 28 
2 0 5 
a wherefore A = == 1, Bank 7 ES 


Ofc, ee s = - — pub &c.. 2. E. 5. ; 


Let it ber ele hob a aa 50 of vc 
Becauſe Sen of the nnn is 3.1418, 


9265, 354, therefore the length of 10 deg. or - 2 wilt be 
1745, 3292, 5196. 


Mi 1745, 3292, 519 
Then will - & 87 =—— — — 8, 8609, 61 
And a — 15 i. nr —— TW 4682, 95 
Again ＋ 7x5 2 = — 


_ — 134; goo 
And a — 6 25 + vis. a5 I 4817, 7, 864 
Allo: 


rere a =, _ 
And a—} of þ vhs e - r ©" = 1. 1736, 4817, 755 


Therefore . 1736, 4817, 767, "the e bet of 10 degrees 


| required, 


The fine of an arch being ww its co-line may be eaſy 
found; for becauſe CSg = SRy TCR (by 47.1) ſee Plate 


IX. Fig. 3. therefore y/ CSg — SRZ = CR, That is, if 
from the ſquare. of the rains, be taken the { of the 


right ſine, the ſquare root of the remainder wi be the co- 
fine required. 


Therefore if from the ſquare of radius =1 1 be taken the 
ſquare root of the right- ſine = a — 2 + +5; 45, c. 


the ſquare root of the remainder er will be the co-line required. 


Thug, 
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Thus, 
op . &c. | 
Sza=m—} a wi; 45, &c. | | 
42* —4 a+ Þ +55 as, _— | 
— a... 15 as, &c. 


as ＋ as, Kc. — * 
Mn... of =: =, * 1— 42 ter 4 — -2 as, &c. 


the ſquare root of which will be the co. ſine . 


1— 42442 11 as, * e 
1 | 745 46, 


21 —aaT TY 
A 
— i &c. 


Lab oe 1 uþ 2%, &c. 


— A as, ce. 
Wherefore the co- e 1 — Ta +: TE a* — 7525 4*, Sc. 


I 
Or the co ine 1 — ——— 4 + 1 
1X 2 1X2X3X4 53 
—25 is 1 * 
as, ada | | 


CEXEEEETETTAINV 


© . The fines being thus obtained, the tangents and ſecants 
are eaſily found as follows. 


For becauſe the triangles CRS, CAT, (Plate IX. Fig. z.) 
are fmilar, it will be, 

As CR, the co- ne, is to RS, the right-fiie ; fois CA, 
the radius, to AT, the tangent. 

And becauſe the radius = 1, therefore the quotient of 
the right-ſine divided by the co-fine will give the tangent of 
the ſame arch. 

1 ay tangent ſeries are eaſily found; for if a — 


I 


- 25 N 20 — 8 * &'. the right-ſine, be divided by 144 


ho ” a, Cc. thay 989 0 „ the quotient will give the tangent 
Der as in the Serie example, 


—ͤ—j—ä — 


* 


a a4 "> _ 1] 
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1-jaoÞ x; at, &c.) a— 3 a WA be. lente 


4 — 24 az 11 as &c. (as, &c. 
Ti E a3 + er, &c. 
| x 4 — — &c. 
+ +7 a5, &c. 


Hence if à the length of any arch, the correſpondent 
tangent will be @ I 3 + 37 & TH 
Tri if 41, &c. 

Again, becauſe the triangles ACT, GBC, are ſimilar, it 
will be, as AT, the tangent, to AC, radius; ſo is CB, ra- 
dius, to BG, the co - tangent. 

Hence the radius is a mean proportional between the tan- 
gent and co-tangent of an arch, and becauſe the radius t, 

if 1 be — * a + 3 a3 & TT I as, Se. the tangent, the 


quotient — — — 4 = . a* hes —— ; 
4“, Cc. will * the 45 for fnding the co-tangent, from 

the arch firſt given. 

Again, becauſe the triangles CRS, CAT, are ſimilar, it 
will be as CR, the co-ſine, to CS, the radius ; ſo is CA, 
the radius, to CT, the ſecant. 

Hence the radius is a mean proportional between the ſe- 
cant and co-fine of an arch. 
And therefore if 1 be divided by 1 == & a* ＋ 21 Lat — 

TE as, Ofc. the co-ſine, the quotient 1 + & a* + oþ a* + 
5 28 as + _— a 5+ 154 38188 8, c. will the ſeries 

for finding the ſecant from the arch firſt given. 

A cannon of natural ſines, tangents, and. ſecants being 

conſtructed according to the foregoing examples, it will be 

eaſy to find the correſponding artificial fines, tangents, and 
ſecants; for the Logarithms of the former will be the latter. 


But the Logarithmic ſine, tan or ſecant of any arch 
may be found, independantly of the tables of Logarithms ; 
bor by putting « for the fine of any arch, and q= we 

s +1 


: ſhall have 3 x 9 + 35 +5 0 , Sc. for the Lo- 


garithmic ſine of the ſame arch, and if inſtead of , in the 
nes ſeries, we put 7 for the tangent, or c for the ſecant 
of any arch, the ſame ſeries will produce the Logarithmjc 


tangent or ſecant of the given arc 


Or if inſtead of 2, the right-ſne, in the aboye ſeries we 
put a, for the length of the arch itſelf then will 3 x » — Z 


rr I} 5 a= ret 75.0 © , 2 


8 
4 — 1 1 — 35 0 


of the ſame arch. 
Therefore, from twice radius ſubtract the co- ſine, and the 
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Logarithmic co-ſine of the ſame arch, in Brigg's form, the 
radius being 10. 0000000000, and » = 2. 3025, 8509, 29. 
We have already ſhewn that if the radius of a circle be 
put equal to 1, the length of the arch of 10 degrees will be 


equal to 1745, 3292, $19, of the ſame parts ; put this there- 
re equal to a. | 


Then will  a* = — ——— 0152, 3087, 10 
And 11 414 x = - - 7732, 65 
Alſo _ 27 2 — 62, 81 
And 214 4 — 


Therefore a TTR a*4- 34 a*%þ 214 =0153, 0883,14 
This value being taken from » == 2. 3025, 8509, 29, will 


leave 2, 2872, 76350 15, which being multiphed by 4342, 


9448, 190, give the fractional part of the Logarithmic 
ne of 80 degrees =.9933, 5145, 89, to which preſixing 9 
for an index, becauſe the radius is equal to 10, will give 
9.9933, 5145, 89, for the Logarithmic fine of 80 degrees in 

rige's form; and after the ſame manner. may the fine of 
any arch be found independant of the Logarithmic tables, 
and conſequently the whole table of fines conſtructed. 

Having thus computed a table of Logarithmic ſines, the 
LOSER tangents and ſecants may be had by common 
addition and ſubtraction only. For, 

1. As the co-fine of an arch, is its right ſine ; ſo is the 
radius, to the tangent of the ſame arch. 

Therefore if to the right-ſine of an arch we add the 
radius, and from that ſum ſubtract the co-ſine of the ſame 


arch, the remainder will be the tangent required. 


Thus, To the Log. fine of 80 degrees = 9.99335,14589 
| Add the radius == 10. 0000000000 

| 19-99335»14589 
And ſubtract the co-fine of 80 degrees = 9-23967,02300 
The remainder is the Log. tang. of 80 deg.=10.75308.12289 


2. As the co-fine, is to radius; ſo is radius to the ſecant 


* 


remainder will give the ſecant of the ſame arch. 


Thus, from twice radius — = 20. 0000000008 
Take the co-ſine of 10 degrees — — 9.99335,14589 


Theremainder is the ſecant of iodeg. 10.00664,8 5411 


Hence it appears that if the Logarithmic fine and co-ſine 

f an arch be known, its tangent and ſecant may be rea- 
ay found; and conſequently the whole cannon eaſily 
compint. ne \ a. 3 
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IM APPENDIX) 
The i hious Mr, Orea, his Tri metry, 
47 47 & eq. has — 2 


finding the Logarithms of large numbers, one from another, 
by addition and ſubtraction only, which is as follows. 

1. Let A, B, C, denote any three numbers in arithmetical 

— not leſs than 10000 each, whereof the common 

ence is 100. 

. From twice the Logarithm of B, ſubtract che ſum of 
as Logarithms\ of A and C, and let the remainder be di- 
vided by 10000. 

3- ultiply the quotient by 49. 5 and to the product add 
I part o the difference of the Logarichms of A and B; 
then the ſum will be te. exceſs of the Logarithm of A 4- 
above that, of A. 


4. From this excels let. * quotient (found by Rule 2. | 


be he coe nk ſuhtracted, — 15, firſt from the exceſs itſelf, 
L. 


1 add the firſt of the remainders; to the laſt ſum add the 
next remainder, c. c, then the ſeveral ſums, thus arifing, 


will exhibit. the ne . . apc Ache, A. 


c. reſpectively 7. 

Thus let it be propoſed to and che Logarithms of all 
the whole numbers between 17900 and 18100 5 thoſe of 
the two extremes 17900 and pkg and that of the mean 


(18006) being Pe. | 
Then the Logs 4252853031 } 


Ae equal to { 4255272505 
_—_— 1 7257678575 
3 Ag C 


we | have > — — ==.000000001 34 
| 10000 


(fee Ruſs 2.) which —_— 49-53 and the _—_— 


3 — 
added to — — 
exceſs of the Logarithm os AH 1 above that of A (by 


Rule z.] From whence'the work, being continued accor 
ing to Rule 4 and 5, vi Rand as follows, | 


7688880 - 
- d * 


00024 


the remainder, then from the next remainder, 
„ Logarithm of A add the faid exceſs, and to the | 


„ tre. 


* 
rr 


n 


An AP Pp EN DIX. 


* 12 5th Rem. 


,000024125107.exceſs 32853031 +: Logiof T7960. 
334 C4. <4 aa2cgonaiceft: --- 7 
25973 1/ Rem. 287729207 Log. of 17901. 
134 | 2425973 
125839 24 Rem. 290155280 Log. of 15902. 
134 | 2425839 
25705 34 Rem. 292581019 Log. of 17903- 
JE. | 2425705 
Pyr 4th Rem- 295066724 Log. of 17994: 
"FI: - | 2425571 


297432297 Log. of 17905. 


034 2425437 _. 
Jr. 6th Rem. 299857732 Loy. of 17906. 
r I. 2425303 | 
125169 7th Rem. 302283035 Log. of 17907, 
N — > 4 4» yt 2425169 | 
[25035 84h Rem. [304708204 Log. of 17go8. 
t. | |__2425035 
1824901 24901 975 Rem. 1397133239 
ER 4 | 2424901 Y 
— bg toth Rem. 309558140 Log. 3 
&c. &c. | FI Wk | Ac. 


Note, The Longarithms end by this en in num- 
bers between 10000 and 20000, are true to 8 oł ꝗ places of 


figures. Thoſe of numbers between 20000 and 50000 err 


only in the gth or 1oth place ; and 8 above 50000 
are true to ten places at leaſt. 


: E Having ſufficiently explained the manner of conſtruct- 


the —— of Logarithms, 
ul of thoſe tables. 


1. We having already ved that addition of Log- 


it remains that we thew the 


 arithms anſwers to multipheation of .natural numbers, and 


ſubſtraction to diviſion. Thus if it were required to 
multiply by by 10, the operation will be as follows, 


. — 


— 29294189 
Add the Log. of IO — — = 1 b 
The dum — —— — 19294189 


| Which is the Log, of the: vrodu required, and the num 
ber correſponding thereto is 85. 


Or if it were requir to divide 9712.8 , it will 
Rand thus, * 15 by #50 


From 


379 
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| From the Log. of 9712.8 —————— = 2.9873444 * 
| Take the Log. of 456 a — = 2.6589648 
| - Remains - . — 1.328379 


Which is che Log. of the quotient required, and whoſe 
correſponding number is 21.3. 


To find the Complement of a Logarithm. 
Begin at theleft-hand, and ſet down the difference be- 
tween each figure and 9, except the firſt, which muſt 
be ſubtracted from ten. Thus you will find the com- 
plement of the Log. of 456, wiz. of 2.6589648 to be 
7˙·3410352. | | 


2. To the rule of Proportion by the Logarithms. 
Add 888 of the ſecond and Res terms to- 
pether, and ſubtract the Log. of the firſt from that ſum ; 
the remainder will be the Log. of the fourth term or 
number ſought, Or inſtead of ſubtracting the Log. of 
the firſt term, add its complement, - and the reſult will 
be the ſame : But obſerve that in adding a complement 
you muſt always cancel 1 in the tens place of the index, 
for every complement ſo added. 

Thus, let it be required to find a fourth number in 
geometrical proportion to the three following, vix. 4, 9, 12. 


To the . of —— S 0.954242 
Add 8 12. — 2 14 
And from their ſum — 2.033437 
| Take the Log. of 4 - —— — == 0.6020600 
The remainder js the Log, of 27 —— = 1.4313637 
80 that the fourth number required is 77. 


Or thus, 


_.. Complement of the Log. of 4 is —— 9-3979400 
„. of —— 0.9542425 
Lg. of — 12 —— 1.0791812 

Zum is Log. of 27 — — 114313637 


The ſame as before, except in the index, where 1 in the 
Place of tens muſt be cancelled, as we before obſerved. 


Example 2. Suppoſe 100/. in one or 26c da ; 
| G/. intereſt ; what will 51731. gai Faye 4425 1, Sam 


Anſwer, 272.9643. or 2721. 197. 3d. + nearly, 


3 Comp: 
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Comp. of che Log. of 100. —————>—— 8.000000 
e Capps, of the Log. of 3 7.437707 
Te 7 27 — ½781513 
s 7 — — 37137425 
| Log. of 211 —— I FOOSOSQ 
Log of ————2729643 —— 22.4361059 


In the above o ation, + in the place of teris in the 
index is cancelle —_— o complements are — 


To * en by Logarit oy 
Multi ly-the Logarithm of the given number by the 


index of the required power, the product will be the 
Logarithm of the power ſought. 


xample. Let it be required to find the cube of 32 by 
the Logarithms. "x9 


The Log. of 32 is— 


1. 505 1 500 


Which ruultiply by the index * the power —3 
The Log. of 32768 4-5154500 


Which 1s the cube of 32 required. 


Example 2. Let it be required to find the cube m_ 
by the Logarithms, 


The Log. of o. oog is (ſee page 368) —— — 3. 3:9542425 
Which — by 


Which is the Log. of 0.000000729 —— —7. . 


NB. When the Log. has a negative index, as in the 
above example, whaterever is carried from the decimal part 
of the Log. muſt be conſidered as afhirmative, and ſub- 
trated from the multiplication of the negative index; for 
the decimal part of every Log. is affirmative, whether the 
whole Log. taken together be ſo or not. Thus in the above 
example, the negative index 3 bein 2 by 3, pro- 
| _ — from which the 2 carried from th 
ubtracted, gives — 7 for the — 4 of the . 
"= Let the 6th f be required. 
c e wer of 0.0032 be req 
The K 2 is — — — 3.50515500 
Which 'multipli by — — — | 
The product is — — 15 03003000 
Which is the Log. of 0.00000000000000107 39 


4. 70 


x 


| An (APPENDIX. 


4. To extract the Roots of Pozwers by the Logarithnis,” 
Divide the Log. of the number by the index of the 
„the quotient is the index of the root fought. 

Example, it de required to extract the Tabs or. 
of 6751269. 
The Log. of 6751269 is 6.82938 54, which beibg divided 
by 3, the index of the power, gives 2.2764618. the Log, of 
189, the cube root ſought. - * 

Example 2. Let it be e to extrat-the root of the 
n por of — Iu Re a 
y the 

The Log. of 0,00000,00000,00000,00000;00000,00000, . 
63 is — 31.8061800, which being divided by 6, the index 
of the power gives — 5.30r0300, which is the Log: of - 
©.00002,. the: root of the ſixth power required. 


And after the ſame manner may the root of — 
aps be extracted. | | 


5.75 0 fad mean Een between any N abi 
Subtra?t the Log, of the leaſt term from the Log. of the 
greater, and divide the remainder by a number which 
exceeds by one the number of means ſought ; then add 


the quotient to the Log. of the leſſer term, or ſubtra®t it 


from the Log. of the greateſt, continually, and you will 
have the Logarithms of all the mean proportionals required. 


- Example... Let it be re pol to thee: mean 
portionals between 106 


——— — — — . 


3 - 4 


Log. of 106 * SE 

. Log. of 190— 2. o . , 
Divide by . ———. 4)o. 92530590: dee | 
Lag. of the firſt mean —2.0000009 , 
Exceſs added — ——— 
L } of the firſt mean 104,46 846 =2-00632604+75 
Lach addot ON —0,0063204 7.5 _ 
Log. of the ſecond = 02936301 ==2-0126529.50 
Esels added — Ws 4.4 7m 0.06632 8 
Log. of the third — 104. e 25 
Exceſs added — 0.00632 204-75 
Log, of the fourth 106 2.0253059 


The uſeof the tables of Logarithviic fines, tangents and rants; 


1. To find'the fine, tangent and ſecant of any arch to 
vineey degrees. * 
md 


t 


* 4 


> 
1 
L 
„ 
1 


14. 


An APPENDIX... 


Find the number of degrees at the head or foot of the 
table; and the minutes in the left or right hand calumn, 
and in the common angle uf meeting, formed by the title 3 
placed at -the-head or foot of the column, and the minutes, EN 


you will find the fine, tangent or ſecant required. L * 
But. if the given arch cantams any parts of-a: minute, in- 3 3 


termediate to Sthole found in the tables; take the difference 1 

between the ſines, Ce. of the given degrees Anne, : 

and of the minute next: greater; = 
Then as 1 minute is to that þ77 a to. is: the, given, = 9 

intermediate part of a minute in decimals to à fourth pro- 2 * | 

portional, Which being added to the fine, c. firſt found RY 


will give the fine, &c. required. * i 


Example. The Log. fine of 15. 48 28", 12½ is required. 


* 


The Log. fine- of 15 N 4. is 8.c010798 + 
The Log. fine of 19. 48“. is — 8. 4970784 _ L van” 
Their difference is - 40014 — * 


Then as 1: 40014: 0. 47 28. 12% ): 18807 nearly. 2123 
Therefore to the Log. fine of 10.480. -: 8.497084 "3% -. _ 
Add the difference found — 40014 3 
The ſum is the Log. ſine of 10. 48“. 28). 12// — 8. 5010798 


2. To find the arch anſwering to any given ſine, tangent, „ 
or ſecant. | 

Take the next leſs found in the tables, and ſubtract it from 

that given, obſerving the degrees and minutes... anſwering, 2 

to it, and divide this remainder by the difference between „ 

it and the next greater, adding as many cyphers as are | 

neceſſary to the dividend, and the quotient will be the 

decimal part of a minute to be added to- the degrees and 


minutes before found... Wi}. 6 


Example 1. 8 
anſwering to the 
The next leſs is the; 


ag were. e the arch 2 


bye — — 9. 8393859 


. — 9.8 2 a £1 
| þ inc af 435. «$2. — 98392 719 ; 


The difference i | I 1140 £9 i 
Alſo the difference between the Log. fine of 43% 4 * 
and 43% 42. is 1322. „ 
Then 1322) 1140. ooo of. 862 = 510, 43/9, which being 782+..." 
added to 43“. 41', gives 435. 41'. 510. 43!!!, for the arch 4. © 4 
required, . 


* 2 
> INS 
* * 


